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1EFROCUCTION

The existence of the neubrino, postulmted by Paull in order %o
sxplein the conservation of enerpy, momeotum aod angular momentum in the
progese of ﬁ ~decny, is today falrly well astabllshed.

A theorstionl trastment of the interscticn of this particls with
electrons end puelsans ln the process ai‘ﬂ'; «dmpay of atomic nuclel was first

3‘?’}_ In the eririnel geaper Fermi used for the desoription

glvan by Fermi T2
of “ho peutrino & Diree fleld, .84, & flold descriding two typow of particles:
neubripcs and entinenbripos. He uged an especial type of inters-tlen which
ig galled today a vastor intérsotion. Four other &ypes of intaraciion (scalar,
pesuioscalar, sto.) were proposed by Bethe and Dacher 'I:?;E Aleo Wigper and
Gri‘l:u}"_{'lalﬂw:l surpagtod an additlonal Intersctlon (tho antisymetrionl
\mberastion) whish om bs sxpressed ss e linmer combineblon of the scalsr,
preudoacalar and peeudovector ones. Jn mnalysie of & general type of loter-
aotlon piven by a linear comblnation of the five bypes af =imple onos was
mada by ?:lnr:.ﬂ}- ip thess pupers, ae ln moet of the more recost ones, the
modifioation of the Fermi interaction proposed by Konopinexi end thmhuksﬂ},
{(the coe not involvong derlvatives of the poubtrino fleld), is prefarred %o
Formi's original form.

hjnrm“} hes shown thet the meutrine theory can be treated in
& form which g ln cloge awelegy to trosbmsok of noutrsl Boson fislds. In

the eage of PBogon fields non-hercitlsn operstors ara uged o desoribe charzod

L The nurbering of the refersnces 1ln this Introduction corresjond to
the order in vihioh they sppear in the text. & list of references is glvan

a% the end of the pupers
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partleles ond two Sypes of particles ero assoclsted to sssh risid (positively
and negatively charged); on the other herd, harmitian oparators ars used
for neutral fields and, ez & sonasquencs, there ls only ope type of peutral
particle. In ¥ajorane theory the neutrino fiald operators aru also seswmaed
%o be hermitian if wn spepial represartstion of the Pirec agquation is ussd
and thus only one type of neutrirc sxists. Thie sonditicon of self charpe
conjugation weg extendad by 1;“|.|::‘r:_|-'!“'1-‘1II to the cawe of an arbitrary reprecentation
of the Tireo eguation.

The main queetion srising from Yajorana's work 1. the followlnga

Is the neutrine a Dirsc perticle (l.e., do both nsutrioos and antl-
asutrines exlat?), or is 1t a Sajornnn particls (l.e., dose ooly ame type
of meutrino exist?) 7 This qusstion cunnct be answered by the anelysis of
the single /3 <decey as both types of theories lond to bhe same resylis in thisg
COGE .

F'urrr# ‘:'j wes the firet to polnt out a poasibility of declding
oxperimantally befwaen thess fwe poecibilitieos. Thie decision 18 made
poasible by the fect theat if a plven nuoleus daceys with the sucooesive
emission of two elsgtrons then Majorsns's theory would lead to a half 1ife
of the order of 10°° yoors, in contrast 4o the walue of lﬂzE yoars that had
been found by M. Sosppert L-I}P'BTHE:J for the half lifa of the dnul‘rhﬂ ~lacay
in an usual type of thaory. The reason for this difference in the valuss or
the half life 1s thet in Majorans theory s neutrine can bo olthor smitted or

abaorbed in m given elementary procsss. For instence, we have both poESi-

bllitlen,
W ey P 48 + (1)

Hat } ey Pra (2}

whers N, ¥, @ and | reprosent, respeatively, the neubron, proton (=},
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eleckron [or, babhar, negaton) and neutrino, (1) and () are %o bo aon~
trosted with the correspending processas for the usuel type of Fermil

\ntaraction (used by 1. G. Zsyer) in which the noutring ie » Uirac perticle.
Byt ee—e— F + & {but not (gh ) {2m)

where ' represents an sntineutrino ([in this lest case we zould nlsc
fnbershange ¥ and L ' Je

Thus in double .3 decey, if the peutrino is a Hejorena particls,
a neutrino can be amitted in the first deoay (wirtual traneition) and
reshporbed in the szoond ons. This incrocses soneiderably the pumber of
intavmadiate stetes, ag this neutrico can have ahy srerpy ia oppocitlon
to tha onse pomputed by M. G. Meysr in which Yhe energy of the eoithed
seubrince are roshriotad by the conservation of anergy-

The brilliszt experiment perlormed by Fimn‘nF” mada the
declsicen in Cfavour of Majorana's theory end cpsoed & pew chaptor = that
of the d.nu'hlu'ln"?- -dmsay ~ Ain Nuclear Physlos.

Hewevar, this experiment doag not preve decisivaly thed bhe
moutrino is not o Diree particls. For Twsm‘:ﬂ} has ahown that even if
the meutrine ls a Hirec partiole, we 28R ebtaln d.nu.hluﬁ-dnany with ne
neutrino emisslon, provided Lhet we jneluds in the interaction two con~
mwoient types ol terne, ons in whieh a peutrino {antinentring) is pmltted
(shaarbed ) Yogether with an slactron snd one in #hish &n mntlpeutyino
(peutring) is smittad {abeorbed ] with an slectran. Thug in thia oass both
(1} and [£) helde egein {us in Majorans theory)s A&lso bhe prosesses chtalnad
prom (1) spd {2) by substitution w' for L/ are possible. & theory of

i
this type had been elresdy suppeated by Jlnunh:m:'. Firoman ) alse son-
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sidered ons much theory. ls cbbeined, however, s posibive reault, ln
disagreczent with Toushek whe found thet no double ;3 decay without

neubrino emisslon osn oscur in the type of theory coneldared by Flreman.

Tha repscn for this diecrepaney if to 1w treced to the fast that Fireman
omitted the sontributions Crom the antinewbrine to the procses, which in

this perticular theory cancellsd tha contributione asiging from the poutrinos.

The previcusly existing saalyses of theoriss with two types of
neutring loeding to doubls ﬁ decay without smission of wewtrinos are nok,
howewnr, semplataly satisfaectory, becauss only some gpscial cases have beon
axeniped. For ingtanos, the simpls type of thecory sugpested by En.uhm'}
has not been songidared. 4Also all of these computaticns either contain
gomn glesslkes or lneppropriete mpproxlmations. ¥For inatence, in Furry's
sompabstion (Msjorens theory) mot enly are soms terms neglected but slso the
unaatisfactory assumption is pade thet only one stabs of the intermediate
nucleus yislds o lerge contribution %o the transiticn probabllity. Toushek,
on the other hand, fails o entigyrmetrize the two-alestren wava function
for the final stats. All of bhem meglect tho salootian rulas which play
an inportent rols In thia procass, since both the lnltial and final ruclel
are of tha even-cven Lypo.

The purposa of thia pager is R follows:

1) Ta %ry to formulsto & theory of Lhe typs censidared by Firemano
in whieh, bomevar, only neutrloos {epd po sntineutrincas) would be inwvo lyad
in tha interoction. Guch o theary would leed in & correct woy to the sams
resglts thet Fireman mistakenly cbtained in his coppatationn. Howewer, we

will disesrd this possibility (Park 1) as the resulting thosry will be sheown

pot &0 be rolstivistisc invariants
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2) Yo formilate possible theorles of psutrincs, with special
view to those lesiing %o double f& deony with no emigslon of meputrinos
{(Part IV). Mo derlvatives of Lthe reuctrine Meld will be lnaluded in the
rﬂ-l'.h:n;.r intersetion as in the theory proposed by Eonopineld and Uhhnbuqk’aﬁj
ia viaw of the fact thaet suoh type of thoories are in dissgreopent with the
axperimentnl resulte on double KE =docay. AQ analysis of the relativistio
lovarinncs of the fisld theories (Pard II) end of the underlying Hilbery
speca of weve functicns (Pard I1I) will be also made.

4) Yo compute the probability for doubie !;3 ~decey with no
poutrines in the seversl typss of theory and $o analyzs the sxperimental

reeulte (Pert V).
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PART 1

FIGLD THEQRITS

Tha formulation of the guantum (leld theories, someblmes referred
to ns "gecond guantisatien”, has repeived recently significant combributlions,
eapacinlly {rom the werks of Tnmnnng;al:” and E-uhwingqr{“, who introduced
the "intsrastlion reprasentetion”, sad from those of Fa:.*mnm} wnd Stuockeslba ;{”,
who Bugceeded in finding the S-satrix formulation of the Guantum Ligotro=
dynemies in eonfiguration spaoe in the lines suggested by Il&l:anbnrg(”; The
pouivalenss of those formulations waes shown by :J;.raun{ﬂ- Thees works lead not
only 0 n bether understending of the fleld thecries but, at lemst in the
apse of Duantuz Klestredynamios to sompubational presoriptions londing to
finite saswers for problems whoss solutlon im the saerlier etages of the theory
wes impsired by the presence of infinite terms.

411 “hese Sreatments, &g well as the enrlier works, were in the fr wms
of lessl field theories whoes characteristlos wers mode praclse recently by
E:irm:{”. in mttomph ko cossidar non-lossllzsbla flelds wes meds racently by
1'1;15“{&:'. Ken-logalized interscticns has eleo been tried by several authors (3}

\r order to sliminwts the divergensise without gubtraction proeedures.

{1). 6. Tomonepas, Frege Theor Fhiyee, 1, 27y 154E.
{2)s J. Solwinger, Phys. fev. 74, 1453, 1948; 75, 651, 1848; TE, T30, 1949.
(3] R.P. Peynman, Fays. fav. 76, 749, TE9, 1549.
{4} Compere E-S.G. Stusckelbers end [, Fivler, Halv.Fhys. Acts, 28,Z15,15943.

(k) h.onigenbers, <eibe.d- Faya. E.E'_I:I_, B13,578,1842%; doltn.r, Haturfa; E..,
a0A, 104G, &ee alse J-A. dneeler, Phye. fev. 52,1107,1847.

[} Fads Jyson, Fhve. fave T, 4HE, LTRE ARG .

(7 cen-ke Difao, FRYa. feT. Toe 1OOR,. 1RaS.

[6) +- vokwsm, Fays. Rev. 1V, Bly, Sev.idby,

:E] ™ Pl!.ﬂ and s i.mlﬂnh‘ﬂkf Ph.:f'ﬂl Ry e iﬁ_; i€, LpbG l'ﬂ'i'ﬁh an axbteane i
bibliioprepny-
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We shell rechries ourselves $o locel Pield theories (& review of which
will be made in section A of this Part), slthough un attempt will be made in
saction i, with negetive result, to consider s spocinl type of non-looml
thoory of the neutrino. Thies omee waz sugpested by Fireran's computetion of
doubla I;’Jr -damy{mj in o spaoial theory whicsh will be snalveed laters As
will be seen Fireman's theory dosa rot laed to doubls ‘,-'_'-: dacay (for & zero mass
el the neutring) in view of the eancellation betwsarn correspondinr terms in
which the imtarmediate neuirine is elther & partiols or mn anti-partiocle.
Mowaver, in Fireaman's sosputstion the necond type of terms were pupprasesd,
thue lesding to & Pinite result. This would correspond in Pleld theory to
guppressing the megetive epergy part of the meutrlno fisld cpsrator, thus
lepding to & mon-loezl theary (as the posltive enerpy part of the field
guaptliles do not anticemsute in points comnmeted by npace like vectors).

This resulting theery connot be formulated in the Interaction Repressntstion.
de did not succaed in forzulsting it in Relesnbarg Rapresantetion either.

T4 ceo bo formulatad in Schrodinger Representstlon but it ls then Adifflouli
te snalyse its lorente Invarispoe. Yo shall snalyse Lte formulation in the

Semetriz Represontabion and conolude egainat its Lorsntz Invarlance (sectien Bl.

Ao Loepal fisld thecriss.
Thara are four sgulvalsnt formulation of sush theorless

feltenbery Represertetion, Inbersction Representation, Schrodinger Repressntation

and G-Hatrix formulation. We ehnll stert with the Intersction Hepresentation

{10} BE. Le Fireran, "Az ezperimsnt on double ﬁ -dsony," Prinseton Thepis, 1543.




CRPE-DH-00. 1B

not enly beoeuse the sommubebicn rolations are guite simple in this
reapragentatlon, bi. alsc begnuse it 1lsg the most eppropriate foem to the

analysis of the Lorepts Invarimnse.

1) Iatersction Bspresentabion.
If we have several tensor (scalar, vector, tansor, eto.) Flelds
A"r’t} (Lf hormitian thoy will oorrempond to meoutral guasts, if not to charged
ongs) and saveral spinpr fislds ']V::i}. which are funsbtlons only of the spoco-
time scordinste: z = (xF) = (x%= &, Tys Fpe Xg) the field squations will be

in the irteractich roproeentebiong

; 'H
{E“E—;i-,: + m':{:'}"i"f.t}-c: {1-1)
L
(L7 ==, & 1x) =0 (1-2)
i —c%ﬁiﬁ;irf‘-]é{:] Wid] (1-3)

mmﬁfrfﬁj ig the muantus wave Tuncblon of the syabtom, at the spros=1lils

gurface CF , andg

Y'x' s XY - 2 (1+4)
o=t 2

: . n (1I-5)
dx® ozt

MY apeuf Vg =lifue Y w158 = 4ify =V =0 (1-8)
flore i = = = 1; ropeatad upper ond lower indice mean summation frem O
bo 3« {5 (x) la an sealer hermitien eperater formad with the field quantitiss.
Together with those sgquations tho commutetion relations are %o ba zivena
[A{k']{::} , *['L:':I{I,)i? £ A{R}E:mfk']h,]‘r_ ol }{:'jr.h.{t;l:ll -

d g0z, (1-1)

whore the symbecl T megpng "hermitlan conjumata™,
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A
Gf‘;.--m"','l SF O ETRERE R G i el 1'»{:'.}3. =ty L ,.l.{‘l‘_':"ht £ seuler
Preld thon S{xex') & o Linezt) (0 uie Be Der 4e peesidle Schwingr's
AoEBI0n o s
[ ey, el T nyd ey g (8] gy WP
SN AURITD R AL LS IR AT
ST SO A UL ASE RS AR AT
"
- B {mext) {1-8
1 sl LT )
i

wharos B{z=xt) e 'I'..E.J & w1 5 (e ? ) (1-8)

Oz
R ’ .
endz Vo= Lf"r-'llb’u - ?'I.IE - Ilr'rf- ' LF f (T=101
Far the comobt we shell exeluds the cees whon come of the sainer fieldis do
sebialy o goendition of the Srpoi ‘]L' =- =g F {ssll' sharpe comiugetion),
wWhara s
IR CVRRTS
in she sherpr conjugrbe Tield, the n=tris © Heing dofined by
=1
fey® 85 = =oyF
§ *f"-" r:r all
In otler ropdyg wa recbrlet ouwrgelveg, Tor tlhe booent, to Dlres byps ol
spimes fislds (with periicls and anbiparticls )s
Tha oSher actuyteinla {(or enticommutatord, 1T hetwosn spiner Cields)
ara equel b0 zoros

In This Capidesaiatlion 4he momegbuu=-omorgly veotor Lga

BT - FI::} - fdcfH ?ﬂf:ji {1=11)
£

' bsilng en sparalils surlace ends

1

ar = funlar®ae®, adfaxtax®, T N . T (1-12)

(]

P':Ill{'ﬂ‘Ir ia tho opercy-nominotum voetnr for {res flslds;

o {
r‘:ﬂ-"' = Idd" TH"}[:LJ (1-13)

whioh gatiafles the cokporvation tqun‘l-.innca:';




PEF-TIE-101/7¢

b
S lod 3 (o),
- » S (1=1¢)
WMz ) %y
PLEJ ghoild eetlely the commutation reletionss
: (k)
[Pp{ﬂ.} , .ﬂ{ﬂj[:::.l‘] - aaﬁzﬁ {1_15_}
(£)
[2,0), ¥ ©0] - ‘f’ (5483
Vie can eloo writes
g [T ] = fTuv':’} ao ” (1-17)
whars 2 a3
'I.'H:{::} -gl_”‘%{::l (1-18)
In thiz represantation, 11 FF {ﬂ'} is an operator of the typa:i
7). é?{:} e, (1-18)

it fa porvepient to deafina the ﬂ.ﬂriﬂtiﬁcg}l

P07 dirfx) i) Ir ; Vg
L S el w A - 1 x| (I=20)

A (x) ax oxh _ﬁ't Ly ;;,]
The ecnservation law for & guentlty ® {x) reeds thens

t:u:l ;;.p (x)
a:J':; o x

/dc' fgﬁt:-: ta R E:*}-" - 0 (I-21)
m e

Is tho epeclal caso whon She oopditions
F{:},}'{‘i {:l}j =0 if zex' is spaceliis, (1-22)

ie satistiad wo hewea

Qdelx) |, JFIx) | [ aqy Hitxr), F{:]] -{Pum.‘l. F{:.:J (1-23;

dat gt

Thug wa [indg
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oF o] d T (=} éw = 3
i R B o i L b[ ’ {5 ] m
Tem e 2 T e
s f:ia'#[-ﬁ{xl.%tx'}j ’ (1-24)

The copssrvaticn lsw for enarzy-momentum lmposes then thet this
expression ba gerc, whlch is & ragtriokion on the sorrwtbation relations of

the field cperators.

UF sourse expression (1-84) will venish if't

[?gjft};%{!t']lj = O for z-x' spasallikes {1-25}

Thus relatvion [I=-85) 1s s sulficient comditich Ffor the consarvabion
of spargy-momenium in 8 fleld theory. Clearly enough cendition (I-25) is
aubomatically sebisfied in tho ususl theories in whish %[ﬂ 1e formed with
she botel Plald operetors, whoss ocosubpbors {or antisommutetors) venish for
x-x' speoeliks. Uowever, this will nokt be troe, in general, if, for =ome
fields, only tha positdve enerpgy part onters in the delinibion nr;{%'{xj op 4
comutators other than the usual onss are U o

Intezrability conditlons
In order that sguetion (I-5) be integrebls Lt iz nesassary that the verisbional
derivetives on two differsnt polnts ol an spacelike surfecs cormute {we
rogtrict our hamiitonien denslties 4o those which ara indapendent of the normele ),

are

5 S 5 Ywm.
Yo'y T (") ) 1T (="} JG'I:::'}_] ﬁfﬁ'}

-{Pﬁx“}. ?f:’{m':rj Wia)- o (1-26

whieh lg true Lf (I-26) i@ satlsfied, bub us lags restristive than that

sendition, Howewer, it seems that 1t would be wery pompliceted to work oub
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a theory with o supplementery condition like (I-26}. Une should cbserve
that (1-25) impeses not only & restristion oo the form of ?6{:} but also
on the eomentat lon relatlions of tha fleld operetors. Alsc 1t masures the
sonservation law for eperpy-momertum; nevertheless this lew sould reads
TN SN
W '

- this sould be the ogse if we had (I-26) smtiafied instead of (I-25).

2) Heisenberg representatlion
This {8 ths representatlion in which the wave I'unutinn-"l" i is

indeopsndent af 7

oo Ya - o )

Bow this new wava funation should be related to the old cow by

an upitary tracsformstion:

Wiirle UIT] 'LI'L'; (1-28)
suth thaty _
135%J-%113U{FJ (1-3 )

Apy operater Flx) of the intersction representation will go intos
P o(x,G) = UNGI#(x) U], where x & O (1-50].
St

Henws

& F f(x,00) = 17! P éﬂ+f}ﬂ%ﬂ'}djﬂ:}ﬂ [o]
B

Joen -~ S (x)

ol < § {M u (. T)| (-31
SR G|

Then by (I-20)s
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5 B -1 =7
e ,7) = #Hoxr, ) Flx, 0) | = Ui xt L EE)| VLT
O {x*) 2l ) (Bl 0, Bl | = vt |

Kow the usunl form of the Uslszenberz representetion implliss thet
alsc the field operstora do not depemd on the surfece U (elthough thay

ati1l depend on the tine ooordinate).
Ihus the copdlticn that the new cperstor F will nct deperd om

G iz thats
[;»‘1;’?, {x1}. PE:}} « 0 if x-=x' ls spacelilks. {1-32)
If this condition is satisfled faor ﬁ[k}{:} end ';P{E}I[:]. or
E;{;m. a':"]{:!]} -[ﬁc:;,‘r‘f-hxq} - 0, for x-x' spaceliks, (1=83)
then the equetions of motlen of the fleld quentitias, in Heigenberg roprassnta-~

tioh, becomdi

| -] i f}i I'J-J ¥ vy L
(L "‘Ej j—fk'!{:] - iU t:l’.i![%f:}. 4——:’;' dgreY ufo](z-24)

qg“é%‘- v n 1 ) - s ﬂ‘lm'/{aﬁﬁm. ¥ “F'-'Eifx-:] 4g, l(z-35)

How as

: [E‘?{x!- Jﬂf{" - [#engr @] - o for

z-x" sproalike, ipn wiew of {I-2) and {I-EE:I. the condition that the second

member of (I=34}) #11l not H'ETM on \J (es the firet one) is, (by (1-32),
-f]' 5 |::I: -
with Flx) = {ﬂf{f{xj -l'::':' J] AT, s

f-in" [g‘@t:“).[&ﬁt:}. —%—;—;lf,l-}-” = 0L xeGlx) (1-36)

which 1s true if (I-33) noldas.
Also we have, in view of (I-1) and (I-33);

S ;xijf[;é‘{:?. ¥ "'j'J E: }J a0 [ﬁg{:ﬁ.l{"w{i }“ = 0 (1=57)

(€]

Hm take now Flx) -(@g{:}.fl‘f"l {:ﬂ d':r:.- the seoond
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membar of [I=35) eles will not depand on F ifs
Vo) !
[?ﬁ“"hIﬁ =), ¥ ¥ fr'}ﬂ do, = o 1£ xx" €olx), (1-38)

This ig agals sesured by (I=83), whioh alsc assurss both the
inteprebllity of Sehwloper-Tomona=a oquation {1=3) and the congervation
of eherry=somantum. Ho avtempt of generalization of the condition (1-33),
as woll as of (1-25), has yet been made. Foesibly this cennct be dons

in %ha schepa of looel fisld theories.

3)e Schridinper reprasentetlons

We ghall call Srrddipper representation thet representetioc

ir whiohg

a) The Piseld operetors do mot depesnd explicitly on time.

k) The tice depandence of the wave function inoludes that
wEilsh comos Trom the Ceet that the operators are time indepondent aa wall
an that wnich somes from the fsct thet the surfaces {T are %o be
reatricted 4o thoss om which & = constent.

In order to do this, starting from intersotion represantetion,

v Flrat takes

LTI [ $Yul s, -jasxgémmm _—

at T ete) \

Tow wo maloe Yhe usunl ssponicAl trensformations
Witl= o Fo)* Yiw) (z-40)
FE) = 8 )t plx) o W" (141}
rlx) = o~ (o)t p(F) oifot (T-42)

where © represent the space ccordinetes and an} = - P{:} Yaian pt = 03
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-Lrﬁsl and F(T ) nre, respeotively the new weve funotlon and the new
oporeators. Of courss F(TX ) is squal to F(x) at t = 0.

1t ghould be cheerved, in connection with the dafinition of E{n]’
thet the tlne derlwatlves of field cparators sppsering 1o the expression
ef P j[!G} chould be slimipated by the use of the equebions of metion (I-1)
apd (I=2}, Lafore making &t = 0 (thore may be soze difficulties in some
spexinl cagess  thie is not, nowewer the situstion in the cases we shall
bo songarned with ).

In wi:: of the transforoetion (I-40) the pew wave ﬁmuﬂm*f'ﬁ{ﬂ

satisfias the Schrodinger egquatlong

| ) 5 Wie) (143)
at
withs
i = an} + /daz;fﬁfi'] {1-44)

In this repressntation the reletivistic covarience of the equations
ig not az obvlous ae 1o Lthe two procoding onos,; &8 timo pod space crainatas

are pot treptod o bhe samo footlng.

4) & ¥atrix formalism.

e
If the wave funotion 'Ff":".lr!&ti gfies a Towonsgze-Schwinzor

aduaticn -
L 3 Veul 3 x) $Ir] (145

5T (=)
&
and if we imow ite expresslon 1:“'1"'1'}.111 a6 plyan spape-like surfece o',

then we pen expross it, formelly, for moy vther spacelike surfece F asa

Viele stwol ¥ Lo'] (1-48)
whare S{07 7 Jis a solutisn of the squations
 L8[TT gy s fe vt ] (1-47)

5:.1’{::
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satlafying tha boundary sonditien,
S5[¢T] = 1 (1-28)
Almo § [0 Jsheuld be an unitery matrixs
s G“jr- sfz ¢'j"t (1-49)

ae 1s necsasary for tho conservation of probability; here the unitarity
af Sg'ﬁ‘l:l"_l iz o eonssguonce of the [acs that E‘ﬁ; {x) in squation (I=47)

la harmitian.
i
Finally, ss Wﬂ‘juhnuld aleo be expressed in terms af ?r{:'_]'ut

Y (o')] - sjo' o] Vi) (1=46n)
wa fipd thet

sfc' T) « sfag'yt - 3.{‘::’:-’_,?f (160
Thus we can sadd So equation (I+47)

i -‘-’jTL_.u'I:_’-’;?’f.i . - s{nr'- o] #ifx) (1-47a)

Another important property of the metrlces S[0g'] 1s expressed
by the relatlon

sfrar] = s[U0 ] s [0 ] (1-61)
whers U'l ig an arbitrary spece-lile surlaoo.
In order to prove relmtion (I-G1) we [irst prove that its secckd
membor ls lbdependant of E‘l' For thie 1% iz sufficlent to notloce that
in songequence of (I=47) and (I-4%s) we “inde

rom | k) Ta—mL sfoy ] +

o

+ EIﬂ'Q&] JE’Erl—l:-ﬁ:j = 0 (I=E2)
L (=

Ipgeed A1f we gtart with a given lobermediste surfaoce U"l In vhe expression
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om the senond member of (I-Bl) and chunge conbliucuely this surlece until

afy nhier gpuoellcs aurface 18 obtelned, wa soe that the finel oxpression
txl soank tu the imitisl ome es all wristions ars of tha type of (I-B2),
®E RROS PADIARIOMs

ew L8 we tewe in epacisl 3-'1 = \J or Ull =Tt | then wo gas
that the second member of (1-52) bececes equel to 8 [07G"] , se stated in
the Firct mecbar.

Ap irmadiste consdnvence of Lhe property exprear “F in cxprosslon
{1-61) is thet it pernits to express the finite trensformation & [o d"_-,-l a8

s produst of infinitselmal transfornatione srdered slong any peth { of

ordered space-like surfeces) frem (T' %0 O 4
sfre'] = 8[06] 8[d, o q] e 8f0, 0] 5[0, 0] (163)

The sxpression of the infinitesimel tracsfocmetion B |:|';_+1. {-'-"Jij

in, from eguation (I-47) piven by

5 [G‘hl. l::"i;l = 1 = Ljr;*l d,x Jé{:} . (1-54)
1

Byads

of the surfnces is given, such thab only coe surfece passes by each polnt, 15t

7 & ﬂ‘{::_}
ﬂﬁfn‘lj = 1l = lé %fﬂl:‘ -:‘l - J‘r’ﬁ{:[:ldi]:/ Hﬁ{#} &4Il R R
' LT"' ;

o ()it )

hes ghown thet using {I-54) we onn re-write (153}, cnoe the ordering

where oF (x) 45 the cna of such surluses whioh pasees Uy bhe peins x. -ue
fraet thet exprassion (160 la iodependent #f She parametrizabion ot 1.0
portedes is B oaonseceenco of bhe same property velid Tor |l«iedd, wE deoir

I e

1t is wasy ©o varify that the seme wipresaiopn [1-G06) atill el
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forsally Lo the cess whon ¢ end (7' do inkersect esoh other, ws long
s we peramotrite the replen belween those surfecee with the holp of an
crderad femdly of spsoo=-like sur[mces psseing by the lntersection of &
med o fa

I4 zhould be obssrwed that the posslbility of assuming exprassicm

{1-E5) ag valid for sny surfaces & end ' 18 p songecuence of the

intezrabllity of equstion [I=45), which ip only troe if the intepraliilty
copditions

Z?%f"‘}’ ;’@"{*'J’] = 0, if. z-x) is spece-like, (183

tg patisfied. This f£s mleo essentinlly the ocnditieon negwssery for the
ipdspaudanss of expression (1-55) for Efﬂ"ﬂ"‘] on Yhe porsmetrisstico
of the surfacos. 1f wa want 4o try up 8 Vetrix foreuletlon of a bheery
for whlch sonditien (I-56) is not satiefied (ew will be considerod in the
pozt pootion) then we should restrlet the definition of the G latrix to
an epeoial proup of surfecss ln soch s way thet the parsmetrisntion will

be upique in esch case (say, plane spocelike surfecos).

lelaenherz = Stusokelberp - Poymman & Metelzs
12 we know the wave mmm.ﬁ’fﬁ'_mlu the surface in the infinite
paat then the wave functicn st sy epeoe~like surface Wicjaill bo plven bys
Wirle sie ] Vo] (1=5%)
whersy & (U]« sfw ‘:":-,;.}' end the wave function &% the infinite future

i

"!1“"&'_’:::‘“3- g W un] (168}

wherer 5 = Bf:‘*w. 'J"_.:pj
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Tha matrix 5 can he written, according to .T.‘;-,n.n:u.-:L':E:|l &l
P L -
5 - ,ﬂzﬂﬂ =30 LLr I_ :}:.( A xqeedx P w[xl} san
con Fhlx)) (1-82)

whora F la an eperstor whieh ardare the Lerpa in bhe bracketsd produst
sosording te the ordering ol the murfunes Tr{:l]l e I.'f{a:n}. Mo, for
the upusl trpas of theories, the natrixz olaments; belwesn fros stabtes,

of the exprassions P {?ﬁ{:lj ser 8 {x_)) van be written in terms

af the 35.':3—::1'} pnd hi,{x-nr'} funotions (e-munbers) used by Feynnan () and
Etmukulha;-g:{{} and thue the matrlx 8 48 shown to solnelde with the S-

batrix uged by them in configuration reproceniaticns

Invarlsnse of the S-Mitrix formeliaes
There are Shees oonditions which showld bg satisiied by the 5=
Votrix (oesides tloss songidered of uniteribty and cesuelity), whieh in
the presard ocpac nare a direct soneequense of the fact thet the theory is
dorived [rom en ipverlent Tomoosga-Schwingsr equations
1) Form inverience.
#) Equivalsnse of aoy sob of nrdered 7" surfoces.

%) Indepepdence of the batriz S Hu}im B :'I.r!]' y ﬂ""} from the
'lﬂ_" ﬂ'-ﬂu
7 ' T2 0y e

o - e

liriting surfacas (J

Tha Firet soadltion Le Rera fulfilled me s consaguonoe of the Moot Ghet

?{gf::] is A moalar:

19 e meke 8 Lloronbe Trenglormobion.

2 —y ozt = u’”‘p x ¥ (1-80)

then the wavs funetion will underge, 4o gensral (an pmalysla of the
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leveaS: traneformstion will Le neds tn the pert 11), an wsitery trana-

formaticnd
WIAIT] g ¢ ¥iT ] {1-61)
sugh that, L 78 (x) 1o o sonlar we will have:
w1
uHiz) o - Fixr) (1m87)

vhs wiitery (in -eneral] eperster U belog determined (Fart I11) ln sueh =
way Ligd Ll free fleld squebions remain invaeriant.
1t im & ecrsequenze of tha poslar nature of Eﬁ{':} exprasead by
{1=82) that +ha oxpresalon
4 sfr.‘:, t:.r‘ljI i
corrasponilap, to Ghe @ matrix in the new reference frems, for the sarm

gurfeaes O, @' ard the sems perametrizaticn hes the same form ns

EEE__.-r i J s In the oripginal systofs.

Tha sosond condlticn ase be expressed mors precisely in the Followicg

Wyt

Comaldoir wwe families of spoace=lile surfaces ordored from Ghe

infipite past to inlfickbs Fobureg U':l, D‘E, 'L'_f;, PR and D'JI,

1 L] ¥
FE‘ If]"=| i sesas, BAd tha cerrespondence

O e (1~65)

thus thers should e sc unitary trepsforseticn coonneeting ©he wave fubotlor

in the eorreapeeding supfacess
- ¥ 1 :.1.1 4
¥ [, j o= v [:r'i c:fi] (i, ] T
agd &los there should be & relstlon bebtssen the cerrespendirng B matricws:

L R A R L S
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Bow in lew of She grevicus analysis 2% le olear that (I-84) and (1=85)

are varlfied 10 ve takag

vjo, o] - E[G’l "QF';] (1-66)

It 1s pesslbls thet in an S-Matriz theory kot derlveble from a Tomona pa-

Sohwinger aguetion we onuld heve sxpreseions of the type (I-B4) and (J=68)

with ki U metrlx ssseetielly different from the § matrix.

The third condition refdrred to gbove, that the matrix

§ = El[dﬂ-'*# g ‘1‘*”_’ be lndependent of the two limitinp surfeoss, ia

& ponpeguance of the f"n.ut Ehet wa imposs, at least Dor scatierine frcconcesn,

thnt ?‘ Jun:l W}I’d an tndependent of the spacial surfecs invelved:
& s ['.r__l'l'
J' o ()

—
- ﬂ fﬂr U L] U’- mﬂr ':J.w {I-E‘?J
[wra if wo oonsidor twoe different femdlies of surfecex, say of plenes, ond
gompneo the expression of B obtained from {(I-52) for 4lese osscu we ses
thet She only differsnsd ocooing sbout ie the one in the order of some operstors
in polnts with gpese=1ike sonpsabicny howevrer, in tha presesnt eeso this

differdent order Iz unimportont in view of the commutakion relation:

{%{z}l . F’él{x'}l] = @  ifx -x'is spmos-like, {I-56]
Thizn tha twe expresgzlons of B, fer the two mrametrizations, mre i{deptical.

B = Hon local Sohrodinper projeotion thacries.
fiw peid bafere wo are mainly interwsted on & thoory which ie
obtsined from that uvssd by Fireman {(this #1111 be anilyesd in detall 1

Perts 31T and IV] By the subsbitublion:

W tx)

Y (x) for the nsutrino fiald, {1-66)
.+
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whera H!"J (x] 1a the positive amsrzy pert of F (z) ‘we shsll eall a
thecry :naul-hir.,: from any wsoel ane by a wubstitubion of tha fype (1-88),
s "Schrodinesr projection theory".)
Io view of the subetitutlon {1=83) the J.n*l.ﬂrnﬂt.:.nn hami ltoniag
;Q-_’II[“} 5 tha ur_,: -mll thacry rosz lato R new aznrocslan E‘f {=} for which,
iu genarpl lﬁ{x}l. ;?g {x* ,'IJ r‘-' 2 oven {or x-x! speselils (1-68)
Thiz we will pot be sble to write, anywmars, & Termonupa-Schwingsr
8q':&530n, althouph wa can still expresd the reeultlng shecry im Schredinger
representption, where the lamlltoniemn H in equetion (I-43) im piven by

Tow Hey n-f}fg{;')das (1=70 )

(10)

In the ouss of Fireman's theory the (Fermi) interasotion uead

e, i ke perlnr pRBs, =iven byg
Féx ;ﬂmﬂm}f{:} ﬁ‘;{::n ¥ E'm] s hage {171

whers "hene" poans the hormitisn conjugate of the progeding terme. Sy the

Suhredinger proleasion (I=-68) wa abieine
% (x] = {J:] l'.ll;{:t] {I}I L}L {1] + IEG T’+{I]J + faoe (I=72)

which, ap it 19 of iorodlate verification, is of the bype (I-G68).

This rasulting theary, fermmulated In Schrodinger representaticn,
Lg eezent lelly the one vesd hy Hiresan when, in the spplisetlon of the theory
=iven by (I-71) to doubls ;ﬁ + daoay, he neplacted the sotinsulrino contri-

buklope fo the inisprmsdiets stebsc-

Howevar, we should anelyce pow the relativistle inveriencd of such

a theory. The Sohrodipzsr reprosentation beinp net approprlete bo the

enélysin of the rolativietie fnvarisnce we first forsulats this theary in the

& = mubrir roprdgentation.
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Jare wa daling:
oA £ - t{x.}nﬂ
G r‘t;_] - 1 =4 J %{;} dﬁz - j ;f._f,x:l Ii‘!_'.l: J E‘glizl']d{‘xl "
- - Ll

+ I EXA g {I-TE}

1y analopy ke (I=55), whare $ix] ie a plaps, normel to the tize directich,

passings by bthe poind x.

How it in sesn thet i€ we dalinag

"-{'f[t] - 5/t] "Himj (1=74)
-l:hnnﬂir['l:j' will patisfy she eguatlen {1-82}, whlek wap shown to bo aquivalent

to the Schrocinger squation. The S-matriz will be thens

S = 1ir &[4 J
by T
Wow w3 coopers the expressicns of & ohbninsd by two obuervers
whoes pofsretse frossn Heve different timm dirsetions, whioh should be
tdanklenl in vlew of the third conditicn Ffor invarignos of the S-matrix
Poresligin. Hers, ae bafere (equation I-B¥ }, we can expross 3 esr

2 i + med it o
‘:—:;_J L—-— J iulq[ ﬁ*Il . d-ﬂ:III F {Eﬁhlj W Eﬁ [lu:g [I-‘FE]

B A
Yew, as the ordoring operstor F is not the nam for the two evordinets

eyoteme, we soo thet sere fmoters ia the dntesrende of (I=75) which will sppeer

o um a;.;r-tar in the ocrdas ;’g{: cﬂ?{x'], will spposr in the second oasad

BE ?’-{’{:'J c,:f" {x) for eoms x-x' spheelike. Yow in view of {1=68) these

aentributions will be differewt and thus the two expressions for 5 will not

be in meneral identiesl as They should be. Howaver, we ehould analyse svery

cage soparstely an sompenssbions might vocur in scme cRASE.




CBIF-[H=001/13

13

in the specisl case whea 3}6 iz) Lo of tha type (I-72) we oun
valuats [rom (I=75), follswing Myeen's cethod, the Feyoman térm
parrsopondlos to the diaprem 40 waich & noutrine is sxochenped betwesn
two imeldent poubtrane whlob decey into two protons end twe slegbrons.
Te find that, insbepd of the vsual invariert Peaynoan funetion for the

meubrine line, tha Cusctien will appsars

a{:'.l-:z] EF{IJ*HE} (1-78)

which L& hot invariart in vimy of the Teotor E,{Jtl-a:z] dafinnd by

g{x) = slgnx (1=77)

The sere sopoliugion would be resched by bthe estusl computetion of
tho sama pracess (double H’S deoay of itwe colliding msubrone) from the
Solrodinpar equation.

1t should he cbaserwed here that not all of the Sehrodinger pro-
jeetion theories ere not relativietloelly inveriant. In some speoial
onseg, Bs wlll Lo considared ln FParts IIL and IV Gho new ﬁl:q::l obtwined by
the subablitution (I-58) still satiefles the integrebility ocondlticn (1-56)

and the Sheory 1§, therefore, rolativiticelly lovarlant.
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TART IT

ITFVARLIANGE OF FIRLL. TUHEGIY

WORR INFROPTR LOFSETS TRANBPORMAT IONS

Thig chupter is caneorned golmerily with restrieticns on fﬁ- deony
and meson imterastlons whieh osn be obtained by stedylng the transTormeticn
1awe of tha rleld quantities upder the improper Lorectz groups The proper
Lorents sroun will aleo be discussed Lo some grbant in szectlon A, oeinly for
she parpose of illustrabing how ons is to Pormulabe the problam of inveriance

(11)

ef tha wave sgustions s The eutiunltery trensformatlon supgested by

1
ﬁiﬂ;ﬂr{'z} Lor $ime ipversion is slise introduced in the Lors which corrsp-

tica
ponde %o %hy treosferoetlon of the one partiels wave/pivan by Newbton and
] oy
ﬂigner{ia:.

1n sestiom B the probler sf imvarience of Suantum Elestrodynamics
te tims isverelon ia investigated. Two possible Yrenslormations are set
up whick cen reyregesnt time <nversion. The firest of thase, dapctad by I,
ig the one already lnbrodmosd in section &, and it le anaracterized by the
property thai the spatial pert ef ths olestromegnetic yestor potential
reverts 1ts sigzn usier tire ioverslcs while the time-lilw part docs fof.
The sepozd trapslorsetion, depoted by 11, has the propsrby that the veotor

sepentie! transforms like an ordinery vector under tima inversion.

il)s We follow, io seation 4, Lhe lines of a Ferthoomlng papsr on tha
subject af lorsnts lnveriance by hignar and ¥ightmas, Inpemuch we we know
of it from diseuscione with the authora.

12). E» Fo Wigner, Gottinger Nechr-ichten, p. 546, 1952,

15% T. Du Nowtom pnd B. Fo Higner, love Mod. Fhys. 81, 200, 1945,
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Tn pecsicn 2, it is found tkat twe more transformstions {dapotad
regpuniively by III end IV) are posaible, bubt ealy for the special cese of
ders rest nasge Thus, IIT end IV may be epplied for the cese of the neutrino,
but not Cov oany perticle with Cinite rest mess. There is no reason in prinei-
ple why &ll spinor fields should transform in Ghe amme woy undar time iover-
gion. This problem is thorofore {rmvestizated hera, and the peoscible oom-
Binations of Fields tracaferming eecording $o 1, II, 711 and IV are ane lyrzad
ir, datvsils We pay spesisl stbentlon to the Fermi typs of intsrsotion Lz
fais studys

Ir pestisa U, an investigetion is mode of the possibility af intro-
duzing ad!iticual phess {6o%ers In ths lcproper transformations. The possibls
values of the shese Factors are found and o disoussian 13 given on tha
bonrieg of the trensfornebion propertiss ol gpin 1/2 fields on the symmetry
of “he nemegon Tisid funckicr. Varicas types of ."3 ~@oay Anterpotiondg sre
then dlgsussed with rezard to their beheviour under .'l:r.ﬁrnpnr borente trens-
formationte This preblem is of inbterast Geosuse, without the use of the
phase Packors, sevaral of Shege possibl litimas would not laed to invarlance
af tha Mamiltonimn weder the improper borents trepsfermeations. 1t is rhown,
hewevar, that with an sppropriate sholice of thoge phasa factors all of the
rafarred lotersetions can be made ipvertont, =o that they sacsh provide &
posiible beais for s conelstent theary of ﬁ ~dncay (thie point will be
tnvsstipated farther in Fart Iv)}. Fipally, the transformation proportles

under ths irproper Lerenbtz proup of o Hajorana figld are studied.
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A, Prelicinery ooncepts und results.

For sirplicity of languspe it is sonvenient to introduos the gon-

(4]

cepbs af bodily ldentlty eand subjsctive identity A piven physioal

aystem [or savaral sguivalest syssems ) can bo viswsd Ly sawvaral obasrvers
using diffarent cocrdipate frames. The system and its state, although in
difforsant relsticne to the scwsrsl obgervers, is then seid %o be bedily
1denticel for all of them. Un the otbar hand two different gystemn, eaoh
obrayvad by & differant coserver, ars sald to be subjectivaly identloal
if thay each besr the same relsbiocr, to tno gorreaponding chearvers. In
what Polless we shall interpret the Lorentz trensformation as & paseive

traneformakion, ie%., & change in the coordinmte ayshom riven by

T
B o e gk ¥ (17-1s)

with
f11-1b)

o LM~ B,
The tilda will be used o indieate the guantibles {coordinebes, wave
Punctions, opsrators) used by tho new obEErVOT »

Ls p scpsemuence of tronsformmtion (11-1) the wave funcobion -LP-,
obesrvable guantitiss and suxilisry flald quantities { ¥ ,A) will b= in
general aleo Sransformsd. The now guentities {with tilde) refer, of course,

to the bodily identioal sysbems e shell use hare the usuml sanditlon

for ralntivistic inverisnoes The loviriance of the form of the equutions

cf mobidn.

14}e #e Se Wightman and L. F. Wigoer, forthooming paper. The form in whleh
gome & thoir coneepts and results ers reproducad here, with the kipd par-
mimelon of the sbove auwthors, is not necessarily the same ns thad whioh they
will present in thalc pepers
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dmcks ths mury pessible formmletions of the lorentz Uransformstion
in Cuantum Theery thase sre tweo sapseially sirple, the Helsanbisrg and the
Euhréfd.-’,n,garlg'}n Thesy dotive thair nxne sg & rasult of thelr alirilarity
with the correspepding repressntotions of tha Field Theory.

1}y Schrédinger typs of lorentz transformetion.

Hera the two cheervers e the sems wevd fUnotion for two

subjectively identice! systers (end thue, differant wavs funsticns for bedily

identienl syatemg). Un the other hmnd beoth cbservers will work with the
sane set of operatars.
Thus we have the trensiorsatlong
g
1?-[:3 B Tﬂﬂj m f ‘L#r. {ﬂ"'l {E-Eﬂn}
whers T ig in remarsl & unitary oporator {we exoluds here the anti-unltary

oese of tims Lroversiep, which we sonsider im seation ).

U will So chesen in such m way that wo havog
g Wil gl o Al PG (I1T-%b)

for apinor ficlds I]IuII where Lhe opsrator A (noting on tha spinor space)

15 gueh Lheky

ATE AT L " 4 Y ) (11+20)

andg ’ b "
U AR U - & 4, T) (11-24)

for weotsr (ialds; the reneraliestice to other types of flelds is obvlous.

15). For the form of the oparator /i for the several types of Lareats
treanforsetiony Zoe for ingtanesy #. Fauli, Zandbusk der Fhysilk, Vel.241,
Pk E-E‘E'j HE-'I-"I rﬂﬂ- -H]TE- E- 2“5. 1541.
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2} holpanberg type of Loronbz trsnefermstion.
in this cese the seme wove function jeo used by the two
obeervers for bodily identicel systems, say, for the same physiosl system
as viewsd by both of them, . lthouph they will use diffarent cbeervebles

and suxillary field quantitles. The trensformations are new, instesd of (IT=2)s

Vi)Yol Yriv] (11-%a)

Vici—s Y61 - A¥® (11-8b)
.H-p{:}--—} Ip{:,'l = n"HA F-f?l:} (1i-3a)

Tia justifieation of the leat two trensforzetionzis ee followss
The oquivalsnee of the leisenberp mnd Schrodinger forms of Lerents trane-
fgrmatiop imposon the squelity of the expoctabion valuse of ecorresponding

Quantitios:

Pt wd
(Vo). v @ Vil « (Wie), 7)) WoT),  (114)

whera the indicos [ amd 8 sppeer only to indicete to us thet we use, respsctively,
the Leluenber; and Schrodingsr transformed quantities. From (I1-6) there
rasults
FE) = mleE)u , (T1-5)
which wes uscd ip obtalping (I1<3b,0) from (II-2).
1t ghould be cbsarved thet 1o the Haisenberg form of the Lorents
trapaformation the spincr field guantities kf {x} trepsform in the seme way

a8 the wave functions ' (x) in the ope particle Uiras eguation’?.

d@)s Reletion bekwoen the trensformetion (IT-26) lor the field
oporstor '{x) and the trensformstion of the ope partiols Dirae weve funotion T(x).

1r order to justlfy the transformmticn (II-2b) which we assumed
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ns velld lo the Enhrh'ﬁingnr type of Lorents transformation we should verify
thet it leade to the ususl trencformetion for the one particle Direc wave

ton P (x) in configuration spaceq
Pl —e PRI« A ) (11-8)

This cap be dome in the Jollowinpg wiay. We firet express the

gquantun wave fumtic-nwrur ¢ system with cne partisle {say, eleotron) a=g

W ik Jarfuﬁm v P, (11-7)
- g
whero .'f':[x} 16 the ersation cperator for elestrone and L is the veouus

warh fonstion,; ands

";UJ:-:}ﬂu - s (11-8)

How, Lf wo write the now weve function ia the sams form ps [I2-7);

o E— d ot
L é’m“ oy do 1, (11-8)

we soo, by appliestlon of {1I-2) to (I1-T) and comparison with {EI-&‘:ll'thlt
the puﬁ‘;t:-.?a anergy wave functlaon "Jﬁ{x] transforme mceording to (11-8).

The sxtension of thie method %o integer spln flelds la obvicua.

) Time inversion.
1n addition %o the requirements of lpvarisnce of our field
theories undsr the proper, restricted, Lorente group we rm;:uiru alpo in-
varianae under the Improper Lorentz Group.
The raquiremsnt of inverlence under space reflexions leads
to the well ¥nown, snd very useful, concept of parity. The conditlon of
irvarience upder time imversion is squivaleont to the ssmumption of the

Prineiple of lisrcsocpic Reveralbl liﬁ}'u ) .
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For the brassfosmpiion, by tiwe lgwersion,; of the one
perticle lirme wave function lo concipuretlcn representatlion we adopt

fiigner'e anti-unitary tra.nufcr:-atinnn}' 13)

r Tt il * [ ] i)
Fix) —a P E) = AP ) =% o) L G1-1)
whioh trensforms posililve eoorgy wave funetions lnto poaltive energy
oness The metrix 0 in (1I-10) ie deficed bys

c f¥ o = - ¥k {11=10m)
T

5+ = "3-1 - -GT w [ (I1=100)

whope She indice T is vsed to indicate the transposed matelx. How, by the
method deseribed in the subsecticn ) we find, for the Gehrodinger type.

af transfoprsation in Field Theory that, ansuming

[ *ﬁﬂ. R alid gl - (11-11a}
tho fisld apsrator Y {z) should trensform ses

¥ U W AT E) (11-11b)

withi A - 1{’5 c (11-11e)

in EII-IH:}‘F*{:J ig the cperstor which Ls represscted by the ogmplax
ponfupste {not Lormitlen conjugats) of the metriz which corresponds to

Wix) in the same represenotaticn.

low, in order to find the Halsenberg form of the time-inversion
transformetion, equivalont to (II-1) we lmpese apsin cordition (II-4) for

the inveriance of expostetion values and find, instead of {E1=6)2

FE) - (vlrmou] i (11-12)

where the index t meens ths traneposed of the operstor lo the brecket.
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(In othar words, EI‘:. ig the oparstsr which L repressniad by the tropaposed
matrix of that which reprasents F).

Thus we f'ind, for the Helsontery form of Lorentz trensformetions

Wil il (15-1%a)
e R "; {x) -ﬁ'f“*l[:} =2t "f"'_[x:l (I1-13b )

The brensformeticn {11-1%h), for the field cpsrater 7 (x), is=
formnlly the ssow as (11=10) for the weve function ?Dfx}. g5 ip the ocese
of ubitery 4ransfermrticns. lowsver, in the oese of transformetions (I11-13)
there i¢ a sdditional operssion, eoming from the mpplicebion of (I1-12) 1"

in the capo when T 4a o produst of [leld operntors;

T - II.1 2 n (T1~14 )

Thon, in wview of (II-12) we flindg

Foe (@ RUeTTE Ve e

~y ow g e
= (Fy7 o }1:
el A i PR
R SRR R (11-15)
i6)

Thue wo have to edd 4o trsnaformetions (I1~13) the opsraticn

P ) E) R ) — 5 BE) R, Ry (11-2%)

16)s This rula of raverting the arder of the field operators in conpection
with a time inversion wae firet obiained by K. M. Cmse, by impoeing the
ipvarisnes of the comuubation reletions. This weg the result which lawed
him 40 the vonelusions refsrred to in the appendlx ol hie papar in Fhyas.
Rav. T8, 1, 1545, which we shall analyss later (priwte ocomrunicatlon).
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For instancec
s ~ Pl
) ey e ] R
From pow on we shall refor to $the $ime inversion trapsformetlon

{11=1%) as transformetion 1. Uther forme of transformation will be con-

gldarod in the followihg sections.
Bs Inwarlancs of Suentum Sleotredymenios undsr tlme inversicn.

L[t is aimpler o malw this enalysie in the leigenberpy representation,
in whfokh the aquations of motlon of the elsotren fisld l}p{::ﬂj and alaotro=

magnetic fleld & fc) ere the followtng's

[I’H {;-_- * nﬁp{::} +n] Vix) = 0 (11-18)

Oa e § ) (11017

with+ .
() = :-g-h[?m v, e - Yyt :f—-.:xﬂ (17-17a)

Aste) et {11-18)
% L

These squations ghould be inve-iant undar the Lorents transforcation {wa
rastrict cureclves from how on te bhe Helsenberp form of lorentz trans-
forsmtlon)s This is the aseo 1f we sdd %o the transformetion (II-13L) fer
W o(x)s
argr el i
Wie) — px) = A%, ¢ Fish {11~15a)
the Following transformeticn for & (=)
e
Pt s [ - =)
afx) —3 A RK) = 80{x) » A (x); & (x)—3-4 (x) (11-180)
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I Ghoes shoald be asdad aguablicos {T1«i%);
Fyie) Faled voo Ba) wea B () ouw FL0) B ) (21elge]

It should ba ohesived dhat bravslormotion {iI-16b) differs Trem
bae veusl ens foronocovariant vestor by a signe The same ls also true
for the transforratlon ef :FExJ, thus meking 3*(x) hufx] an gcalar densitv.
Therelore the guantity E.'I_J;H:' iz nat inrerlsnt in a Sime inversion, cs 1t
ohirppas sisne. Howewer, ti;s ls upimportent sz this last quantlty has alwaye

an axpastelion wlue gern, in view af the Guxi 1iary condition (1118}

Equatlon (11-12a) should bottsr be writhen:
Yol oy J-‘ﬁﬁ"ﬁ £ (x) (IT-20a)
i L ) ) o i d
k) o x) —a Y5 TR = pUsY x) (11-20m)
+

":""ifli' . W (x} 3 1 CF () (11-206 )

whEia
&

Yl ez i)

fa ine charps eonfurate fleld.
- Ly :
0 brecaformoiicons [I1-20C) ‘F"_l_l.'l:.! and "?l (z) mre, respectivaly,
+

eprrodiora of ahporpdiian of slasbrony and pogitroln. We ges Pron Ehese
trargiortebions thek

1) Poaltlvs energy operctors vo inte pesitive gnercy onos.

7y Electrons [or pesitross) so Lite slestrons (or positrons ).

8) Absarptioa operstore go inbo emleslonh cporavors snd viessversss

Weow, a2 see thsab, hegldes the translormetion (1I-80) For tima irverssan.

which ie Lhe one thet wo hawe eeiled trensformetion | in eee. A, Enother Hpe

ol time Invorsion exlste, su0eh Be:
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o=l — Ar; 0 Fiix) (11-21a)
Fuxl /’3-!’5 SRR (11-21b)
or, instead of (II-i%a)
i) e "FEr]' - /33’5 ¢ Fix) (Ti~22a]

Wow the eguatloma of motlon {II-16, 1B) will be inveriant if wo add do

{11-28a}, lnetend of {1I-13b);

3 —
Alz] —a «~b (x) 3 Az} — alx) (I1-22b)

and ksep (ag is Enm“nr;.r"}} asquation (IT-1fa):
FI':::} PE{::} R— E‘;-[E'J Flﬁr} (11-22c)

o should observe that now the tressforoaticon {(I1-22b) is the
usual one for coveriant wvectors. Vo ghell refer to the transformetion

{11-22), for Lime ieverslen es trapsfomesion 11.  In this cese we ses,

from (17-21) cr {11=BZa) that positive enerpgy opseators go into positive
antrpgy Oparatore =nd sbsorpiion oporators into emlsxion ones, as in the
caset of Trensformetion 1. llowewver, now, eleetron eparstors po into posliron

cperators end vice-vorsa.s

17)s Thig ia becewvss in the Schrodinger form of the lorents transforsation we
usa szain an apti-unitery trensformation of the type (II-1lia), as is necessary
in ordey thet positive enorpy electron [pesitron) weve functlons in the coe

pmrtiols conf'ijuretion spece will go into pomitive enorsy posltron {electron)
wave Funations




=BFF=JE-LOI ZF

If we pobies thet (I1-P¢a) omg be written asg

Y (x) +—-'a-l;"3 3.'"5':" {x) (1123}

e gea thet this 4ype of time laversion is fermally the sams ag the che

siven by Hl'qlhls}

s in the o=pumbey btheory, excapt for the additional
operation (11=22¢}. This operstion is, howswer, fundspental in the g-
humher thoory ag the anblcamsutetios ef the opuretors 'f" () wnd .'?‘_" {x)
would produce othorwise a chanze of gizn in the second comber of
{37=17) whiak dastr-oye the invarisrzce %o time inverslon.
The clessioal anelogy of these o possible kypee of trenslormetion,
(IT-18} snd (II-22), for time invercion iz well knowng

The olavsionl squekions for the #leotro-mapnetic field and for

the charged perticle ares

J—|||' { d:FL‘
:}? - f c? (m=r) de {1I-24)
-
2 W
d K B dax
m—— = g 7 X (11-25)
n:i.aE ¥ k 1 i
wWharo
w - :E}a“ - Q:E. (11-26)
B L Dy v

ds = m:_ (11-27)

Wow wo recuire (es in bhe guenbum case) thet after the Srensforastlon for
time loversica,

xn—g;; -2 T —Y 7 {11-28a)
o

o
khe enprpy, which was given by m E::— in the old syshem and ia pnow m %—

atill remain poditive. Wa owst then sssums that the proper time § troana-

forme necording tog

-t

day =3y Uy = =4d4 {11-28)
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G Ed

{or chanse g inbe =3 )
Then the eguations (11-24) end (i7~25) will rommin invariant in

eithar of thw Mollewing twe semosg

——

~ . iy
&) A (x) = A (x4 Alx) = - &fx),

In this csase the chorpo, o, dovs not chenge sirm.

b} ;:ﬂ;:J w =i iw) 1;;.[:;:' = "E(z) ,

and ples chenpe o into -e, i.e., iotorshenge poeitruns ard electrons.

C. Isastriskions on the scverisnt exprdssiors and poselble interactiocn
heunl 1tondiane %EIJ Ampossd ty the invarianes urder time Inveggion.

Lf & givon mseaive particle of spin 1,"'3 is charpad; or kas a
magnetis moment, then the poegsible Sransformations under time invereion
ara the opes piven by (I1 L'} end {II-33 ) which we shall refer to, from
noW an, ak I and 11, respsstively {for the moment we nezlect cther types
of iptermcticn}. This arbitrearinocs of oholos betwean I and II, whiach
existe whee wo heva culy ona Syps of charped spinor [lelds dissppears when
tnars pro sewercl of Yham '.'nhﬂrgml or with rn apomalous marnetie moment )
for the lfollowing rossoms The choiee of I or 11 for cne of these [lelds
(eay, the oleotron field) determines the transformation of the slectro-
mapnetic field (as sither (I11-22b) or{I1I-19b))and thus all the other
(cherrod or with anocalous magnetic moment) fields should transform ln the
soms way &8 the firet ome (at ieast up to n phese Cactor 21 or 2t ms will
e atalysed in sectlion 4).

Fow LT arotker spinor field ham & zerc mészp wo fipd, besides trans-
formastions 1 and IT, %“wo more poseibilities for the traneformation under
sime ipversisn for this Field, Theso ere liszted in Table 1 and will be

roforrad to respactively as transformations 1X1 and 1V.




<BRF=2H-01:15

TAELE T

FOSELBLS TYPTE OF TRANATOREATIORS UNDGR TILE INVTESION

Reaulting form of the

Name of the Tranaforms- Aestricticn on trecaformation of thae
ton ol* tha +he masa af the ilﬁrmﬂgm;ﬂﬂ potentlal
Bplagt e spin 1/2 fleld gonlar charged fleld B(x),
if M (x) is n charged field.
A(x) —3=2R (x)
1 W — fAd5e T Yo restrlelion B R'
Blx) —3-B(x)T
-ﬁ--:l sl
Il Y u—?‘,ﬂ }‘;5 L Yo restriction AH[':.J . &7 AHI:J:,'I'
Blx) —3 = 8'(x)T
111 "]’—qﬂ.ﬂ by L8P0 DBSE Seme ns for trapse-
lormation 11
v "}'--—-3(31: ¥ 4Brd DASS Bame a8 for trans-

formation I

In sll these pases %he additlionel reordering operation (II-22e) should

be porlormed.

The quantity E“hl used in the fousth column of Table I Ls defined By

B = - aglx) 5 Ax) = LG

fT1=58)
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ihe results given in tha fourth column of Tebtls I wore found ag
followss
{1) The trenaformntion of ﬁp{:} should be the sams ng that of's

60 = 2 [Var, Yo - Vo T . @

i (%) iz & ohsreed field, in order thel the wave equationa (II-16), (11=1T)
{eventunlly with m = 0) of the field \f‘; in f{nterection with the e¢leotro-
meenatio Melds would ba in?nr!.an"umj-

{(2) The transformation of a charged pseudoscalar fMeld Bix) which
also interasts with the slectromeznetic field wap cbtsined by the following

gondition. The ocurrsnt denalty weotor

iz, Jex) PRI
R - w3 ag) L2ED) (x-m)

ghauld trensform in the seoce wiy as -lpf::.'l'. How the transformeticn of
4 () was oonditioned by thet of Y (x). Thus 1£ both W {x} and D{x)
intaraoy with the elsctromoprotie Tield 5“{1} then the transformation of
Elx) under time invertion ls conditiomed by thet of "||U {x} in the way piven
in Tabla I.

It should be cbearved that B3*{x) used in Teble I is the charge con-
Jugate flold te Bix):

Bz} = n{:}f {11-31)

Algo, in close anslogy with the sorrespending transformation fer I'F{:J-
positive enorpy ebsorption sperators of the field B(x) go lnte positive
grerey erlsslon operators. This is both trus if elther B {t) —3~- H__{;Ji’[m._

18}« In the casa of btransformetion I we eould substitute
AH[::J —y -1“{:}
by the ogquivalent trensformation
A“{;;jl —-n ",-J.EI:' i 8—3 =a (ohangs the sign of

the charge.
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Parmetions 1, IV} in whlch case posliive particles 7@ dnte positive partiolas,
ori

BJ::J —_— - E!-j_kl[:-:j'r {treneformotions 11, III]‘_
when positive partloles go inte mazative particleos.

How m gcnslder a general eltustion in which thers are several spin
/2 partisles which interest with the elsotrocapnatiec field (via its sharse
or enomalous megnetic oomert), n cherged meron field (we take a pasudercalar
ons, 28 an exanple} and an splnor field of zerc wuse.

“ha first greup of spicor fields transform peosssarily by T or 11,
Thoas fields will be ldentified, in speclal exumples to the proton, neptron,
elankron and p-wwgon Melds. Algs it ghould be remembersd thet IF ome of
them transforme, under Gims inveralon, by I (or II) then sll the otheras
trepglorm 1o theo daEs way.

The Dezon {psoudosoalar) flald, whope trensiormetion is eopditioned
by thet of the ¢herred llelds in the way indicated in Table I, will be
ideptificd to the n==sgon lA oome oxanplos.

Tha serc mass fisld of spin 1/2 will ba identlifted to the nsutrinc
flieid, unlsas the oppozite 14 spaocilied. It may transform by any ome of
I, 11, TiI er IV, under %ime inversion.

The interaction repressntation of Fleld Theory will be usad from now
ons The sopdition of relativistioc brvariance le new, bacides that ef
ipvariance of the fres [leld sguabtlons, the loverlapos of the interaction

hami 1tanian E’@E:} under the considarsd transformation.

ita copsider pew the poesible ceses of combination of thope trans-
formaticns, the regulting coverlast gquantlties apd the restrictions whish
may result op the form of the intersctions from the assumpiion of g epesial

corbination of transformetlons. WMe shall not go, howsver, into the systematic
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analyais of the aness when tho naitlng fleld trensgforma by 1I1 o 1V, ad
they will not bring sny new possible form of Ferml interasction wiloh will
not ba obtained in geas O, by the introduetion of phass feotors in the
improper $ransformatisns. Un the cenbrary, thoy brinpg strong regtrictions
o ke resslble forma of inbaera:tich witih the othar floldas For lnstanooe,
iF the nevteino field ‘¥ (x) tramsforns by IV and the rields W (x) by 11,
Ahen mo form of Permi intersction is poseible which is relativistionlly

iprariart. Thic bocsuse in view of the tracaformabions g

-‘*ﬁ“?: > BT l“l"’—*ﬁa’ﬁf-'? -J.ﬂE!’E"F (1152

we have, Por tise iovarasions

Py = LY, {11-33)
4 gimilar situstion happeiic when we tmke bransformation 111 lor Lbs neutrino
and I Por the other fislde. In the csse wnen we ugs transformmticn 111
for the newtrine and 11 for the sther [lelds then we are rogtricted, by the

opoedition of invarienca of g’@[:'.l under time loversicn, to Ferpi interactions

of the types
;‘g{ﬂ . :{x}‘i";{x; \!';[:} (f{xh L ‘_i":{:J} + hea. (11-34

Thit wecazes in thisg canaa '}LL t=pnaforms &y

"}‘L —&}acrﬁ,ﬂﬁa’si ¥ ¢ EJ (11-35)
80 ¥, — £t Yy (11-36)

Tz

W fﬁn IE, ,___._.,,f‘.rg E'E( ;;'Eg ;‘-‘;+ 'f:_;. (I1-37)

e
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In other terms the field quamtity Lﬁ; *355 Lﬂ.- transiormes upder time
lpiversion ol type IIT In the geze vway a8 the cther [ields a’Ptra:.af‘:lrm

under the tizms irwversion of type I
o s pl (11-33)

The possibilisy of an interactisn of the form (17-54) will be Cound
agein in esoe 0, whon approprinte pheas fastors will be introdused in the
tranzformaticns vrder the impropor Lorentz proup for the nawril [ialds
invelvad in lt.

iio. 10w oonaider the cese when oply transformeticns I cr J1 are used,
far the peutrino Inolusiva.

1) Coverinnt ome particle quantlties.

The govarlent quantities formed wlth a ziven HEH*I{::J {amd
"-FT[:L} ; epgume different form end sevarience properties mosarding to the
typs of trensforoation used for tims inovertions

a)e Trapeforzation I

Y —7 Rt T

It thiz ocoss wo have She vzual covariant quantities:

Soaler Y — ¥
Vactor ¢ ?'3;"}" m—h ? r
Tonuor F'&;E&"l‘;—q‘u LT" ?

Paoudeveotor g l']pfﬁ KH —— T} Iﬂ

'l.F

Y ¥ (1w 4)
¥

Feeudosoalury CF_ a’E 'f’ —i5 T‘FH‘E l’F

whare g s - -
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Thus wo sea fron the brangformelion of the ebeve guantitlss under
time inversion thet the soalar; peeudovactor and pasudosoalar gquantltles
hsve the opdinssy varianes vader tiwe loversion. The vooter and tenaor
guurmitias trensiorn with opposits algn (under thio type of time inversion)
in rolation te the ordipary vector and tenser quentitissz. This was the
resson why w8 had to szsume similer trensformation for the eleatro-magnetic
fleld ip the sess when 1t interacts with 8 fieid transforming by I. Ogher-

wige wa would not heve lovarianos of the egueitions of motion.

b« Trangformation Il.

td u&ﬁi’nc?ﬂ 'f:"l”"s*

In thie oase we Cind for the covarisnt quantities the expressicns

glven by EnuulEJ, all of them sracafermipg in the ordinary weys:
sealary T W ¢ P W
Veohar T*.-',._‘,""'-f-"ir‘f"‘i""
Tepsar ?!HJ}'*-;‘Httﬁd"F‘ (g A )
Peavdovachor: ?ﬁ'ﬁ'ﬁ'“?‘*;ﬁﬁ'ﬁgﬁ‘#'
Peoudesonlars ¥ 5'%" L Sy

Thus we aee that Caee’s conelusion thet copdition eof relatlvistic
inverignee of & fleld 4hoosy upder time inwersion imposss the form glven
above for the covarisnt guentities formed with the field ¥ is only correet

for the type 11 of trensformstion under time inversion.
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7y Tywa=fialds covarisat quantitisa,
Mihen we conslder the oovariact quentities formed with two differornt
spivor flelds we should nllow the possibility thab they traneform in
different weys yvoder $ime \nverdica. We have then the following cesess

a) Both fields trenaform under time inversl on by Srapaformetion I

In this sene we find, for inetmnse, the tranafcrmatlona

_"':}T*.:,——a- ;"': ; (11-39)

L

Tor the gquantity 'ﬂ. v ustally covsidered as en sealar. Sipilar trani-
fermatlons are found for the other quantities usunlly cpneidersd ns vootot-,
Geagor, ate. Thus we gee thet lp thia ossa she scalar Quentity would bte 1hae

following ornos

¥ ¥, ;': o (T1-58)

Howover, we will find in the follewisg analysis thet, slthough @ W,
iz not tovarigot under time imversien the usuel somlar meson interaction snd
ngalar Fermi Interection ars still inveriant under Linme inversion.

b) Both flelds transfoem by IT,

Sare wa find apein the ugsunl eovarieot quentitiesy

Hestans ¥Y¥, = -¥¥ = ¥y

Voctor Fity, »-Yy ¥ = ¥~ ¥y

Pamgars T oA Y, -, 8§ = F?:a'*a? | #4)

Dwd femsars  FEUOOY, = =W, PALETE TP I, ()
4 Ty g

Peovdovacturs

r
= o b
Fasudoeealar s ¥y . way T ﬁ' ‘r'l' q_a
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The transformation propertics of thease quantities urder tiom
ioversion (tennsformation II) i3 alsc indicetesds %e sss thet they heve
the ordinnry sovarionze only AL the two different flelds antlcomnuke.
Thie aoticsmomtaticn of ddlfapard Clelds; which is alido #nocdssery when wa
peef [rom the interaction repressatation to the Helszenberg representatlon
{ees Fart 1), we& used in the lagh step of these trenalormations.

It ahould be chaorivad hore thet if thope [Flelds transform botl by
T, but with opposiie signe (Ghe posslbility of the Inkroduction of phrze
feators ~ L or - 1 for the improper trepsformstiona will be aoelyesd in
gsc. 4}, thon the transformstion propertiss of the expressicns listad
abcra will be axchanmad az followss

Conler HE——— Pravdoscalar
Veotor =S——7 ——= Peoudovector

Tensor &£—— lusl tensor

ejs 1f "f""L treceforns, undsr time loversion, by 1 end '-f’ by 11
then wa find that ths guantitiess llsted in seo. b) ars not anymore covarisnt,

a8 under tlme Lnyersisn we have thbna

‘;‘F .fu ._.:,'Cr‘ GTI.J' {11=-40}
Yowaver, a8 wa alec finds

T e ﬂi — ¥ Yy {11-41)

we ses that T { "I“r' + r.:'ﬁ.) is an sealar. In penorsl, the covariant gquantities
ars those obtsined Prom the eorresponding ones listed ln ssc. b) By Lhe

gubetitutions

'fv —-—‘.«-‘ﬁgﬁﬁ {I1-42)
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da), If ']Li_ tranaforme Ly II and o by 1 the oovariant gquantitias

will be of the formz
?5; & SR o {I1-43)
gny, the scdlar ope.
(%) egon interactions.
Hore wo have o possible cnspa
a) Both epimor flelds tranaform in the sons wey.
In thie case wa find for instance for the pesudogcalar inter-

rotlon with peaudozgalar charged meson the usual expressions

Fotxl - glote) Fylel ¥P W, (x) + hee) (1144 )

1t should be cheersyed that in the cmee of transformation 1 (sew
Tabtla I for the trenaformetion af B{Iljﬂtﬂh term in (11+44) po ipto thae
other one when the tlue loversicn ls porformed. ln the cdse of brane-
formmtion I1 sach tarm fe itveriant by Lbtgell.
b) The two fielde tranaform, one by I mnd the other by II (the
transformaticr of B(x] ie dotermined by thet of the chargsd flald ascording
to the Teble ).

Hore wa find, iastesd of (I1=44) tha invariant lntaractiona

Hx) =g [BELF ) ¥IH, ) 4 CF) ) theea ] (11-45)

1% le& olear that this type of Intarsctlion (II«46) sannot be used feor
the {interastien of ths # meson with the nusleons as it would lsed to in-
gtability of the atcmia nualu!.lg;'. Hewawar, 1t could be used, as wall as
(11-34) fer the desoriptlion of the ==-deosys:

Mg+ W {I1-46)

ir ;Fl ie taleon as the g meson Fleld and ‘f’z ag the neutrine fisld.

19)s For instance, if \]" ia the proton field -.nd"!"" the peautron fisld then

the Intsraction (II-45) would lead to the seoond order proocsss in which a
proton would transfernin an antipeutren with emisnion of & »° meson and then
#ha mntipeutron would be anihiletsd with apother proton with emisslon ef a LT
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{4} Fasnl intarections of /4 sdacay.
Apmin ne in sas. 3] we hevo twe different cases.
a) £LL apinor fialds involved in the interaction trensforn ia
e a8EE TV
G find Lo whis eree the usunl ipbteraastion,; say for the

zoeler Ghecry:

Fotes v o [Tpix) Yyled o) Y, 6 4 heen | (11-45)

b) Tha peotrino fisld trenseforms in different way then the other
fisldea
fn wa gare sopaiderine only $he Srefsformatlons I apnd 1T for the
nestring vy for Ghe other partioles we [ipd that the podsible intersction is
el tha Loims
?‘EE:J - .a[T'I,En:' bl T f'ﬂ{x} + Tf:l:::l 3 *huu-] {11-46)
fm tho two possivle situntion: walch cen ooours
An imtsrackion of tho type (I7-~48) will also be found es poselble in

the following se<tick. This poseibllity will ropult thers from the use of
apurapeiats phess factors, s will be introduced thers, in the transformations

of the improper Lorembt groupa.

1, Phage Tackors ig the Improper loremts trooslormeticns of spinor fields.
The possivility of intreducing a phase feolor - 1ar -~ 4 in %the
trareformeiions, undsr the improper lorenta group, of & splmor field "-P ¥

Yoo AW (11-47a)

m]_ EJ.]I'

was firat choot by Haeal fs arpued thet Pauli's eopdislon

det = 1 {11=47h)

weuld gtill be satisciod 4f wo subatitute /A by £ A la (II-478), 12 the

20}y U. Racsh, Muocvo Gima, 14, 322, 1637.
$1), #.Paull, Anes Insts B. Polncers?, 6, 108, 1676,

-




CHAT=D=CLT 10

43

- oy 4 R
phase fastor T e dqnl 90 = L oy = 4, Zueh 3 phas fecter cculd net Os

Ingroduced fop fhe ecihlunous reastricted tvacsTformetions as Lhe limitinp
welue of r;""I. For no olunrs of ceordinates should be the unit zatriz.
However, noodh Lobrodcoed a zpueaitzy prlnaiplagd}, whoeo physical meaning
ig not olear e ue, by whish the entipartiole risld (¥ « CF") zhould
tronafors in $ho resd way os the partisle fleld [ W ).

Rog=eily tile guechion of phere facbors Ln She improper troneformations

22)

weo reanalyaed by Tang and tha present author™ ', Reeah's prinoiple dldearded,
and fnlfavsnced wors drmvn for tha intersciicn of several fi=lde.

“hig zaprlysias will be roported, in more detell, 1h the presemt cectlon
fer the arle of Mburs coplicttlon in the following Parts of Hhis work.

1) Fhmss froters and ccagervetlon of perticles.

Bagidng Recehits JugtifM eaticon of the inlrcduction of the phase

Fretors s ths imprecce trancformetiohs of spinor fialds thera e another
arsaiont wWhish g meve pppropelats pga dugtifloptlon &f bhis possibility
for tho ceer oo aptiunliary tine ipversicnes. It is kmoxn that the proper
srenaflarmaticons for vglmor Cidids are double mlusd ss & genssquense of the
faat Shet for oo ppese potabied of S50 deagrgos, whliok is physicelly equi-

valupt te no rotellion wt @ll, wo izve tha traselormations
W oy - (11-28n)
in oontreet e She peeg of no o robicticn whan we heve
L e (FI—40h)
{ia ize, es cefers, Folzenherg type of Sransforoaticn).

5 ; o
In phier wosde, 7o gonesoutive rotatlonm of 1807, which are

pryalonlly squivelant fe 90 rotaticonh ab &ll, bring about & chanpe of sign

22). 0G. ¥. Yanp and J. Tiome, Fhys. Rev. 78, 485, 1850.




CEFE=2R=-021718

in the field opsrstora o {zis Toue 4hers is no remscn why we should
exclude tha simller poseibility of w chabgs of wign of ¥ (x) after two
improper ti“ﬁ".’lafﬁl‘l‘l‘lﬂ-tiul‘.‘.ﬁz:s}. whion are phyeleslly equivalent to no
trapafermetion uf gll.

Thus we eed thet, if we take for the improper transfnrmn‘hj.unlmjl

WV — o 3 G (space reflexion) {II-48)
‘f"-——a- SR 3‘50 U {time inversion 1) (11-50m)
\]'y-—r i rﬂlﬂﬁ’sc }" {time inverslon 1I) (T1-500)

{whers £, £y and Lo, are nct necesserily ‘he same for different fields)

#e find that, after two ldenticel transformatione of one of these forms tha
riell operator -'"F{:,'I will chonpe f53
Yixi — 2 ¥& o Vi) —> £f i) (17-01n)

in the cmsos of (IT=40) nod (II-60b) respectively, ands

Yiz) —5 « r; £, W (x) {11-51b)
in the case of (II-E0m}.

Thus we soo that for (11-49) amd (I11-50b) ‘¥ (x) will te unchened

ifs
£ e =1 or S i (11-52a)

regpectively, and will shanrs slen 18

$ = 23i or £, - <, (11-52L )

respaotively. In the case of (11-50m) ¥ (x) will change sipn, regardlecs

B3} It i3 of immdiste veriFlestion thet {f Lix) chenpes sign after two such
traneformations, the wave lunoticns 'ﬁ (%), E _ l:,':-r.la:E s 0t0., in confisuration
e

represontatior change =ign for the sub-spaess .y odd number of partlelas and im
uneltered for thosa of even number of such partioles.

22 ). 1t sheould be kﬂpt_}n mind thet for time invorsion the additiconal operation
P1(x) Fplx) —» ¥, () F1(¥) should be parformed together with(11-60)
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af tha mive of EI" whitioh zheuld, howsver, e vpnimoduler Por the sonssrveslan

ef aarmalizeticong

0 E_. = L {1153}

e did mot copslder the omtes of trensformations III and IV beomuse
in view of She argument given In the presedin; section, they are of no
loterast for our future epalysie.

fronm bow on we shall arbitrarily sssume, transformetlion I1, i.8.
{11-604) for tho sharged perilieles (end neutroms), in view of the fact
that in Shis cess the elvctromagnetic potential ﬂ“{:} trensforms, under
tine ipversion, as an crélpery covarinnt veckor (men Tabls 1)« This 1a not,
hovevar, a restrictlon of gaperality me, it 16 eney %0 mes, tha masumption
of transferoetleon 1 , leo., (II-500,) for these perticles would not change
tne quolisative reoulits of the follewior aoelyeis.

Irgpsformation I ®L11 be retnined, Bs a possibility, For the
poutring cases &5 o congoquepce of the conditicn for inveriancs of tee
interaotion haxilicnlen E%gix} wa wilil bs thon restricked to the walues
21, 24 rar £

Finally., in order not to iptroducse scaler-like quambtiviss whilsh
would be invarisat under spese reflexion (time inversien) end chenpge sipn

apder blos fovervicn [goses reflexion) we taks Peom now on (also arbltearily

in prinsiple )y
£. v = f g P om om P (II=54)

It ghonld he obgerved hare Lhet the wsusl assunotlon that w

pheas fackor in the fisld oporators "-IE"‘[F};;E','IEI.E irrolavant appliss eniy

%0 the ccstz when thirs L8 conssrvatlon of oartisles, Le.0.;, when lom

glven procese o toprbeln partiols dizoppeers aither apother partisls wcould be
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mnlhilated, inatead, or en sobiparticlas (ot s perticls) could be crestod.
This hecause ths methemetlonl azprossion of such a sonssrvation prinsipis
ig just that ﬂ{x} should ba fnverient cader & trenaformstion by e phass

faator q? s the sz for all perticles aod *'?t for tha mantiperticles.

How an intersction of the type:
Fo ) w g Pplsl W) Tl [ W) 22 V)] 4 e (11-85)

wiick 1s dnvariant® under, sny, (11-49) and (I1-50b) with ¢ = = & (fyq= £)
for all partislees, but nobt with £ = . ly 1s surely no% Inwverlant ucder =
phass t{ranaformaticn of the bype stove referred to (say, for inetance with
M w 1)s The physicel mesning of this Teot 1s that intersction (11-66)
lands to no cansarvetion of pariicles as sither & weutrino or apbineutrino
oan be exitted, in this ones, in a piven proeess. Howewver, internction
(12-65) etill oatisFfica the sonditions of conservetion of charpa and con=
gervatlon of auelecns, metiematieslly sxpreased by 1ts inverianres under an
arbitrary phese treasfopmation fer the chargsd partieles or for the nuslacna,
reasprobivelys This extmple should be snough to show the importence of the

phase Pectors T in the improper trunsformetione.

2) Fhege facbors le the iopropor transformebions for nuclsons and

the mymretry proportiss of the n mescons

22)

A 1t was shown by Yanp and Tiomno tha fmat thet we do not

know tha relative sisne of the impreper transformation for the proton and

265)« This will te shown in seoctlon 4).
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peutron {feld would lesve pndetarmined he roflexion propertlss of' Ehe

n poeon field evon if the form ol (ke intersotion of thess perticlos would

be erperimentally found. AP en saempleo, IF we asaumwe an intersction of
the type:

MW, f%, 4 b (11-66)

thus the n msaon would be p.-|1!:|11|c.'.ncrzn:ihu-IIJ i 'f"l_, and “i""ﬂ transfore Lo $he same
way under the impropar Loranis Froug ar Ennla.r}if thoy translorm with
oppesite sizno. This tachusc ? P;"E?’R whioh i1a n pasudogoalar quanbity

id the fireb ceow, iz en soalar in the poocpd onpe .

3] Eigns of tie improper lorenbs Srensformetions and She repressentations
of the Wras eguations for & system of two or mors iu:-arnnting fleldos
1t ig interasting to roleto the resulis of the provious sechtlon
to the faot that when there are two interscting spinor fields there arae
two differant reprasentations for the Ulree equations of these fielda (we
aonslder the loterecticp repressotebion}s thet 1o whish the muess tarms

in the sguatiope for the two Clioldes
[a’*‘._ﬂ:‘g 2u P - 0 trmvne) ()
have the eome sipn srd that 1o which they have opposite alpos.
Kow wa pos that if wo stert from the sase when \f’fl.—] i "'F (2}
do getlefy Hireo sgvations with the seme 2ign of the mess Herm, but trans-
form under the improper group {ssy by I) with opposite signe and maim a

tronsformation g
YOyl Ry e (11-67)

the maw flelde will trangform now o the seme wey bab wlill satlefly Wrec

acustioos with opposite slgae of the mess torm. Alas the quentity
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et ‘ta
1‘1"""'1:' E'JEN-'L Y4y which wag & soaler in the firet representation will go
] "‘F (1) b d {EJ, & oasalar in the now represenbstion.

Another lotereeclop exampls 1s the cogparison of the Fermi

theerine chareoberised by the inkeraotionss

E{‘fil’:} - EFP{:.} lll-‘ﬂ{::} 'ﬁfﬂ ‘ﬁfﬂ} + Heoe (11~58)

Holx) = ETx) Yl ﬁmgﬁ Wo(x) o+ hess (1159)

when the ssre gl-n of the mess term 18 taken for ell particles. 'ﬁl[:}
is s gehler dopsliby LI, may,; BRIl parbisles transform by Lwlith the sume
phaze factors Egﬂ {z) i mn igvariams Lf [ the improper Srensformetion
for +he neukrline the oppoalite elgn is used in relatlon %o these for the

clhkher Ploldg. Yow if wo melks the transformaticns:
i
k]ifu = 3’5 o {I1-60)

bran ?;,f:[zj will go LHto %{xj bk khe mags Serm of the Dirse equation
for tho neutrino will chanpe sign. Ihue we see thot the theoriss charsc-
torized by ;K;L{x,ll and ?ﬁgl::;} will be o iveient Lf tha mase of the

nritring Lla zera.

4] Tremsforsetleon propertics of the fieldsg
i

Y -z *-r” - ¥5¢ ¥ (11~-51)

Thase quantities sre known to be the culy ocnes formed with
G i ‘E“} which trensfors ns 't (z) upder the proper lorents group. Thelr
tppnplormations under the impropsr group are important in order to dealde
about the Ipverianoce of theoriss ln which thay sppesr 1o the interaction
haglltcnien in linear sconbination with Y (x) (emy, for the neutrine field)

as wa shail comsider ‘o Torte [ and V.
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Howy, 1f wa censldsr thée inproper dransformatione (11-49),
(11-60), with he cendition (I1-54) we seu thas odr 2B},
&) W' traneforms in the seme wey aa ¥ (for exampla,
¥ —= 0EYY for sprce rellexion) if
r % ad {I1=52n)

and with oppoeite aiga (say, W' —S -~ 18 #r) Afs

fouisl (I1-Efa )

by " transforms as Y/ i

4
f =i (11-67b)

and wits opposlte sipn LT
f =« =t {1i-63b)

Tneso rosults loed to the conelusion (say, for time inversion

1) thet the Farmi intscection:

Hyx) = & Tl ) T Hx) +h o )] hess
(1T=84 )

vihara A ie oo orbltrary consbant , Ls inveriact if:

£ e =1 (11-62a)

{we assums, flor sinplieiiy, the same [' for all particlas invelwsd ). In tide

a2 She inberesklon

?gE{xJ - E'LF;I{:I:I 'f-hiﬂ -‘;I'ET::_'I[L}:_{::I ﬂl"ﬁ "-;-;L'_::J] + heos [I11-85)

will net ba invarisst se the tem v A will change sign under the improper

trensformations .
1f, howevar, we have, instesd of (I11-62a):
TR, i, | (11-8ab)
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then the situstien will ba reversed, ,}7@)2 (z) belrz invariart snd ﬁll:x}
oot Inveariama.

Tvie ohher posslibllitiess

Bix) = mTplx) Vg Fylb) Ty ) [ ) 0 E 5]+ mees (11-80)

and
o = eFple) X5 Fye T [ 1Al o F e hese (1367)

will arise Lf in the trenaformationa (II=68a) and (II=-0BL), respeotively,
we taka the opposite alzn, emy for the peutron, of that used for the other
particlosg.

The gonelderstion of the most penersl emse (different phase
faotors for the severel perticles and different typee of time ilnverslon
for the neutripo end the cther particlea) will not pive rise to mny new

situation not inaluded in ﬁlf.l: . ;{EEIJ - Hfﬁ{::l arul giix:l.

4; Trensferoetions of a Lnjarsna field.

26},

&
A Majorana fieldoo’r #7¢ U (x) 1s eharasterized by the

galf charge conjugntien proparty:
Ule) = ST lx) = U (11-68)

This condition is the enalogous of the hermitielty condition For seutrsl
Bogen fislde. Indeed (II-GE) tekes the form

U =) = UNx) (11680 )
26 )

In the represeptation of the ¥ eatrices used by S jordnd

26). Be Hajoranm, Fuove Cim., 14, 171, 1537.

27)» Purry, Fhye. Rev., 54, 66, 15%8.
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Sush & type of fiold can ba upad.only tc deseribe neutral
particles with no meavnetic mnmu:.-‘.u?f“-af:l The poesibility of ite use for the
desorlpticn of neutrinos wae [irst surpeeted by Hn,jnrnmfﬂ © mnd will be
anelyzed Iin the follewing Parte of this work.

The transformation of b (x) undar the preper Lorentz sroup
ig the s=mo ss for & Miold of the type ¥ (x) (whish we shall denots fram
now o £8 & Dirao fisld).

In whel cctiserns to the treneformetion under bhe improper
group wo eghould obesrve thati

1) Traneformations I and I1 for time inversioh becopa Ldentical;
17— PANg UL = L2A¥ 0 {11-69)

2) Trensformations 111 and IV (gee Table 1), which beasme

identical for m dajforana fleld;

1{--?& i o= (3» vy (11+E68)
is exoluded for the noutrine, which is known to interoot with charpged fislde.

This is an becusces if the eleotron field, for instense, transforms aag

']Pf _'_'_'ﬁr,.‘] a‘fg ':'Tf-‘;_' o ﬂ%ﬂ (Ti-Bm

then the quentity 7. W trensforms as
— _ (II=va)
Ve U — - tti:,;'g' U
under tize inversion. As & coneequence of (11-70) no possible Farml inter-

sotion would axlst, which would be inveriant under the improper Lorente group.
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i) For space reflerion which mow ls ziven by

U —a ¢ 4 (11-71)
end the only remaivies tracsformsbion (1I-68) for time inversion the only
poesible velusg f'or the ghese feebor £ areg

E3

P el X (11-820)
¥ hese are the only valuss of f consistent with the transformations of
the vanishing cwaptity L ~ 2 LL 3
O= U - o5 -ﬁ.;(,.ﬂ{rl'.;+r*u‘ifj, (T1-72)

O U~ T —» 188 U+ veH),  (11-73)

for spape reflexion and times ipversion, respectively.

Yow the inveriant intermotion haemllteniass of the Fermd type

ire of the [Moreeg

o x) w g )y ) U lx) ks (1378)

if, for instonce, the Uirpe [ields tranefcrm eccording to (T1-48) sad (11-508&)
snd the peubrine field @4 (x) according %o {I11-55) and {J71-7T1) and
E

B i i, (11-52a)

the same for all particles. They will be of tie forma

= - s e Wyl T Ux) ¢ k. (11-75)

i for one of the [ields we teke the opposite sign in (II-62e). Uther pogpslble
neslpmments of the values of £ for tho several flelds will lsad to (11-74)

or ko (11-75).
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S0AJE U THE SPIFOR FIZLE UPLRATORE

A} Generel copsideranbicaos.

In the field thoorfies {we conplder ecnly apioor fielde hore) we
danl with fleld operators 1*H{£J{:} porrosponding to the severel types
of partiolas involyed in the theory. I wo coosider, for instence, the
igteraction ropresantsbion and for-ed, [er $he moment, Lthe loteractlion,

ile8a, If we put:
S Yy

— = 3 {1111}
ST (x

then o relstively rpenerel soluticn of (I1I~1) omn be written sa:

O

For n ohe partiels state, ‘V {x) bping ons of the spimer flelds ln the theory.
In (r11-2) Y, (%) 1s the positive energy part? ar iz} wana Plx) s
tha wevye function Iin confipuratiion representation of our omd perticle systom.

_{'lﬁ 1s the vaouus weva funebion charecterited byg

Hﬁhjﬂn - D (IT1-2a)

Ths fact that "-'F‘I:IP grtiafins the Dirsc eguaticns

=
Ef“-:f",; *n)fh} - (111-3]
x

topsthor with (121-1,2), leade to the conditions

€is ;P +m P oo (1114 )

for the wave funetion ?ﬁfx}.
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& camplete set of [pesitive onerpy) wave funcilona .?f, {xj L, Tor
ingtenna, that of t4e plums waves asscoisted tc ell poesible valuss of the
ml:murtuu'.T pad the two valugs of The spin oodrdibebes

fpwover, beaides "]U_t{xj, sl the negative sn.rpy part t11"'_[.'-'!.:'
el Lfl (%) npraars 1n geaesal In the theery. From the condition of relativistie

pvarianas of tho theory we sennok, except for a fow spucial cases, disonrd
the recabive ermarey peart of the cpomator llfu[:t} {gee part I}. Yie have, thus,
to pive an appropriate ceaning to lte role in the theory. The ususl pro-
gedura 18 te introduce a pow seb of weve funciions, analogous to 'IP{I:'- dea=
eribinz anoiher type of particle sseocisted to the eae I'iEll:ll:'br{:l:J- These
are the sntipertiole wave funsilons ‘-P"I:ar.lq Thus we are lad to o moTe

-

general expression for thi coo pertlols weve fupnetion 7

"-F',I_"r:l"_]._: Lﬂvsu[*ﬁ[ﬂ ;j”“ ";F{::J + \fT;I[:J ﬁ"'“ Lf*'{x,:l i 5 {1176}

whete I"Pf.{‘:' is ansther positive emergy Pleld (we shall uge the ewmpressicn
"half fiald" 8/ w0 dencte push pesitive energy filslda ss lfd-p':xj_; ’*Fﬂa:} }

whiah letter ie 4o be related Lo IFI"‘F{I_.:'-\.' The ususi releticn les
Vix) = cyilx), (111=6)

or *ii";[x} is the -usltlve emerpy part of the sharge conjurate lleld f"l:x}

W x) =0 ] {131-7)
Alsc we hove L
Wil = Yl (1i1-6a)

aod the sopditions
tp-";f::}jla - 0 {(I11-8)

281. &ee, for instence, referemse &).
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In prnerel wa oan gropod in the reverse wey. e decompose “'F (x),

Ir a relpbivigbic woy. inko two pardo:
l'iu [z} = 1"!I"llf::} % "fuglf::,'l (111-8)

and express both L'PIIETL] u.dtﬁ-"z{x:l in terma of twe half flelde. low,
insbead of the purticla end sntipertlele weva Funeticng we will Lave two
othar types of wave (uactions ‘;pll:x} and t,raz{:t.} porrespondine te the two
kinds of particles nascciatad with the fleld Y (x).

e shall eall such fielde ¥ (x) %o which correspond two types of
particles, in 4he sdnsz referred to above, Dirme flelds. The several possible
weys in which tho operatliop daperibed sbove oap be performad will lead inm
poneral 4o diffsrent reprasantetlons of the theory ss will be anelysed io the
followin: sesbions.

I, however, oos of the rpinor Clelds (which wo denote by Wix) )

sabiafion B sondibios suoh sGes

1 =) = ©3Lx) (I17=-10)
then an irrsdusibls reprosenteblon will Le obiaiced 1f we expreas Uix} mse
Wl = Y+ ¢ g k) (111-11)

where 14, (x) is the positive energy part of Uix)e It is olear thet L (x}
riyan by (I1I-11) satisfies thys condition (1II1-10). Now oniy one sst of wave
upesiona "FHE::} is megesiary bto desoribe mll the ooe particls states asso=-
olatad with this fislds

Te ehall eali tha fleld L (x) e Lnjorana flnldzﬂ':l'E”.

1t willl

be seapn that the lrreducible reprassptetion of the ipjorans {leld oparators

nea ¢ dlmeneicn whish iz the eguare rovt of thet of o Piree Tiald aperator.
Finally we should anbiclpate that for sooe spacisl types of theory

if wa decompose B Dirse [leld ‘,‘F {x), lo an appropriete way, into two haolf
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fiolds lf""' ll,';.l prd t,f.‘"al:::}. shen ws cen expross the interscticn lleniltomimn
in terss of only one of them. In other words, alihouph lp this oase thare
are two kinde of particlee suscoimtod with the ['leld Lf“" ix), enly oma of
themr will S irvolved in the notuml prooesses resulting from the lonteraction
wysed. This will happen in the thes i8s Shet we shall eall "Irojestion

Thaopinsg".

Be Ipvarianht cocomposition of s ileld ‘p"" fx}a

i wank to find tha possible relativistioelly igvariant ways of
dsvomposicg n Uirac Pisld ¥ (x) iato two parts ¥ (x) mnd W (x)s This
Le peceseasy, ae ebewn An sec. A, Lo order to express “F{;J in terms of two
hell fields (positive snorgy fields) asd their hermitisn conjugete. Thess two
half tialds will be inborpretsd as operaters of anihiletleh of the two Klods
of particles mesooloted to She [iold “¥' (x)3y both of then will zive a
vanlshiny rosult when spplied to the vacuim wave funotlon ﬂﬂ.

The usunl decemposition of ¥ (x) into the positive apnd oesabive

anergy peris is ore of such decompositilongs

¥ixr - H‘ﬁ{:} *L}"'_E:J (111-12)
wheare g
Yo fxd = B, ) - :.fa g1 s ) Fyler)  (131-18a)
&
Woxy=pe_ Yz - :Lm; 5 (eext) ) W) 111-15b)

In {111-13), &, (x-x') and & _{x=x') are respectively, the positive and the
pazative enerpy parts of §(x-x’ }EJ.

The cperators P aod P_defined in (11I-1%a) are operaters of pro-
jection, se they satisly the conditions usuelly imposed for two linear pro-

Jection oserstors Fy end F, , defizned by
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x) = (x) *lf'f (x) {I1r-14)

L4 lﬁi} (2)
'"H.I:KJ - P,,”'iulitl ’ (r = 1,2) {111=14n)
By *F, = 3 (I1i-16m)
P:I.' Pa W Jra F,-_ r (ree = 1,2) {111-150)

1 L 1 2

U A Al L R A ST, (111~15a)
Pr{ar:.‘f"} sl B ¥, (r=12) (111~164)

{in (III~154} < is & number).

Alsp, the dagomposlition (171-12) L8 relebivisticelly lovariaent as,

flor sny hemepasneous Lorvapts trensformation é wa Tind theb:

é] . ‘*f"' = F .‘6 LjL" (r = 1,8} (1ZI-1E)

whe s Fl aod P reprosant, in this exarmple, P end P, respsctlvoly.
Fimully iff tho decompositien (111-14) is mede at & certeln time
11 should be msintsined for ell future Simes (in interaction repressentation,
gay ). Ihig vii b broe 37 we heves
(8
“x

wiag) B Wix) = 0 (111-17a}

Thia lust eondition is wgulvalent 4o seying that the deccmposition of ‘f"{:]
invelves enly tho values of this field in m Ziven rpacellsa surface which

eontelng the poink x:
P, Wix) = :i‘ siz-at) y P 3 Y1) a g Y (111-17)

This is true for P, nod F_ defined by {I11-13).
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Uther possible aperators of projsction, bozides F, and P siven
aboye, may be used in erder to deccnpoge the feld W (x} in & relativictionlly
inveriant waye Suoh operators should matisfy the conditions (II11-16), (I11I«16)
pnd [111=-17). This guestion will e emmlyssd in subs=section 1).

It ig not mcaaau:.r;,', however, thel the operstors sed in the de-
wempositicn of the fleld should be prejectlion cperators. Hewever, the
gendltions of relativistie imvariamnce, (111-16} and (I11I-17) should still
be imposed on such e decomposition. & posslible decompoeiticn of thie typo
will Do copsidered in sub=zec, 2).

ir subgecticn 2) these results will e applisd in order wo chtain
the possible ways of expressing lf (x) in terms of two heif-fislds (=nd
their nermitian confurstes}. Theoe poksibllities will be used in sec. C,
ir 4he analysis of the ctructure of the underlying Hilbert spnes of the fleld

theories.

1} PFrojection operaticras

far the salo of genorelity 1% 12 ponvenient o mllow a slight
depsrture from the conditions (ITI-15), (111-16) wnd (111-17) imposad on the
inverieot projectics operatcra.

Firat the homogenei+y sonditlon (I1I11-15d} will be impesed only
for ef. reale This ls dope in crder thet operatlens of the type introduced
Ly l"nu-r:,rzri'l:J will be atill called "prnjd-ntllnn operations” (me Purry's does);
these projestion oparstions iovolve, Lesldes ['IP {x) the hermitian nﬂn;_'!u.,g“u‘f"”:}.

hlac the inverisnce condltleon [171-16) will be allowed %o %take the

farss

451 Py [i‘V “ 2 F,,-‘C‘Jiﬁ 1311’2’_1';}- L P:L-!Ei "}V. {TII=-18m)

for Improper treusformahions.
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Whis lagt oonditlenm {III-162) ls wbill zatisfnobory In expressing
the inverisnce of the decomposition, sltheugh the rolos of F‘l end FE Are
exoharesd utdar the inproper trensfermebion éi‘

Hew wo ooneider the possible typss of projection cparetorss These
san be divided into twe cleesess

a) Prejocticn operators not invelvwing hermitisn sonjupsticn.

L) Projection pperators invelving nermitian gonjupetinn.

Ip the caes a) we fipd thet we are restrioted to the ssge of the
oparetors ', end P dafined by (111-12) and (11I=-14), io view of trae
inyaringes conditions (IIZ=18)pnd [I71=17).

e ghell owell thse opsratora, Schriidinger projsction operatore,
as they ars egelvelant to She differentisl operators proposed by Sehrodi ngqrﬂg:l

far the desempousitlon of a spinor weve fusction into its poeitlve and mapative

enarsy Peitsz

Y w - 2L Y (111-18w)
p Wy e =R 1118
S = ¥ (=) (111-18b)
whare
a Flatly!: =iy
L = * m=f ; H==i%"*"¢ -m /A (111=1Ba }

In omse b), it view of the condition (II1-18) of lnverimnce of the
projestien under the Lorents sroup wo ara rastricted to the llnesr combina-
tions of ¥ with © ; or 3’53 W s these lest two guentities are the
énly ones, farmod with "|P +, whioh trunsform in the sece may ac LH ubdar the
restricted homoponecus trenmsformations. In tho subssotlon 2) we will show
thnt prajsctlon oporatiche cannot be forsed whioh sombine ¥ with !'EI-ﬁF .

Thue tha only pessible projscticn operstors in this clmss are Fl snd PE riven

25 ). b. Behrodingey, Berl. Bor., pe 418, 1030,
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bye
Y e 2 (We 2o (131-198)

pz‘-}* = .é (¥ -~2¢ T') (151-156)

shers I 1s a consteant -hees Puotors
.
g S | {111-190)

There wLlll te no less of poneral bty Af we take © = 1 or make the

deocmpositions
'Ii-"l[:’.]l = Ulx) =17V {x) {11i-E0a}

ozl = py 9 ) - %‘*W" (e} + 0 &Flxy ) (111-20m)
W) = B, Wix) = 2 (P -0 el ) (111-200)

The prcjection oparators P, und P, deficed by {11120} ware intro=-
duped by 1"'-.|1:'r*:.--2']'-':I erd will be oallsd "Purry projection operators™, in what
followe. They setialy our vondivlons {I17-16), {III=16) e=d (I11-17)
for the operetions of prﬂjﬂntiﬁnﬁn‘] nlthouph we will have elther (J1I-13)
or (1II-16a) saticflied, soccrding to she type of lmproper tranaformations

uged, in the followlng way.

If tha ilmpropar trenaformetions Rl given bys

Lli-" —_— ;",‘5 "]P‘ fepaze roflexie?) {111-21)
'n-IV PRSI, e | fafaﬁﬁ“ (£lmw Levorsion I) (111~22a)
‘f-“’ i) Bl :fE UF' (bime irversion 1I) (I11-28h )

whore [ is #guel to < 1gr - 1, thus we fimd the following two caces:
el ) Tha phase fsotor f in (1171=21) aod (I11-22) is ziven by:
fwi oorf = =1 {111-23a)

¥)e Ve remerber hers that in this ocsse the homersneity condition (I11-154)
ir satisfied cnly for of, ranl.
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in this eape tho immrienss copdition (I1i~158) is sestisfied elae if »6 1=

oy Ampropse Srenbsforantion .?f-.r; E
L, RN 4 (171-18)

}(3 ) 1i the gheso factors of the impropsr transfermotions areg
rowl ar ' =1 (111-23L)

then we heve, inetesd of [I11-10) the properbys
_.-;’5;1 2 Y sz:._'f";.éj P - Pléiﬁy {111-20m)

Ie thi. cage tha two projeotlon operatcrs Fy nod F, exchernpge thelr
rolor under the transformetions of the [(rmpreger Lorents proup.
2) Impeesilillty ef projoctlons Cormed by teking llpeesr
combinaticns of ij erd 3’5 & ﬁ? .
At Dirst sipht ona gould think thet the operaters ql and

0., dofinad bys

I.'E-
Wikl = ¥ix) + ofx) (111~28a)

Vi) =2 W) « 3 (P (x) o e ) (I11-240)

alz) = 9, ¥ - if ¥ - Yo t#) (111-24c)

ware projectlon operators. Howsver this is nob Lhe pase as we flnd thet khe
besic eonditieon (ITI-16L), for prejectisn eperabors, ls not satlsfied by
':',1 and QE L
n - -
LE 5” B, res - 2,2} (131-26)
This is still trus 12 o lioesr socbinebicn of 9 end ifﬁ ¥, more

gencral then thet in (I111-24), is used,.
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On the othor hand ws sse that the ioverlacce condition (X1I-16)
for (ITI-16a) ) Ls satiefisd by tho desomposition (I11.24) ef Y (x).
For the peegtrioted lorents rroup this e a socnsegooncs af tha [est that
Y50 07 trencrorme then in the same wey es Y o« For the impropar
troneformptions (111=21), (111~22) we Find, io opposition to the case of
Furry's projuction, that {311-168) is sstisfied il the phese Cacter f ls : i

ol

,{;sill'lL;V - qzéil}‘;éiaz‘f" *-:11»'51‘4/ . t111-18e)

PP = - 1, however, (1I1=16) L& satisfied.

Algo we Fied that, 3if m = 0, the seccnd conditicn of lnvariance

{I11-17a) is also webisfied by Q) snd Q, 4

i'-'p _J% q, Wizl =0 (121-176)

Thus wo sae Shat, in the cese of zero mass, we have, besides the two bypes
of splitting of L}Vl:m:ll by the Sehrodinger and Purry projection operaiors,
respactively, that given by f171-24) [whiok ‘s not an operetico of projestion,

HevETEr o

E) Exprosslon of s Dires fimld '—Iﬂ-"{xil in terme of twe hell Flolde.

As it wen seid in ses f. different repregentations of a Flald
Tneary w21l be obteined sccording to the way lo wileh the Clelds ’-IP' fx3
are sxprogsed in terms of two hall flelds {positive ooorgy flelds)s  Thene
raprosentetions will be sbmlysod in Ghe following sectlops. Ik opder %o
Pied the porgible ways of exprasaing lf‘" {#) in terms of two helf flolds we
start by decempoming L;UI:::} with the oid of one of the three types of
operations considersd in aso. (the decomposition in ¥, 4 fislds belng

posslble only for the case of serc mass) mhd thon we lntroduce the mppropriate

hﬂ.lf ﬂﬂldﬂi




C3FF=Dl=701 18
L
For sipplieity of notation 1t is oonverient %o introduce, becides
the apbipartisle [cherpe oonfumete) field ']U' "[x); piwen by
Wiy = 2 x) g Wk - C T'rr"'[:l (111-26)
another fiald, NII'-F' ri{x), defined bys
; Wxh e ¥ 0 Tlx) g Pl - -Efﬁ CpT =) (111-27)

o shell ecd 1L Wrr(x) the "contreperticle Field". 14 satislfies tha Lirac

oquation with tha opposite sign of thoe mees term of theabt in the Dires

aguation sahisilad by tf"'{,".,

P

(¥ # SE v om ) "f”f:} = 0 (II1-26a)
(£ R ~m ) ifrx) = O (T11-28b)
A ¥ ?

It should bo obsorved thet the "contrspartiels field" is essentially the same

a5 the "entipsriicle Field" %o which it is ralated by

HLJH(;:I -{E{?Plhj
4 13 of immediste werlificution that the operstors for the number of coptra-

partiolas:

LI _11- H Ll |
n :.fwu% te) of M W rita)

is equel to thet for the pumber of Antiparticlesc
N o= 1f a, ?’:{xié”" Frix) ,

oo e
N't - W
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Wa find the six Tollowing possible cnses:

1) Expansion ivto particle apd entipartinle half [fiealds.
This ieg tho usuval ocase, plven in the exemple 1h seo. A.
tgre, aefter performing & decomposition by the Schrodinrer

projection pporatorss
Weld o4 (117<2%a)

WE EEpross tft_iu torze of the pesitive epergy part of the antlipertiols

Mimids

RIV_ o (111-29%)

Thus 1l field gusntitles will be expressed in terme of W (), Y1z},
ACSULEI STCHAN
2] Deoompositien ioto particle snd contraparticle hell flelds.
Aftar tha swne decezpoaition (II1=E2m) as ln omse 1) we
B:i!-l"lﬂt Lf‘:‘_ ane

Y, - - ¥y Gyt (111-30)

whers the half iald *f-"]r’ iz the positive ensrpy part of the contraparticle
field W', defined by (II1-27).
Ve gould aleo express this type of degompoaihicn eaylng thet

the two hall fielde hews used are the pospitive enerpgy parte of ‘f‘ (x} and

W) = Gy (x), respectively.
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3) Jsoompoaltlon into L and ¥ helf Tielde.
Phie wes  he ore aced by ;njnrnnagﬂ} in sxpressing the positron
theory in Serme of twi aajorans fielde.
Herg we [irch desomposs -fJE:J by the Fupryis projoction
DpOrnh GrE :

o B LN {I111-31s)

Uow o (P 3y Ved (a2 ) (121-am)

and ther, velnp the nroporiisss

wo oxpross U and YV pos
Dell, 280, 3 V=V, a0V, {II1-81d)
Ve, 0V, (z11-=0ls)

In {III—E!d] the half ficlds Yoy ¥, nre kthe pozlitive enorpy parts of U and V,
ragpaotlvaly.
4) Dugosyositinn into U pnd W' half fields.
Uera, alter the expanpica (I11-2la) is mede we express V in

torms of @he correspording coobrapersicle fleld:

VIT - rﬁc ¥, {111-32m)

or, in view of (ill=3lcj:

Yit = {51:‘ g ¥'e 3{5 g {111-32h)

Thus wa expreszs U and V as 1

U o U, CE. (111=B2c)

-+

Ve g Vi1 = :{Es Vi (111=324)
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3} Duwarmporition fute T oend L half flelds.
In tho osse when tho rest mess is fcro wa nay use the desom-

pogition of 'f’ ) ziven by (I11-24¢
oowx o2 (117=04n)
RS A (X1I84B)

¥

B
I

It L
HY -8 o P (111-%4z)
The fields ¥ and & are releted by:

tesfet¥y ¥ - o) 0T (111544

Now, we heve %o amprase all the fisld oparstors in Germz of the half fields
¥, ond &, (and zheir hermitien nenlugate), which are, respectively, khe

ponitive soergy pertis of Y and 4. e find theba

r - +'.!|’5[:.‘E'+ p b, = =g gCY, (111~%4e )
ary
=S - i
b Y.+ I}ZEEE-. ; & -E.++a‘.‘5l3?_| (ITL=34F)
B) Wecempoonitian futo ¥ ard Y* hall' fields.
¥t ig, in virtus of (IfI=34d) relatad %o ¥ by:s
RO w aYgd ) Lesdg? (111-358}

Here ve gbart with the docomposition {111=54a) ae in the ocase 6) mnd
thep substitute & by = .'fﬁ ¥is
e . w (111-35b )
How wa erprsss ¥ and ¥' in torme of the corresponding hall® Cieldss

T=7T, +r.=‘2‘* ] ¥y = +IE:*E'+ {111-38e )
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The subgbitution of (I11-35¢) imto (II11-35b) glves the expresaion

of ".F (x) in terms of the half Fisldw ¥, end T3 .

o) Confisurstion represeotation.

In cie fleld theorisen, if we Fflnd & represantetion of the fiald
operatore then the Schrodinper equation {seo part 1) oan be written, instomd
of in operationel form, ap a syste= of equations (infinits ln number )
roluting the compormptes of the ware functiong thie la what is omlled the
confisuration repressntation. 1If ln partigulsr the operators for the
number of the geveral kdrd af particles 1s diaponsl in the repressntetion
considernd the '-.uuiuri:.rrh:; Hilbert spaoe ls calisd Fook l;ﬂnhal:l- On the
othar hand we may work in the spase of the quanta, uelog operaticoal oaloulus
end taking sdvantaps of the commitation relations of the cpsrators snd of
the completenass of the basic set of wave funotions. This simplifies the
computetions, in geoersl; [lor this reason we shall ussd, ln goncrel, Shis
imat method, although it will be convenient for the analysis of the structure
of the upderlying Gilbert spece 4o sxamine the confipuration representatiocn

af the theorys.
Here we oanm either lock for a representatlcen of the field operstors

including thelr dependence an the coordinetea (continuous yarliables ) pnd
spinor indlese (diserets ), in which omse we are lead to the coordinate

senflpuration representetion of the thoory (the wave functicns depending on

the coordipates), or we male & Fourlar axpansion of the oporators and find

s repressntatlon of the oparators doponding on the momentum (sontinuous)

and spin coordinntes {(discrete); this lesds to the momsntum conflguretion

reprosentation. For the followiny analyeis it will be sirpler to oon-

sidor the momentum representetion, although the method hera ueed can be

extopded in ordor 4o obbain the avordinete repressntatlon.

:'l:llll "f.. E‘Hk; L&Lﬁ‘- T H\.FE{ _T‘E_' EEE‘- 1952,
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For tho seke of simplicity, ae woe ere in thie work mainly con-
saroed with Farmi typs of interschicne, we restriet the present eonsidera-
tiona to the esse of four spincr (ields ‘f'{r}l.’::,': {r = 1,2,%,4), corres=
ponding to the four particles lnvolved in the intaramctions. The extemsion
to bhe most pemerel cess of any nimber of FPerml wpd Boson fields interacting
with wach other is immediato.

For concretenses we expasd thess flelds in plane wawas Iln the

ugunl way (particls - mptiperticle representetion s

W L)L o P ) Lo L W) o T gy

whors

{r} 1 = 'I: ﬂf‘!r ¥
Food® = omre Zoftss i@ e Y D@a) (f = ne) auran)

wheprs z
k, - r.'.’fﬂ = 0 ; (111=3"78)

g fs the dichotamis apln veriablie (tho wvaluss 1 and £ eorresponding to the
twe posaible orienteticns of the spie)} mnd F is the hell fiald indios, 1ta
mives 1 and & correspooding respectively tio the particle snd a:%iparticle
fiolde in ths prasant sssa. The spinor funetione uz}{k,n}, for g » 1,2 ars

the two poslbive anorgy solutions of the Dirac equation:

(¥ P, vy ) W) = o (11138}

The gomeralization of {111-38,3T7)} for the oase of any typs of

splitilng of the fleld Y (x) is obvious.
o
For slmplicity ol notatlon we shall denots She variablea (k,s) by ;

snd the indices » apd P by P 4

L}U';'}ms} —> if«"'?l:‘[:l (11I~23x)
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&lso wa shell ass the notablcn:
z ! ‘]& R [uf (I11-350)
ﬂ“‘J.

Thus the soflcormutetlon reledions for the half fields can be

writlang

l! 1|p"!'.|:, b Ll_.ﬂft--h g ,}j:‘ . (1 -3 5 (T11-40u)
;il,rf"-t;J.lr"i‘{g*Jf -{¥ :c;}.‘f"l*{;-:;, = 0 (111-om)
Yow a represemtotion of thoe eperators 4{-"’#‘1{ ; } couid be charaoter-

ited by thoe fact 1hat a given complote set of cbeerveblse should be diaponael

in this representetlion. For instance, if' we lmjose that all the commuting

gquantitios:

HETIEL SRS B (11141}

eperators for the oucber of perticles of the type "-I'.' in the stats charmcber-
isad hy } s Ghould be disponal, ~ " spacial representation could be ofitained
by & trivial gperaralicetion of the ona consldered by Jorden and Wigner.
Horwawor, in order to pess to the configuration representetion ln Fool space,
it is not sven nacessary to usa a special repressntation of the oparasbors
'f" q."{ f s ee long ss oms is sure that tha opsrators for the mumber of particlas
H'q;‘{ 3 } are dinronsl.

fhis is the omse If the follgwing method ia useds

Wa firat sxprens the guenbun wave funetlon ﬁ"it) af tha Euﬂ'l.rﬁrdingm-

npmuntn,tinn ﬁ.:s

Yo - n-c:_'l"T'r ,h-"?f /ﬂ ?1"":; LF':h]f
Yoigh Pogy -Jewfl, - (113-42)
Tr' J"'?‘—-""i‘“

32)s R, Becker and 8. Lisbfrisd, Phys. Rev. 69, M1, 1948.
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In {II:E--aLE.*:I.*-'1‘,__|l is the vecuum weve [unebion eharscterized by the vondltions

-

The time dependent functlong LP s mnti-symmetrio in the permutation of eny

{y)IL, = o (111-4%)

two paire of varinbles {""I?i '.‘F.'I. Y 1??.1‘ ’;'J} are the wave funetlona in
sonfiguration {(momsntum) space.

The normalisabion condition far 7 (t)s

(P, Py ) = 2 (I111-44a)

can ko exprecesd, Ly the use of (I11-42) in confipuration apace asg

oz =
‘Fn & 2 n=1 ’1?;..1?:1 f*tf ﬁ;'?n[ il --(fnl tj?{-‘:‘ii‘?l";nl 1:} d il-.din
i {I111=ddm )

In obtaining (11I-44m), we used the antlcomsubation relatlons (1I1-40) ard
the propsrty (117-43) of the vacuum wave funchion I

la order fo show that the oporators W ? (§ ) given by (111-41) are
now aotomatically disgonel wa cbgerve that the quantum wave iﬁmn*::l.un;fr{tj
plven by (I11I-42) sre expanded Ly the complets get of orthonormal vectoras
OL Afgedy ) o= =des S0P Y o () Y0, araeas)

B a (mi) T, i
whera
B 0p)la8 8 w o p (I1TI-45a)

and F la the operateor of permotntion of tho variables ["f‘l, !‘1}, p baing
tha arder of the permubation.

Thess weotora (111-46) ere aigenfunctions of the operators N - {3]
with eipgenvalues 1 or O {when the combimuous variables ¥ are subskituted by

diserate ones ln the usual way):. They are also eigenfunctions of the oparators
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for %the nusbers of perticles (or entipartioles) of the swveral bypess

B W fai 574, (111-4€)

wWith elgemvalues 0,1,2,5, ...
end of that for the tectal number or particloas

W 3 w1, (117-47)
"E

with the eigesvalus n. The antisyreotrizetion of the preduct of cperators

"f”dﬁil } ,'I'fin the expression (1II-45) 1 an immediste consequonce of the anti-
oomrutation relation (I11<$0b), in virtae of whish the gymmatrical pard of
* il
kf,,{?:_l '}f;z':.tz.!'!
vanlshoae In the exprecsion (I1II-4%) for the wnve funn'hiun"r‘-r(t} the anti-
aymretrizatlon of tha product of operators is talken care of by the conditicn
that pr ba mpbisymmetric; oma aoss thus thet the ususl ant isymetrizatlon
of the wave function in confipmretion space ia intimately related to the anti-
comrubation properties of the fleld operators.
Now the Schrodlnger equations in configuration repreassntation can
be obtained by substifutiag 4n the guambum Schrodingsr sgustion (see part 1)
W it) by the exproaslon {I11-42) mnd baking the woalar product with sll the

voctors of the type (111<48), for in = BplyB, &y wun o«

E} Strueture of the umdurlying Hilbert space of wave funotionss

In the above trestment we made omly a elight disbinotion Latween
the dependetcs of the wave functions on the wvariables f i ™ "Ei. 5y
which ware freetsd ag ccordinates, snd the indices "ji BTy .151 which
indicetod the different types of purticles we are concerned with. The
oonvenience of traating the index IP in the gams foobing as r comos from the

fact thet particles and antiparticles really behave as different kinds of




Ta

partlolez. Although tho index ’"f s0uld have poar ioeludsd in ;‘ LS o
noordipate {actually in tb;ﬂ?;%;:atri:ati sn of ‘P the Lnﬁuﬂ? and the
poordinates j‘ are troatod similerly) it Lle convenient to cmke & olear
out dlstineticn of the roles of | and ? end then fectorize the Hilbert
space into the dirsct product of several subepsces corresponding te bhe
different typos of particles charscterized by the ssversl values of '? .

&lsp, as pssn before, %here are waye of splitting the fields \i"{r:"
other than the usual ons glven in the axsmpls of sec. U, sey inte partiole
and aptiparticle fields. Theee severnl possibilltes lead: %o different
repregontations of bhe theory, which mre howsvsr, relabed by unltary Srans-
formations aod mre thue sguivalent; nsvertheless it is somvenlent, for the
seka of aimplicity of %he cugputations, to use in some amses ome or sncther
of thesv repregenteticns. The preesnt enalysis of the strusture of the
Hilbart apsce ig jus% the censidaratiom of thess pogsible reprassphations and
tha factoricntion of the totel Eilbert space into the dirsct producst of
indapapdenty sub-sphces.

A5 it will he plesr in the spalysis of the theorlies of peutrinoe
{Fart IV) an undsrstanding of the upderlying Ullbert spaocs of wavs
funations ln essentlel for the ccmprmhonslon of the physical distinetlon
between diffsrent kinde of meutral particles.

We consider first a peneral case of faolorisation of tha Hilbart

gpace for Dlras fislds.

a) FeoborizeSien of the Hilbart space (penoral troatment)s

1f ww decomposs in a relatlvigtlo ioverlant way the fisld
quintities T (r) iz} and H‘-“:”{:J in terms of two other half fields (positive
anarpy fields) | Er‘P}{ﬂ ~ ?ﬁ{:] ['f- 1,2), satlsfylng the seme [irac

egquation (in interaction representation) as 'f Ih']{:u:}l. and their hermitlen
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conjupetes, using ooy oo of the procsdures referred to bpelore, It 1s convens-
lent fo uso a roprossntetion in whish all bhe nparn‘wra't"’fﬂjj are Crotorlzed
ng n direut product of soveral indepsndony (cperating 1o different spmcss)

half rielde ¢?{j } 5 o thip correspomd n fectorizotioh of the Hilbert space.

) We ohisll consider first, for the sace of almplleity, the casse
when v have only twe such enblcomnuting half ficlds 'fﬁ[ ’}

I:"’i' = 1,2)s Te introduce the actation:
Gl st 5 (aE r{*ﬂ"u.}’ e $M0 Jf]-
1 H"'I (M ”EF'E T 1 H“‘T
(RN (111-48a)

Kew we ses that the basia vector _{'L [ 51...1' ] piven by (III=45)

s 41
oan be exprecsed in borms of the cusnbities I:III-'LE!} BE§

4

i O - :ﬂ.;}f...gi 1% eyt ) (T11e48)
11“*?# ", 4 HE

whora i

ﬂt I pam ij "f' ':i J"F {?ll-tl- :‘t }.,.'-lnl-

K, ¥ = E ({111-45n)

in the omse when ‘? aggures only twe velves: 1 or 2 (i.e. for only on2
Ferml field)s

in the first wember of (Z1I-49) the particle ccordinatas ?i are
spumsratod from 1 to N, repardlass 6f ths type of particle (whish is indicated
by the value of the correspending lodex "'Ii' =|_]I. In tne sssond membor of
(111-45) they are sturerated rcom 1 ©o Ny for the lirst type of partiole and
from 1 fa W, for the sscond typs. Tho = sign fn (I111-25) which dspends

on the ordering of the particles in the firet member is unessentlel and shall
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ba inccrgoratad en tho conflguration wave funoticn F in the followlng step.
Using (I11-49) snd [I171-40&) wo now excprods the Sotal wave
funetian {111-.45,1 fE ]

¥ = [refan et D AU s

1.‘1'-13'

Lf':fl*-ii:fi---;ﬁgl {I11-50)

depe tha wave Punction 'Ijahs.a to bo enti-symmotrio only in the scardinotes of

the seoe tyoe of particles. The upper index in f? sorrasponds to the

fype of particle and the lower ooe to the mumbering of them among the partiolss
of Yhe sume Types

Lat us up..ll_j% the slgebra senereted by the oporators ‘;P'I{ri' ¥5
L{/ ) j 1 f{and their hermitian conjugsies) by products snd limesr combin-
atione. The operstors nr_}E‘; &0t on the Hilbert space

Tha oporators "rl and ‘rﬂ zatlsly the lollewing enticommubation
ralationg:

e"'fﬁ[fh *ﬂiw}rf - '-E,;‘S”"f J (111-51}

ALl Eha uthm‘l ankioomrutators vanish.

tiow wn oconsider alsa the ulgEbrnﬁ . pebarated by the oparstors

.:P L ; Jo wilzh have the same cormutatlen reletions as h}ﬁ{j )

1PNt - Sy (111-52)

i¢lﬂh¢ﬂ¥ﬂj %¢1thiﬂnfﬁfu 0 (11I-5mm)
but cpesrates co a vector sphce 1 With the sguare root of the dimension
ef that of « The veotor apicuf 1 is expanded by the compléte orthe-
normal sat of vectors:

_[-.1.1 {ii LR !IJ‘IE'] H‘Fl{j%.-" ?.:}r}ﬁ,.: i El L Dilizj'ﬁlitl
{111-53)
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Th

__,":,i being defired by

PHE1g « o0 Por ail § s, (111-54)
@l ty) b
f? j ) _.].' '- P .‘i:l | "? T
P10ty - s St

(= 1,%) (111-48h)
Aleu v ccneidar anothue qlmhraﬁ E, isgmorphie o the firet one,
penersted by operstors L"'iiil:?:l, with the seme cormutation relstions me thoss

for CF L{j- 3y Luk roting oo a differont weotor zpmaf 2. j @ ia expanded
by tha baxo vactors)

Ko N £ 6.0 ?{':IJ “qaaiﬁ > fﬁil-ﬂ-f o Wy = 0,1,2,0u. (I1168)

'z e A
11 5 baing deflovd Gys

PaG L - 0 toraid g e (111-56)

(P [}i‘ e j&' J is defined by (111-4Bb) wikh T2

.l
fla wend to E&ﬂtnri!‘,- es o dirsst product of O 1 u.ndgzg

5 g 3 {111»5?}-

lp othor worde, we want to OXpro&ss

1, -0l z2n? (111-68)

PRI LB U S 2 2  ERPY.
41 i.;l"“h'llgl “'?H:.'I " I:}1"!14;:I ?’2(‘51 < &H;{nnxﬂn:' -
| Y . fie 2
i T s iﬂ:.‘_:l ? (T1759)

Alps we wmnt e facborize tha a_l,qnbrlﬁ neg o dirsot produst of j’lf 1 by f;"' # T
- &
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_jﬁa :}%1 x}f}z (111=-80)

Expreseion (11I-59) will begusw an Pirnlity if we tals for the comnnexion
ef the oparaiors 1Vl'[ ¥ :‘.'-PE{ ¥ nng wnd "f"ﬂ; ;J mgﬁﬂm usual
relationge
W - ¢M = o1 st 1 xgPg)  (muaee)

where the symbcl = indicatas the speration of direcot produck. Hsra, howsrer,
wo cennot asoume these relations bocauss the uPurntﬂrakrll:j J a.:tdl:rzilf ]
worid in sush e case pommube with osch cther, ilnetead of anticomnute, as it
ls the mobual sese. In ordar bo pet Ghe cppropriste antloommutetion relation
between these helf lelde, we mey tmke, for instencs, instesd of (ITI-81)

VETPIET MBI S WA G ¢ DRI T L¢ DR

whira Hl ileg w unitary viement -:-.E'/El with the propertya

Hl-ri'_: -.‘"}.i‘ i (IT1-£3)

whioh aptloommutes with all ql?l{?} and tFlfj o

;H".fﬁl{gjf - 5514 ¢1( i| ]l"f - 0 (III-64)
In the Jordan-'ipner represontution, for inetance, II]' is the slomant of
ﬂ-l of tha typas
1 1 1 1 14
RS o= (570N x R ) = e BUCEL) % wnen @ BTV (TT1068)

whora f5 = @ ¥} (111658

1

Ancther possible representstion corresponds to take for B the cperatory

N il 2
R oe (1) e oa Mogegos By “':_" I“EIEL: =« =, (III-66)
¥1y " jd 3 qblmf r]blriil - J’ d} Hepyld) (111~dEm)

ng it satlelles our dopditionas of unitarity and aptlcommutetion
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f i L i)
LR fiﬁl.’l * ﬁFEal'ﬁ . -.i{-l.l e q’;lm*j w O (111-67)

e will as oondltion {III-53).
Mew we {ird tret the cparators Hlf] ) sed HE”’ ) dafired bys

a0t Y, (-2 (117-88)
aro ralated to ‘H{ 13 by

W(}) o= Byy(jixl B G} = 1=aNgy(F)  (110-6%)

Thug wa oen wrilte:

yhr =gt =1 W)

N
=1 M d¥py
“ 1) W1 n gty ) (171-69

it is now ensy to verify thot

1]
Al gee 112130 = 2 iy e 3y X2 (L x¢f (1 5enn 15200 = D)

)

or, wsing the propurt.'y:

il
(=1) 1) i -2 (1I1=T0)

(]
{nompare {171~€3))me Cinelly Cind the fpoterieaticng
1 P + 1 1 1 Z 2 B
i o £ -
NL{.Flliil I'l-- J‘ ﬂ{il - = Eﬂf I_.Lril"n gmj‘ |:III Tl]

an poadod.

Thue, summerieing, we csa fastor the als;&i:-rn/?' eond the underlying

Hilvart spacs ‘/j aa

/ﬁ “/?1 ?‘/ﬁ}z ; jutfl =”§)E (111-72)

if the ectinecblon batwesn the ponsrators Lﬂfl{j ) end ¥ %4 nf/4 and

those t]bl{? 1 and ?z{i | nfﬁl and/?; . reepectivoly, sre taken mse
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the oparutor !'l!1 having tha proparties referred to mbave.

ﬂ:l In poperal, 1§ we have g Direc flelds %r}&.} a similar
factcrizeation onn ba doneg

Hare thera will be 2g anticommubting half fieldss

1 gl
¢ 0 Fllih e Y ¢ (F)

oparating on » veobor spa::ucg and penerating the ugutrl/}' p it iz pot
nocessary Yhot the decomposition of Ywo different flelds ‘?‘[’r J{,t;l -nd'i"{::l
into the sorresponding helf flalds ‘F:llfr,]{? " "f“'?rjl::l]l ntid ‘f"i‘{;rjl 5 ‘ff/ff i)
e of the sume typa. For insbence e could use for soms of them the usual
decooponition into particie end entiparticls half fields and for others into
two Majorape fields in the way that will ba empnalyssd in ssction b.

ew if wa coneider the 29 indopendent fieldsg

ﬁbcn; ﬁum' B ‘lb{q':’”' w"?’

actlng respoctlvely in thes subspeeces:

1 Z . % s -
gm g' Gy oo e BT ';m}? ()

and gonerating reepectively the alpebraos :

1 2 1 2
ﬁtl}'ﬁil}‘ ialh AR /’%q:«- A

whlch ere, as bofore, lsomorphic %o esch other, we will have wraln the

Caetoritatione

j jm j EIEERER A 5 ) (O
e s oue o x (111-75}
/'@[1} ﬁ{n /‘?‘[q} ()
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e
if wa toke s

1 B 2

‘ L Hl EE Wewa B owal R {f,]' 1 Y :L
Vi = R il Il:ib” S TR

(111-78)

2 y = Hl Hg O mE 1 2 1
LF fr‘{g:l “}x (13 * R{r} ':‘Pl:r}{; = 1{:'*1} Eihr
2
sass X lqu (TE1=77)

whers r = 1,2, .., C}, and the unltary operstors E{r} aablaly the obvious
generalizations of the conditicar (II1-63) mod (111=-64).

In the penerelization of the dorden-Mipgrer reprosentetion all of
thase oparntors Eﬂr} have tha form (I11-55].

Io the nonond Sype of represeatetlon referred to above wi should teks;
qiFd

)
4w (1) ':r:' oo lely sl Poe g (117-78)

s W T _
1 Htr_] ) [d I? i:’i}fr}': 3 J+¢{PJ E; ] EI_L.L-'?E.,:I
Here, inatend of (IIT—B8a), the opar =11-.:.r_1 for the mmhar of rerbiclos ooeres-

ponding to the gaveral helf fialde "f‘f JI f} will be gziven byp

o 1 (1) 2 2
{l-'J = 1(1}1 i & = = X H[T"} x lfrjx & = & X lcq} {III-TE}
2 1 1 e 2
ﬁ{'rj - 1 E & w s % 4 = N x assas X 1 {III"'MJ
(1] ir) {r) (a)

Flnelly, corregponding to the relstions ©il=62) we hevo nows

= N = +1 2q
?;?g‘-l " {...1}#‘”1 [_1_1:: 1Z ¢on X (Pf]’} xlﬁl X «ss x 1 [(III-B1)

whars "}I = Ly, 35004, Bg curreepond &0 tha peir of indless (rog) afumeratad

in the vrder es they eppear in | ~II<T8land {IZI-77}.




CAPF-DR=00211

B) Different raprocestesicns resultine frem the type of

deagmmpeeition uped for the several flalds ﬁr}f:h

Ag we have sald bafore, theps are soveral differert waye of
making & eoletivistic invarfant decompozition of the fields ﬁﬂiﬂ and
intreducing the twe half fislds sesocieted with each walua of r; they will
be mora carefully anslysed in what folly7se The use for tha deccwpositlen of
the several flalds (r = 1,7, «ss3) of coe of thess prosedures (noY necesamrlly
the same Ffor all r's, leml to different raprossntations of the theory. ileras
wg opneider, for simplieity, the cess of only ome Flold "FEIJ. the axtension
te the oocst zencral ocoge belnpg obvious.

Aggording %o the eralysis in sec. G there ere, in the onse
of arbitrary mass, four differant ways of splitting the totel Fle MLI‘J{I}
into two balr fislde W (x) WP (x), in w relutivistic inverient wey, end

two more poesibilities 1f m = D. l-j-"l ma*f’ﬂ satlofy the gare Jirac squation

Hi T:

7 |
{3’ H 'jv.—l-‘ + Iﬁ._:' ']LJH.'{:} = Uy {:L‘ " 112.:'!
X

but aventusl with s changs in %he gign of the mass term (in which ceee

we call the cerrespondent fleld e contrapariicle field). Theeo docompositions

gre the following (the flrst four being possible for say value of the mass,

tha lost two caly if m = 0).
1) E=panaion in ¥, W' fpacticle wel snbipertiole) Piolis.
Thig iz the usual splitting in which the totel field ls
decomposed into the positive and the nepative snergy perta, the last one

belnf expregsed in terms of a helf field ‘f""_I:IJ' {ontiparticls field)
by tha releticns

¥ (x} = Cc¥ix] {111-82)

Yow, if we expand ‘ﬂ{x}l apd p7(x) in barme of (] ) mndyr (] ) by
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exprossions (111<iT) we lind {in irlescastion reprossatetion) for tho energy-

comantun four ve c‘unrm‘] F

non o w [PV @ oo yien] )

whepray

k, = %  oeaw f111-B3a)

The operator for the total nuober of partisles i=¢
Boe [af FCITYID (171-84a)
and that for She number of anblpartiolas:
B - fdg wels e () (ITI-8ib)
If the field is ohorged the total cherpgs is piven bys
QR v-s Jﬂ;[“}“ﬁ TPy = ()] Gazaes)
1o the preesnt cese vs Bl set of obeorvablas:
LIEBER CEBLE (6D (7:-88)
¥ -
L;jr{*} L{.Ill:;]_t (I11-87)
their eipenvelues baing ¢ or 1 (when the eontinuous varisblss | = {E,:} are
replaved by discrobe ones on the ususl wey/, are disgomal both FI-" and [ beooms
automationlly ddaroneli. Thig permits us to abttribuba ¢o a satete with m
particles nad n antiperticeles the chargei
§ = =8 (m=-n)}
Ihe [actorization of l.nd/‘?' ean now be carried ln the way referred

o befurs, by introdusing the Walf flelds nﬂ(; Y and ch _(f ) operating

3 % f ]4?' J’[?l "‘?’ (111-88)

35 ). Ses, for lnstance, O. Wertzel, (umntum Theary of Flelds, 1848. Inter-
soienoe Fubliahers, Lew York.
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Symmetry between particla and antiperticls.

tonsideor two ces05:

a) The irdersction ls Elllnesr nix) (and ¥¥{x). Consider for
irptunge the cmse of quantus electrodynamics. Hors if' we make the trans-
f‘nmntinnLF —= C57  and at the samo tims changs the sign of the chergs,
gll the equations mre laft unchanged; Shus the exchanpe of ths roles of
particles and antiparticles is egulvelent %o the chanps of the el of the
cherpe = in other weords, if we aseociete the particle [isld to posltrons
{instoad of regetons) and the entiparticle fisld %o negatons, Lut change the

slzn of the charge, the theory will romain lsomorphle to itealfl.

b} The intersntlon ia licosr in 'L]UE:}.. Copgider, for lnstance,

the oase of the Perml interestion of the type:
e e § - - i .
Foo 6T 0 @ F @ H&) e Guee)

Hore wa fix our abtestion on the behaviouwr of the neutrinon fleld. Low 1F
ws change ’f:_ tnto ""'_"""u we obtain s thecry whers the term (I1I-8%), in

the intermobicn, wlil be substitutod bors

b ol ?P Py 'f"—‘e c Fy + haos (111-80)
If we expand LF and Eﬁ:n plarm waves atqd comnpares correspopding floprws we
oo that the roles of $he neutrine snd antinsutrine half fields (/) and
L+x'l"[ f } ars interchaneed in these theordfss. J% is ccovenlent then to

Ppotorize the peutrine Tield in the shoond cass agg

APurhr 8-Goxg, e
ingtead of (II1-88) [the notation le deviows ).

However as thers is ab isomorphism betwean ﬁ 2 undj p as woll
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wo between A ani 4, and in view of the feot that Yix) and ¢ ix)
setlefy the same Dirae equation [in interaction representation) the equi-
wvalenca of the iwo theorias iz obvicus.

Heverthelsca, if we mix borms of type (111-89) snd (I11-80) in
tha inbersction (say i£ YW (x) appeare In it in the cambination: f'(x) +0 ¥ (x)

we mre net anymors sllowed to make the substltubiong

WeAtT —s (1eA) P (111-82)
#lthoush L wa male the substltuiions

‘f""ff’lﬂu'f? —_— A P C & {111-83}

wo mpain obbaln & theory ieamerphic to the initial one.

For the seme ressun the following types of Ferci intersctions mre

equivalanpt
L i ‘f"n‘-,'-;.‘;ﬁ"ﬁ'ﬂ, + hata {111-34)
BYr W TIY piD = hees (111-95)
' gty T

Thoy will be considarsd in the Fart IV.

2) Bxpanaion into ¥, 41 flelde (perticle and contraperticis fislds)
A5 oLsarved bofore the Cleld quactity 4 ' -}]"E FT =xiafies the
gamn Lirac sguetion as LF e Dub with s change In the algn of the mres te. ..,
we call LF“{:!:J m contrapartiocle fiald,
If wa axpand l]Vl::J end 'fJ 'ix) {ocmpare {111-30) nas

Yix) = WV, &) -4 c TR (111-886)
et {x) -*ﬁ_--m + A ¢ TE) (111-8%)

we ses that the mpticommutators of & !'(x) differ from those for kPI_J:_‘.I crily

oo the sign of the mess borm.
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If wa introduss pow ilnm fialise ¢P{ A ¢Jul:"ll {after the
expansior in plare wavas) we osn ran%nriaa/g gl ‘_/’? e g
&
o A T /4’.. 4 (121-67)
a a
ﬁ ‘,F;F Y Alp
w0 wa zhould obasrve that the sxpresslons {or the energy-momsnbum, oumber
of purticles Eand umhrupgrtialau} and #Hokal oharze aréa plvon by expressions
 (111<B% to B5) where we chango:
WEY) = ()

(Trhue the sontrepartiele flslid hee opposite oharpe %o the partlile field).

E‘” to the

Suraly the represortation here obteined ls squivalent
first one, &g y'! = .‘-rﬁ 4''p however in certsin oasee the use of this
rapresenteticon may lead movs Hirectly to She reeded result. Thie g the casa,

for instanca, whan I"F appacrd in the lotersetion in tha comblnatlons
7 P
¥ - - ) . TI1=84
Ve¥geo @ (111-99)
for instenes, in the lnberamction hemiltonimnof the scalar theory:
af:l[::l - ;:FP Wy I-,I'-‘é{ﬂ+ G, ) * ke
Thoss types of theory will be celled Piremsn theorles ifi Part IV.

T
KowAwe make the expansion (ITI-56-07)s
T =W, s+ {0 (F, - ) (111-00)

{notiee the mgeymetry in the sizns)

84). The differonce betwesn this ropresentation and the first one is mors
cloar in sonfipuration space. 1 tho case (1) we use the same one particle
waye funstion F(x; E,a) to deseribe & pusite in tho state of mumestum

X" and spils s es the oma ussd for a negeton ln the same astate. Inp the cage
(2) the referred poalton is dessribed by the waww functions 3’5 W (x; Tye)
{all these wave functions are of pogitive #nerpy).
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wa find thaty

&) For firet order bransivlons tho lack of symmetry (in the signn)
of 'y, and'¥1? iz of oo importance besavss terms in {7, nnd in W't do not
sombine. Fowernr, ag tha Sohréd inper-Cusimir projection operators for thess
fields have difforent sizns in the raos term thers will b a canoellotion of
the contributions of these terms camlng from the twe typow of proooes with
emiasion of particla or of contraparticls (ms already obsorved Ly Firamm}}.
‘his rezaing trus for the mage dopending terms coming from the real ssmisslon
of neutrincs in prcessses of any order.

b) For secopd order prooesszes of the type of double /3 dooay fwlth no
ngutrines) the only comtributisn im the sne coming from the mess term of
the Eohrédinger projection oparetior for the meutrino. In other worde, thars
is no double (3 decay (with no mewtrine emitted) in ¥ireman's mied theory
Af Ghe pess of the peutrino wvanishoe. This iz obvious in the présent repre-
senketlon baogaune az Y () apposrs in the interaction in the eombimation

§ =) eyt and +,(x) as WLx) =TT (x) ant bessuse the refesred
process arisss {rom the crossed terms of the type:

e Y2 7Y ) Gy vr,!)

then the cuntribution fo the matrix slement srising from transitions whers the
interzedlate neutrinc ie o oontraparticle just sameal the cme arising from
intermediate perticle stetec. 17 the mass 1s nct serc then ths muss term of
the prejeetion eperater survives as it has different aizn for particle mnd contras
partisle. This combributicn is however noplipible im relstion to *hat Ffor the
decay with two meutrinos in view of the emallness of the neubrino mess. The
reagon for the different result obteined by Fireman iz to be found in the faoct
thnt, wlthoush for firet order transitions he eonsidered the contributions from
the two types of partlioles, for second crder he enly conslidersd those from the

mneutrioe helf riold.




CREE-OH-{ W1¢ E
oL

&) bapakaion 1nha T, V Plelds (Msdeprns fialde)s
“ors, for copvandence «f notatlon ¥8 oxpand the totel fi=ld '1’"{::]

in vormz of U ami V delinsd by

T e — { L||/ + L) = 40 (111-151)
1T —'}.-.- f = B :I L :l;‘ . I__'..I"IDEJ
7 V- (

ingtead af' o Seome of the two Purry projections piven In mea. G, squations
(111=20) {natiss the chanpas by facSore 2 end ).
Thus, teking the Schevdinger prejoshions, we find for the relstion betwenn
the U, ¥V hall Fie. : ond particlis, aotiparticle helr f.!ﬂrlazﬁ‘llt
l. 3 ¢ N g 1
¥, =1~ -;’3: COn) #V ix) ) jwilx) - 'H'? (Uix) = v (x) ) (111-108)

i e 1
v by o= e (Yol=d #ix) ) 5 7k} = — (P, =) = Wilx) (111-104)
Alzo wa Pind the comeutation relsticnss
L) A - T L)
) T}« [V s v ) } e T8, o (=) (114205)

6ll the other antissemutabors boing 2orep in porticulareg

{nu# v, ]= f"h. 2 Fﬂi = 0 (111-108)

Thas tho expepsisn of U_{x) sad V, (x) in terme of Uy ) and V(3§ ) respectively,
socording to (121-37; leads to the commubetion relaticnss

{u{j A 'J} - Jl'uu ¥ ‘.“:;H}Tf - J'{;-;“: (rir-1o7)
ali tim othar ankioomwtators haing sera, These ars the same anticommubetion

relsijons sntiafied by the half flalds W (] ) and il
Thus the slgebro paneratod by U(f J, V(% ) 14 isomorpale on that
gensrated by § ), Wr{y
4lso we find for the pumbor of purtlclos ef U and V type, respéctively:
o= fapep)t ey (111-108)
ay f‘f VORY w(y) (111-1089 )
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rid for the epersy mopentvm voobors

fag v, [ i o) v wi) ] @

{compare with (111-83,84). Howower, il the field is okerged, we find for

the total charge:
R . uf dj E-B{H* Vify o+ wig)t 1:{.!}_] (131-111)

Thus we ece that we cannot disgonalize simultapecusly © and N, ¥ .

In cther worde, we oannoh attribute a definite cherpe to & U apd ¥V partiole.
For thiz repgon 1% le pob cobvenienb 49 use thia rapresopteticn for charged
partiolos. In the applications we wlil use in pameral for the cherped partloles
wnd neutrern the first type of roprosortaticn, reserving the other possibilitica

fur e maubring.,

Thq: facborication of § BEF

gge g IR

rung in the pensral linss as before, through the introduecticn of the
independsnt fieldo '?Ul:j ) and (P,ul:} )} aeting respectively on g &l e
The advantsre of the use of this repressntetlon is plesr in the
caso when i‘;hi cperatar ?{x} appears in the interachtion in the sombination
'1VI:1::I g '.FT:} = 2 U(zx), as in thia cese the field V ig frofen, only
trameitions invelwing the U guackities coeeurring. In partioular, thlse
repragoptation will be used later to prove that such a theory (Furry's

projection theory) is iscmorphie to Majorena's theory.

ln srder to maks clear the relation bvetwesn this representation end
the particle-antiparticle represemtetion (1} it is convemisnt Yo write the
sxprasslons (111-103) end (I1I-104) in romsntum-spin speee and take iks

hormitian eonjugate; wo [ipds
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Yot - :;: [ oot swat [ 5 iyt -ﬁ-j—[l:{;}*- Vi)' | (o)
r - —]u'— T 1 T 1'_ __1_ : 1'_- ¥ 1
LR LS AU RN PR AL (SPAE R (S

Row the wave funchiona Por one psrticls or ouné antipartiole with o momontum-—

spin cocrdinete f mFg Eiven, z;aEpuutlvaly, by
Yii) o« Y oL, s W) el )'n, . (i1-1s)

Thesw Tor wu B ppeticie o s T partiols are given by:

Pt = ouptng ¥ . vt (111=118)
Thus, in view of (III-113) the wave function of = partiole or an antipariicle

are, in the U-V representation given by
[ - "y
Yo 'r”l_r:r.ﬁ” )+ ] s =¥ ) e

Thus wo soo thet in the U~V representeticn bobh the npogston and positon states
(for instanes) mre r mixture of U apd V particle sbtates.
4) E::panaic;n lnto U, ¥*' flelds.
va ghall not go into the snalyeis of the resulting reprosentation
s 1t is unlnteresting for ocur purposes.
5) Sxpansion In ¥, £ flelds (caly 1f = = O0).
Az g@an in gec. G, If the meas of the flald “¥{x) wenishes,

then the following auwmntitless

¥ix) = “%!_ {“ﬂ" (x) +!’E ¢ #x) ) (T11-118)
I(x) = # (=) ¥ O ) ) {111-119)

satiogfy the sazs Dires eguetion ms "'11"' (x)« This we oan take for our half
fieldg the posltlve enarpy parts of ¥i(x) end Z(x), == they have the ADpro=-
printe comrutetion relations. Frpanding them in terms of Y{ i ) and Z {; |8

rancectively, by £) we find the oeosscary comcutntlon reletions for the
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appliantion of the garssal fneboripation traetmentis

frcad vynth = pat 201§ = & (1), aaeaeo)

all tha other anticommubietors vanishings Thus inbrodusipg the independent

half riaids [}, eod u (1] we ret the feotorizeation:
f-‘r Ic;& 'ﬁ'/?:r xﬁ£ (111122 )
Phe giprossich of the mumber of ¥ and & particlesa, as the total cnerpgpy momentum

voobor have fhe similer form &2 these of the previcus veses, In terme of

T(§ ) and £(§ ) .

It is lpterestins to chbparve hore thet 1l oppoditicon to Yhe
haws
behaviour of the U,V fields which/The commutstion rolations:

iluqf (%), ?ﬁ'{:'}‘f SRR AT “‘lr'i..:,g':"""'] {rii-1zz4
}ﬂﬁtﬂ. L:,jh:‘]; = -ET;:[::L Ve {:-}j ﬂ-—f*ﬁ a,'iz-: ] ¢ £5 {1II-18%b)

(G &) Txt) pe fy xh Tytx)] =0 (111-3220)

the oomrutation relations of the Y,2 Clelds mre:
(LELY f:v\j Jo (=), B plxt}f = =8, Lxx') (me0) (171-125a)

|1!r (x1, Y (=)} -{.ﬁ (x}, 2 [r'}} ]r'r {:} 7, (= )b =0 (111-1231)
1|.'.l.' (x}, & {!' }-' -T.[.E{r—x']ﬁ' l.'-‘-] {m-ﬂ} . (111-12%e)

The oormutetior relations ({IiI-B3) are interesting as thoy show
the fundamental resson why Firemen's theory doss not lsed to d.w'hhﬁ decny

with po meutrinos (if m = Q)« This lo beomuse such & Yheory, whare She
ivteraction is ef the typos

C;'ﬁd E ?-.P LIFI‘ ?l? ¥ o hetiog {11T=-124)

Tu teing deafinpad by (I11-118}, le isomorphic to the uauel type of intersotion
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% - g ﬁ-l_ﬁ VW -IFE- §4, 4 heoa {111-125}

whish de not leed %o sush type of double JIG decays. This isomorphism resulse

from fhe feot thet ths enticammutetors of the quentitlies Y LrE“> mhd ?Lﬁ:}

appaaring in (111=174} are the seme cnes as lap ﬂtﬁ:} and U7 {x) which egpesr
L

in (II1-1256) (compere (II1=1EE &,b).

€) Expenslon in ¥ (particles)snd ' (aptiperticlas).

iris case 1 agalp upintoresling and thus will not bs analyuod.

O] Sumsary of results.

The main subject of thie part le the analysis of the undarlying
Hilbert speewm of wawe funstions for o Mrac or a Wajorsos fields

ds o prelimionry etep, aftsr some genersl consliderations ik 2oe. F. .
we arelyza in sss. B othe poesibla relativistic invarlant deccmpositicn cof a
Dirae fieid into two parts. de find that there ars two such types of decom-
pisition, say, thoss whiah ere meds with the well-krown Fohrodinper pro-
Jection cperators and Purry projectlicn cporators, respectively. In the case
of goro mesy B Thlird fype of Invarient decompositicn ie possible, whioh doss
not eorrsspond to m projeation operetion, howswyer.

In sogs © we use these typos of deocmposition in order %c sxpress
the total field P (x) in terms of two antleoceuting half fielids (positive
onargy flelds ). Hers, there ere thres cases in which the half ielde ars the
positlve uwaergy parts of raspestivalye

1) ix) end yr(x) = ¢ Pix)
5) Ufx) = Ei [lyct:. + 0 Pl vix) —!}-1{?‘{:1 - u-FfI;j

5) ¥x) - [0+ Yy PR s i)« Hl b o )]

the legt ome beins possible only in the cese of zero mags. IThe mumbers 1), 3),
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§) by which wo desine%s theose desorpozitions porrespone to the order ik which
we oonglder them ip that analyois. The other three possibilities, desipnated
by 2}, 4} and £), ere ohteined from 1), 3) and 5) when we use for the sogond
hell fisld the positive eneryy pert of the guantitiss [ s 3/_,; ¥ mnd

ag &, rospoobivaly.

In spos. Ls, the enelysis of the strusture of the underiying Hilbert
space 1s made by lactorising it as direct products of several subspaces, each
cpe nezoglated %o one of Whe helf Plelde mppemring in the theory. These sub-
spaces Are lsomorphie to sach gther. Gaverml representeticns of Lthe theory are
obtained sogording to whioch typa of desomposition we use for every Dirae fiold.
Thoge raprassotations ars all equivelent as they are relatel by unitary trans-
formaticns. Some of them, mey those &sgooisbed with tho decompositions 2),

4) snd &), sre equivelent %o thoss cbbeined frem thes decompositicns 1), 3)
and 5), respootively. However, they may ba useful for prestiesl ccmputetions
in some pRecs. s mn egampie the result that e theory of the fype used by
Fireman léeds 4o no double ﬁ deseny f'or esro peubriog mess, is proved. Also
Firoman's result that Ghe terme gproportloml to the mess of the neutrino Iin
the frapsition probability for procepses ln whioh meubrinos are abeorbed or

emitbad ie prowved with the use of cone of these rapresontatiors.

in the case when one of the perbticles desaribed by the thoory iz n
My jorana particle we phow that only ome subspeoe (instesd of two az in the case
of Hran ﬂﬂlda} ‘& Yo bo eseoclaoted with this fMald in the fgectorizeticn of

tha Hilbert spmce. This eorresgonds to the Pact that there are no enti-

partioles for kejorans fialds.
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A Dautrnl particles and sell shorpe conjupeticn.

Sefore golng inte the annlysis of the ponsible theories of the
neutrine 1% is convenlent to muie some sonaidersticns ebout the sonditions
that cculd be ioposed on & giwen Field if it describos noutral particlee.
cos refuates ailready discusssd ars reproduced for the sake of clarity, the
notatlon beling the sams as befors.

In the cese of a Beson charged f£ield {(comsider of spin zero, for
simplicity; the charge ccnjugste of the wave operator A(x) is just it

hormiting cchjussates
Ar(x) = ATy (1v=1}

The current density ocperator 1s then gzlven bys

! te e Y 2l ] to [y ik 1 :J.HJ
= ¥ L S| = AT i - cdalif e
il 2 I- U ot J’ 7 [ o Tt %2

K K

In ordar %o avoid difficultien with napative enorgles we put, 25 usuals
Ax) = A& (x) + A (=) = A (x) = (Ar(x) )7 (1v-~3a)
Avix) = atix) o+ ai(x) = al(x) e {a,(x) ) (1v-30)
wherg the indisea + snd = ipdioase the positive epnd negetive everpgy parte
af the n[-luratnrz':'j the wreuun wave funebion .I".'.':I1 la definoed bys
A =)dn, = afx) il = 0 {1v=4)

In tho caes of a Permion the charge conjupeticn is ocuivalent to

&)

kormitian cenjugatlion only in injorans's raprﬂaanﬁntinnz of Uirae equation.

In a peneral repressntalion Lbe charpe conjughted field /7 is given by

Wizl = ¢ ix) (1v=5)
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Tho curront fensity opwrator 416 in thiz oaesa:

P v - | et YR TE -

El7 iy o

In thig onse thore gre two waye cf avoiding the difficulties with negative
apsrsy Ehnboni

a) Uaing tha faot that & ¥ermion obeye Pauli's exclusion principle
wa ialins the voouum as the s%abo in whisl nll mepative enerzy vtates are
ogoupied and the poaltive encrpy ones unocoupled, say, 1T we deocomposo the

Dirae fleld I"II'|J into ite poritive and negetive enargy partas

Vi) = i) +» Y (1¥-7)
Wi Impesoa

ozl - LHT{:::'J"L“ - 0 (17-8)
Taig mothed 1 sonewhet eurbersoms aa the dessription of Yhe ebabss in oone
Tipurstion spess becomos complicetad, eapscially whon there are perticles
of different abrrgse loreaover it seems upnsatisfactory to meks use of the
axolugion principle in this opse when the similar diffioulties wers aolved
by & more simplt procedure in the csse of a Doson field.

b) 8imilarly to the caga of Boson fields we express _ im. [IV-f}
‘n smrms of the charpe copjupate of the Pield Ts

W(x) = C§T(x) {1veg )
Then it rezslts from (IV-5)s
Prix) ewilz] +Wix) =izl +0¥x) =CcP=)  (av-10)

In this cnse the vamnm wave “unctions ere characherized by

W, - ‘\-!J;f_"._ﬁ - 0 (1%~11)
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Fow & wery resgonable sonditior for a wave cperator to represent

o peutral partizle Lo thet &% ist Te 717 charge gonjugates
At ot e i (1v=12n)
b R (Iv-12b})

at then the current donsity (1¥-2) and (IV<B) would vanleh identically. This
would be yory sotisfestory oz in this cese it weuld be impossible for these
flaldis 4o Inboract with She elugtromapnetic potentinl in the way corresponding
to tho exlatence of ¢ charpe. Thie aseumption ia the ome osually edophed

in the cees of ooutral msason fielde (of intepgsr spin). In this onse 1t is
eloc woual to imposo thed shers eye no antiparticles, or thet instead of
(1V=im) wa hovey

Awd, o b = & P LR T (Iv-15)

- i *

[he equivalent of this for Versions is Malorans's aalxditinnmj' E”u

kF-"... i+"'+ -|-'T'-_'_| -'-iln"l" + 5?:* -HUI Ei‘?‘l‘i}
Ypvgithalass we shsnot essume (IV-14) ss unlversally walid for
poutral rartieles of -]TE'.- spin tecpuse weo would face then & twofold difficulby

in the eeee ol meukrooss

Firgt, such s neubral pertlole could mot have en spomalous magnetic
momant 8 the guantlby:
—_ P B 5
T - Tt U (xv-15)
would venish op & nonesguence of {(IV-14). This is in comtradiotiom te the

fact that the neutron hes & magnetlc moment.
sesond, [y would them imelude both erestion and sanihilstlon

operetors for the same particls, in view of {(1V=14)} and thus, both the Formi

inbaraotion sod the m meson Lntersctiom would leed to an instebiliby of the

complex nuolel .




CHXF=[d=201 414

e

Wi poirae theee 18 ule pogalbility that the noutron should be a
eofiplex prrblole formed, for insbenov, by m perticle of spin %—bﬂuﬂd to
g particls of integer spio end eonposlto oharps) in this case we would
impoge oanditipte (T=13) wnd {1Vv=14} only for the elsmentury neutral
partlales. Howewer thare le oo lndiestlon thei a theory of ths neutron with
this fepture osn be werdad cut In s solielachory way.

W shell thus meintaln the uvsuel essumptlon that the neutron le an
slomeasery perticle end then, as now the oonditioms (iV-1%) and (Iv-14)
eantct be amymers wnlwersal, thore 1l no resson why they should be lLoposed
for other newtrai periiciss. In other werds, wé sre fres either to irpose
thers solf shargo conjugation conditlions or %o assume that they do not held
but we kave btz oxslude Mor asutral pevtioles interactions with the electro-

magnriie patsntial of the forms

&
b Gx) g

This aill iasd, for particles of apin % %o sevarnl poselbls theories whioh
we silall analype in ses. Be How it i3 convemient G0 make & rapld analysis
of the cass of Pesonm fields in arder to sae if in the omse whed (Iv-1lz) ia
pot fmpesed (& ls pot hormitism) we omn be lil %o e theory essentially
different from the usually consicersd for Beson ooutral fields (in partioular
Tor the usunl meson tisories)s

First 92 consider a coro i which i% would mule a difference to
asuums that the hermitleity condition (IV-12) did mot holds

In order %0 songider o oobolwie case et us assume theh ™ md W
mescpe, s wall as the neutrol particle {l..l.ﬁ moson ) emitted in the n=u deocay
have rpin sevo, ms 1% is sonslebsnt with the experimental results up to naa.aﬁ}

The imtersction which would leed %o the obearved ceoay:s

T o—s B, {1v=18)

28). Je linare, Fhys. Rev. VE, 854, 15¢B.
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iz of the forws
+

L L. i (I¥=1Ta)
n :Lp.n [T}

ir ﬁp ip bermitieny obRerwiss 1% would bea

o
&

o -+
L &7 A A4 V=-1Th
LI R L 2 G "Lu (T }

The diffsronoe betwoan thnse ocasws is that in cusa {Iv=17a} we
heve orly ocne Hype of By, MES00 {pl:rtﬁ.al-a = apbipartiolo, as we IiDpose also
ponditinn (IV=-13) for this field), and tegether with (1V-16) we would have
elyge the poaelble JToversl procobss

L T i | {IIF-IE}

In cose (IV=17b) thers would sxiel twe types of y mesonss particles u,

jeovreapopdlag Go Ghe houl field ﬁ,}} sl antipnrti.ﬂlgn ué {corrasponding
to the half fisld A ), and thus, elthough (IV=1B) still holda we have,

ingtesd of (IV=18)

(IV-19)

B o—— i F pa

o, sithough na difference would exigt for the probabllities of
firat arder procssseés ap emiclLietnd in both theorias, different resulte
would be rusched for hlgher order processes (eimilar to those betwesn Direo
aad Msforene types of nowbrino, as ln what refere to double 5 ~decay).

Ubher egimilar situslions are providod by the lntsracticns winlch

lead Lo tho procossesd
P + p —s E + p (19~20)

Mge—— T R (1v~21)

wgsuming aghin spin zerc for p and | mesons. lare again it would make a
diffarenae For pome Escond ardor processes $o irpoee or oot condition {Iv=12)

For the newtral meson wave oparetor. Hevertheless hers as in the Cirst sxempls,
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L0 woeitof 1) whe weabuess ol kho Usbaymats coe, E! the Paort that o and u
TRIEDE &I LRotnble partlolss and ¥} the peletively Righ mass af the n mesen
(o relwuion e auslesr bindlng sudvgien) L4 seens impossible to find m type
of procass. & kind of wounterpsct of the doukle & docay, which would allow
s docinion amang the Gwo poeaills types of theery. O“nyway this type of son-
sidaration bore 1@ gersly eaooculpilys 4 wa o nod lkmow 1P Sha spin of p apd
W, resone 1s mero or if 1t ig '15 , Ena peubrel particls (which we cellad "':'.:'
being aventually C nsulciios

The intenbion of bhe proceding ccansidorations wes to peink out Shat

in memo crpas we will be lad Jo difforsct thesries for neotral Boson Fields

if tho ocadlsden of salf sharps conjugetion is oob impozed, although the
differapous will nopewr ooly bo higher order prosesces and may bs difficult
to deteot expetlamabtellz.

Naw wa 2onsldss the nuolear intersetion of neuwtral 7 mesons {nq
mgcnts  In this csse, ue indinetéd by the experimentsl evidenss, the neutral
mesay Pleld Mx) sppesrs lineerly in the intersctlon hamiltenien, couplad
with bllinesr erpreesion of the type Wp W, or ¥, ¥ whioh &s hermitian.
Thus, se the interaction Hamiltepian bse Ye be hoarmitian ftaslfl 4t s sesn that
At will inolude linserly thy hermitlan flelds

8 e A 4 AT = gl {1v-22)

Bow ir a way snalogous fo She oos which we have analysed in detsil in the
cage of 'EL spin particlos the A feld osn be anslysoed eithor in terms of
partiole wnd mutipgsrcicie fieldns A, and A or ln Yerms of B and G flelds,
B beinpg defined wy (I¥=28) mnd T by
§ = of (Aed™) = gt (Tv=ez )
and the two methods should lesd to tha pane resulte ae we have no physleal
maang of disticruishing bedwean perticle and antiparticle, or botween B ana
C fimlds for noutral particlee; s u eomsegquonce the theory will be isomorohic

to the usvel type nf nsuktral meson Sheory in which the [leld is self charme
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oonjugativ und expandad mo Im (FV-15).

B} Thecrige of the meutrice snd 4 -~deosy.

In this ssetion we shrll snalyse the possible theoriss of the
nantrang, in what conosons te he setura of the neutrine field snd the way
in wilch 34 sppeara in 9he irlersstion, 4As we heve sspscielly in mipd the
azplicatich of thase results to the epnlysiz of the double /3 =decay we shall
gonsizer only ths Fernl Sypo of lnteraction. The exbension of the aoalysis to
ohhor Gypas of loberactlone, ey with poscbs is immedishe .

Algo, In view of Ghs [mct that w0 wers unable %5 find non-local
thoories [in the regtricted senee cnnlysed in Part I}, we shall restriet
ourselvas %o icesl fiald theories. For convesisnce, woe gonelder the theory
aF rormuleted L lodterschion reprdapenbatlon.

fe shall sonsidar all the half spin partlelss but the neutrino as
degeribed by Dirac (lolds, abcd classify the pessible theoriss accordlnz 4o
tha babevlour of bhae poutrlne Cisld inte:

I. "wo neutrice theoriee", if the geutrins is o Dirsc pertiesle and
mo orojactlon oparetor sppeara in the lhtsrmotion hemiltonian.

IIs "Projection thoorias” i the neutring is s Dirac partiols but
anly a projection of the nouitrine field opermtor appoars in the iptarnction.

111, "Beduced or ons-neubrino theooriss" Ll the neutrire fleld is
o redvesd field. %e ghall slen osll this type of theory "Uaforane" theory
as the only type of looel redussd (i¢ld is the kajorans fleld. Iln this cese

o heve thue cnly oo type of neubrioe partlols.
1 will resull from the following mboalysis Ehet the only type of

{loorl) prejection theoriss ere thoase isemorphio ho the bejorans theory.
fie gboil regbrict the prossnt anAlysis ©e the osee af Ferml intars

aotion (with no darivetives). Wa ghall slsc sposume thet in svery case
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1)

tha shrgss fer Lhe lzpropar lorunba treceformations of the several fields
and in epecial of the noutring fielé are shemsn consiatently with the type
ol interaction uasd, in the sened of t'w snelysis in Part 11, z. D
I. Tac noutrine theories.

fim capsider Pirast the poseible %ypes of aimpls thaorise, in vhioh
the heavy particles tnuolgong) end 1ipht prrtiala {aiuntrnn, poutrina) Ffla’d
apsraiore Are ASpArERT comzined in n guanSity of intepar wvarlanee. Also
in thls cass "ﬂ. (- H,"" should pot appesr ig 4he seme term. 78 thus
elnsaily the poesible irtaracticns imto four oategoriss, ascording to the
behaviour of $he ceuiripo Fleld snd ln each conpe we coneider the .. isual
Lypeg of inherectlious

e} interacticn of the typos

Yo ¥y Ve o

wnora tho positive enerpy part of the cporetore Y., ¥ RHE‘ and HIL
ure phaorphlon opsreters saspecbively for protom {+), peutron, elsctron (-)
ahd neubrigo pextielss. Tha negotive epergy parts correspond to emission

of the sorrdsponding extlisnrbicless

il heve thus the well-knoun five typss of simple intersoction=s

In) Goalary O e Yo * hgs

Ila) Vagtors ¥y y Yo ?E h"‘“"f": + ha0s

I1Ia) Tansor: ?1' A ‘“‘ﬂl - "-.'E* ‘fl-lA W, o+ ho

IVa) Peeudcvantors Ve f.‘:'! o H ‘-HH-?& ‘(5 ?’p {FF + hao
Vo) Pusudosoalars T‘FF . XE ‘-FH 7 ¥e¥, +he.

wnere M e ZCER YN YN
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1c0

Lhig type of Farml inftersotion, propessd by fonopiluskl and Uhhn'hiukaﬁj

is sepesnially onnventent in the fype of formulnticon of the theory in which
the peotrino and eloetron ere trosbed 25 two different states of leotopie
gpin of the sems particle, !z the seme way as the peubron and prohon.

In $his type of interacticvn en antinesutrino iz emltted in the decay
of & neulrv., tessther with an slectrsn ard & neutrine is amitted (or sheerbed)
togsthor with a positon (or olestron)s Thus 1f we consider the proton (+),
meutrons, #lectrons {-) and nautrine ae "partioles” we van esy thet Shers is
"aongervetion of perticles" IT we count the number of antiparticlss as mnesgatlive.
Far gimplicity of nomencleture we generalite this concept and wa shall czll

"eheories with conservetion of pertielea" Lo the bheoriss with ths lollowing

charasteristico:
"If & zlven precese oocours in this theory in which a

civen particle is smitted (or sbesrbed) thern the anti-

partisle cninot bs emitted (or absorbed), instead of

the partiols, in the sare procass.”
Surely snouzh, the only tpe of theorles witheut conservabtlon of perticles
consisbert with the exporimental resulbs (nuelesr stebllity end oonservation
of charpa) are the ones in which & mouirine, or antinestrino, can be amitted,

or aksorbad, indifferently, in a given proodgds.
b Intersoticne of the types

vp ¥y e © W T Wp ¥y Ve ¥

Hore the flve types of interactions aros

Tba) Scelars $P 'fR '-'_;FE e Jﬂ + haos

Iiby Veotor: 'H_..-P a"""l' "FH ?E a"'“ M _._; + heGa
— Ak —

111h) Tensors "‘|"p§ "l'r[,-_ ﬂ.‘ ﬁ"w o ?; # hads

%6)s Eu V. Koropinski ard O. 2. Uhlenbook, Phys. Hev. 48, 7, 15935.
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5 R | . = i |23 — o - —
Ivh, Prevdesustop e F e '5"5 ¥ ‘-.If-"H_ 'FE. JJE a"H oy + hatia
Vh) Fraudosonlers W g £ 4r, + hioe
Bare & peutrino iz emitied tuzsther with an eloetron and mo motinoutrine
topether with a positon. lIo thie type of theory, ms woll as in all the

other of "sizple" interseticn there 1s coneervetion of partiolas in the senes

raferred to above.

a) Inbaractions of the typa)
?‘PY}; Ye EEE‘PH‘ "FPLHH ‘I‘EW;I

The simple interscbions are horss

Ie}  Sealsr W Yy e E’E Ry + hatte
Ile) Vectors 1?1,3’“%‘. ‘FE ¥ H}# C i, + hee.
II%la) Tensars '_-F“P E”?‘H "T’Lﬁ'ﬁ a/il*ﬂ ;.a; < hage

IVe} TFeewdoveotor: -J"F"TF JEHFLF]'I ;ﬂ. }I'H G -;EJ * haetta

Ve ) Peaudogcalars T.rTP 3’5'}*"1; ..__FE_ o Fy * haCe

g in epsss B) & maubrine (er snotineutrino) io emitted tormsther with an electren

{or posltony. OUns should abassrve that the vector interactlon Ilc) is the

one uswd by Fermi in the orlgloal fermulstion of the /4 =dacsy thﬂarjra”'

d) Interactbions of the type:

Ve ¥ Tilsh * - % ¥y Fo T,

37) E. Fermi, Zeits. f. Fhys., 88, 181, 1934.
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with the flva pimplo letereétions:

Id) Bonlars FE‘ Wy ;’élﬂi% *+ heOs
11d) Veokors "|‘T1=' {“tfﬂ ﬁfp rfE ', % haca
I11d) Tensore "F‘TP ,n'“ "':‘li‘i _"F,___{l-.k 'ﬂi 'f-L # hsta

ITd) Fescdovectors TFP a'n  H [Iv_l'_; E aqu-:l + hats

‘Fd] Peovdograler g ??{5 L}-‘IH E‘:' % + heta

Thesa theorios have the seme behevicur as thosa of mroup a) in whet refers
to the type of nsubrine (pertiele or antiportiecls) emitted or absorbed
topether with electron and posaiton.

It ghould be cboerved thet once a sopvenlent chalee is made-of
the phass factors for the transformeticn of the seéversl ficlds under the
impropar boronte proup thea oaly thsorlies of one of the following bracketed
rroups of theories ares possibles (s, b), (&, els (d, b) or {4, c)e
Fer instance, 17 a ocholce ls cade suoh thet the expresalons listed in proup
a} are invarlients then cnly those of group b) or o) will be lnvarisnt mecording
to whioh of G T, or ¥s © "'l,.}-':’ . vrepsotively, transforms ws "‘Fu{na
Part 11, mec. D).

Lgfere panssing to tho consideration cof the mixed theories s few
cbservaticns should be made on the behaviour of eicple theories of the sams
name {sselar, vector, ete.) belonglop to different catepories.

1) Corresperding theoriss of proup &) snd b) wre fsomorphicg
algo correspending theories of group o) and d) ere isomorphic.

This property is usunlly expresszed by snying thet there is s
symmtry between neubrine sod antineutrioe (or, in gereral, between partlcle

and matipartiole .
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It resulbes from the following “oots siresdy anslyeed in Part IT1.

®f,} Tness thearies fo inko eech other by tho transformetione

sty s

J30 The predieticns of & given theory are the smme 1f ths feotori-

il

P (1V-24 )

satlon of the urderlyine Lilvert sproe g and o the alpshra j:"?" corroa=-
.;F -

pondinr to the noutrine field, ia done regpsotivaly aex

5 ) ﬁp I/g“ /4 -ﬁp « . (1v-28)
tf? Cg j /i? ﬁ ﬁ (1v-28)

in viaw of the Lpoparphlex :vi‘f:_f “df ar uf]? on j?' How if we
L

uee the feobtorisetion {1V-85) for one of the cmses (smy &) and (IV-28)

or as:

for %ke other (say b), bhen the transformation [1V~24)} will bring one into

the obher.

E/J Both 7 (%) smd 90 (x) sntisfy the suma Uirae equaticn and
thus when suoming over Ythe bso #spin peozlbllitics the sama Bohrédinper -

Ceaimir projection opsrater will appeer in both casws.

2) Corrasponding theories of the groups a) ard o) or of b) end 4)
are isemorphic LU 4he mass of the mevbrioo vanlghes (m =0)e If = Fo
the matrix elementa Ffor any procsss with real emigsicn of noutrlecos, as
obtmined frem the two thooriss to be compared, differ by the sign of the terms
in my (poming fros the Schrodlaper-Casimir prolecticn opsrstors serresponding

to the several real emisslons ¢r sbeorpbione of neutrines}:
B, —> -n, (1v=-27)

lhis nffirmetion is made obvious by the Following chservationas

=) 'ba theories referred to will go inbo sach other by the
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traceformatiions
t.||.-L = if,a:; - 3"’5 o "'_'i—‘ {1v-286)

ﬂ] Yor the Pactorisaticn of the vnderlying Hilbert spsce [ and

the slrmebra of cporators wa hEvE §

ﬁ -£P 1{5‘ ; /9.}4? :ﬁ‘ (1v-29)

in cese s)or b)end

gn'ﬁp tjn A A 2 (xv-a0)

in peme o) or d).

Ine isomorphisy of 5 B 5“ and ur}é_ nn;ﬁ: AESUrEE

the isomorphlas nfﬁ l:rnj Y oand ”f,/"r? nyf?- LRI

?_(]I ilb-”{:r,}l - a}.ﬁ c "-.F{x,] setiefics a Mrae squation with the

upposl be n.:.gn of the rass ters in relsblon %o Shat fer “Wix). Thus in
pumaatiof ocwer the two epill directicns of the naubrimo states a Echr;ﬂl:lc,ﬂr-
Coaimir projestlon opsrstor will eppear {for every renl emlssion or sbsor-
ption) whioh hoe difforent sipn in the two theories belng compared. Thus
there will ba po differense if m = 0. The conbributions from virtual
trapsitlons are identical oven if m §F 0 ms no projection operater will
gppenr in wiew of the summeticn over Loth posituve and nepative ensrcy stataa
for the intermediate meutrine sonsiderad.

Ae Bn oxample we cbeerve thet the enpular cerrelatios facter for

sirplo fﬁ ~denny, which is glven in the scalar theory by:

o e 2 i L"
i edes b, Bxlec (1¥-51)
B, Ee B, HE.-
in ceses &) b), is siven bys
- + R E m 1 fet
#om 13 SR s _E‘ (IT-32)

in the onses of thoories a), &).
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&n sxperimentel determination of the sipn of the lest ferm in the
engular sorralstion fector would be of help f'or = doslieion among the caseas
of* theories of toe types a), b), or a), d)« Tho propent experimental results
are, howaver, insufficlent for this differertistion in view of the smallness
of the neutrino mass.

As a ['ipal ohservatlon we notics that the analyded iscmorphism between

B plvan Sheory snd the cne obbniped from it by the Sransforoetions

‘-F’L —F ¢ ¥, (Iv=24}
does pot lead to Ghe result thel a theory obtained from anyons of those referred

to in this ezotlon by & subatitutions
gy A — (¥ %
e + 0 Y ) 1v=53)
He b gy, A

whera A ig & venstent,is isemorphlc to the original cne. This o made olear

by the feet thet,ethough ¥'(x) = © ¥ (x) has the pame anticomutation

relatione as Y'(x), the quantity H""”‘JE:J has different mntlcomutaticn relatlona,

AN T
] El} U ':1] by '_ i JI. - |
praci s IRS v sl

. s - £
e WMl ey i a ey onem)

The fact theb the First ambicomswtator (IV-34) dces not vanish for Finite A
will lsud toc the possibility of :luuhluﬁ -dgosy in the new theory, although
this was not pessible in the 3ld one.

“pwaver, ia the cees whers m = 0, the substitution:
¢

¥ s g l8) L 1 » —— —
; IT/ Ton {"IP a;ﬁ':"-ﬂ"} (X ]

will lead to & theory isomorphic to the criginal one as we have then for the

eommatation relations of HV{EJI::I:J '
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{?{E}{I}' |?;;-{ﬂ.'-‘.|.- Ij% - 5 EI#"‘E?:‘
[ i
) & -.I—.I:.E'I:I e P i ¥
.tl_l.:{[‘.]'{x:,’ LT.I.-"E {“Jj % Eﬂif},{;q ) {IV=38)

Ihia mesult is & goneralization of the one proved before, say that
Piresan's thoory (which corresponds to take A= 1) ig lsomerphic %o a theory
with conservetion ol particlacs. Hore, as in Flresan's theory, the venishing
of the anticesmu:lbator (I7-37) lends Yo the result thet mo :t::nublarﬁ- =dechy

w)

with oo mostrince occura” .
Kixed theoriost

we shell cleseify the mixed theorles intc two groups, according to
if thers i or there 35 not conessryation of particles.
1) Thoories wish coneervoblion of particlos.

Ha pould sharmeteriss thage theories in a menerel wey by saylag

thek tha tnsereobion bantitonisg ls lovariaot under s pheas Yrenslormation

HE) e por -2

f belnp an arbitrsry phasge festor, the same lor all particles or, &t most,

the somplex gonjupnbes for the osubrine flelds

'ﬁ:—ﬁ-f‘* L-'P.-'-' .

BE). BEe Toushek, Zeits. fo Phys. 126, 108, 194B. In this paper the theory
indicated by (1) is e mized theory of the type (IV-38], with an intesrsction,
gy in tha goeler onse of the form:
f;’_‘t::;gl‘l-"]r'qﬂ I:Lf"|r j,f O, +haes.

In order to reduce Toushak's expression (I} in page (/& Lo the {form above

wa should put C = f"i- (soalar thaory) and T = f Gﬁ_. the last subatitution
resuiting from the fact that in the Jirtc's ruprﬂlnntﬂ*iﬂﬂ; used by Toushei,
ﬂ“.;r = 0 Toushok found by direst somputeblon that such a thsory do nob lead
to double M <isosy with no pautrinog.
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Ie practical torms, a Shecry of this typs cen be obtained by
linsar combloetlon of sizple interactions belonging to the sace catorory
(a); Bl ol or d) ).

The resscr why this %ype of theory should bs sonsidersd for the
iz lear f.-".ia =decey comes [ron the feot thet no ops of the simple theoriss
soneldered belors give correct predictlons for ell the lmown forbidden spectrs,
althiciph 211 of them lead to the sars resgult (Lf the mese of the neutrine
venighes) for allowed epeotrs, recult shich is in gocd ezreemept with the
exporionce.

Piere™" /! has ghown thet the most penersl interectico of this type
is obtelned by a linssr combinetion, with arbdtrery sceffioients, of the
five slrple interections of eny of the four proups (a), b), ¢) or d) )
grevicusly coneiderod. FPraotically all of these combinations, but some very
spscial ones which will not ba considersd here, lend to the seme allowed
gpdotrum ae the simple thearies.

Upe sheuld ebserve hore thet the theoriea obtalned from group
a) or o) ere equivalew:, respectively, to thoss obtained frem group %)
or d}. Also, it the nass of the neutrine veanishes (s it nearly does) then

all the fouwr types of cixed thsorles ore egqulvnlept.

In this typs of thoeory oo d“""-‘l"ﬁ ~docey without nsutrinos ccour.

Wipnar-Uritehfield theorys

There is an cpecial theory of this group, which slthough beipg &
definite mixture of the ssaler, peeudovector and peeudescalar (with welghts,
respectively, 1, =1 and 1) which oen be expresssd in a very slmple form
and sheuld perheps bs locluded mronr the slmple theorles as only one arbitrary

eongbent, is used 1o it. This is the totelly antlsymmetrie intersction pro-

59} K. Fierz, Zslte. f. Phyn., E, A%, 1857.
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posed by Wizper and x?ritahﬂalé{'n}. waieh le In gualitative epreemont with
the axperimental rasults on slmple [ =decay.
The intarsction hamiltcnien for thiz theory can be expressed in
the forms

11
E’P.‘-F“r '.FP" H 'HF&J If:n] * heta EIV—‘EE}

wherse the indiess P', M, &' and  refer respsetively to antlproton, nsutroo,
sntieloctron (peziton} and neutrino, the positive onergy pard of the Y ig
being mbacrption operetor for these particles. E'.-“"Afu"' im the well-known
antisymretrio tonsor.

This interastion hes the following cemerksble property:

Lt 18 ioveriomh under & reocdering of the seversl fields appearing
on it (Lf differant epinor fislds de anticemmute as wa heve foupd convanlent
in order that we should be able to vess Jram interactiocn representatlion to
Haigenbery reprosantetion ).

This property is especially interwszting es 1% meles the interaction
{Iv-23 ) the anly ame mppropriste for e formulstion of s gemeral theory of
Formi interaztion among ell the spin % perticlos (nssuming that the p-meson
hias lené'- Jo on whish all the spincr flelds are dealt with in the same footing.
This type of universal intermetion, eupgested by the fact thet the ceupling
soneteant of s Farmi Lnteraction which would leed to the observed p-decay aod
of that leadlng to the p-cnpturs heve the same® order of mapgnitude, has been
siklysad b Tane Wl TiennoTor  Th predlebiohs oiF & bhesry with s Wigisr=
critehfleld intersstion leeding %o p-decay has besn Bnalysed by Eiah-lil}
ln what ocneern the ensrgy epeotrum of the amltted elsetron. It 16 in gueli-

42}

tatlve agreement with the exparimental results °, although the experimental

orrord are still larpe to pormit e decleion especiomlly in the hlpgh enetrey ands

0. Cu L. Jritohfleld end E. P. Wigner, Phys. Rev. B0, 412, 1941,

Co Lu Gritohfield, Fhys. Rev. 83, <17, 1943.

41) L. Mlohel, Froo.londonm Phys. Soo., B34,614,1950
42} R.B. laighton, C.DeAndersen and AJH. Seriff, Phye. Rev. 76, 1432, 1940.
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2} “haoriea without "nonzervetion of partioles”.

In this group we loolude those thecries in which pither e
naubrine or an antinevtrine ecan be emitied (or u_;b.surbndJ in B Ziven procecs.
The lroediate consecuence of this Csochb iz the poeslbility of & double
_F— -decay without smlsalon of nouvrinos.

The intareetion for a theory of this type 1=, In the most
geaaral deee, miven by a llnesr sombioetion, with ten arbitrary constants,
of ¢

el ) Interactlons of groups ) and b) (i C F;, transforms under
tha improper lorentz group as ) ).
7 } lntorections of groups a) and e) (if a";ﬂ ‘i, tronsforms as 'f":_.,'l.
¥ } Interactiops of groups d) and o) (if .'!5"'53 -'.FL transforme
BE 'J'!J'}J Js

8) tnteractions ef proups d) and &) (1f C 9F  transforma as Bt

We ghall denote the thecrios correspording to the amses &), b)),
e) snd d) respoetively by (8,0}, (a,s), (3,%) and (4,0}.

IfF m = Q thewy every theory of the typs (d,b) or (e,d) 1s Lsc-
morphic respsobively, te a thecry of the typas {a,c) or (e,b). This im a

gonsegusnce of the fopt thet they go into emch othar by the trensformations

k;lil ﬁ |+'h|'|ll - a;E lf"‘lu {I?"‘iu}
and by the faet theb l}’_ﬂ'” satislies the smme Dirac aguetion s '[:‘J_‘:‘, if the

pess of the peutrino venishans
If = § O there will ba difforsnces in the prodictions of the theorles

being ccppared, coming frem the foct thet the mass term in the Dires eguations
{end thus in the Sehrodinger-Cagimir projection operaturs) for '), end

f 71" have opposite signe.
f
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For our purpose it is o zood approximstion to agewm m =0
and thus we shall pomaider only thecries of the type (a,b) snd {a,o0)s
Tha simplest typs of szualy theeriesz are %thops whioh are obtalned

from the inSeractlone of group a) by the substitution:
. 20
..i,:'___,,, '-J-;-r A27E, {(a,b) theory ) (1v-21)

e, by the eubatltutiong
(33
“Irf_, i t.]{: A st C Ty, (lasel theory) (1v-42)

where A 15 an erbitrary congbents

In the specicl caes when A = 1 the substitubion (IV=41l) leads
to n Furry projecticn theory whioh will ba compidersd in the gri:;up of pro=
jeetien Ltheoriss (section B) end the substitution {1v=£2) lepds to a Fireran
thaory.

Computation of the double _’,ﬂ amlsslon will be mads in Part ¥V for
the theoriss cbimined by substitutions (IV=4l}. Tls theories resulting From
the subsiitution (Iv=42) in any of the intersciions of the proup w) do net
lsad o double ﬁuﬁﬁaay with po emission of neubkrincs as we have ghown
befareas. It should be pelnted aut that this doos ot moan that mo theory
of type (a,c) leads to double f1 -decey. For instence in a theory with en
interacticn which L& # mlzbure of a sealar Interaction Ia) with a paeudc-
sonlar interaction Vo) there will be such a ﬂnu‘nhﬁ -d.uwﬂﬂjl_ e ghall
not, however, congider those omsss in the present snalysls in the same way
as v shall forpot sbout the perseral caze of an (a,b) theory, although Ehare

s no resson, in prlpolols, to exeolude them.

11. Frojeotion thedries.

If we consider &ny kind of Wwo-nsutrincs theory and make a aub-

stitution,

H'l'; —s PYy {1v-43)
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whape F is 8 projection operatcr we cbbain a "projection theory”.
Lov, &g sesn in Pard II7, we heve only fwo kinds of relativistic
inverisnt projection operators which sllow us &0 split the [leld ¥ into

twe projected fields {Fl and *E'

¥, = e Y (1v-44a)
wg = W= PYe o f [1v-24b)
where P and P* satisfy the conditions
2 L2
F* = P 3 P° = p' ; EP' =P'F =40 {I7-45)

These are the Furry projection operators
PFH“- -é- (Y +cTF ) (1v-48)

and the Hckrodinpsr projection opsrators

p, eV, (17=47)

Thus wa have only two types of projectlon theorios:
&) Furry projectlon theories.

v) Schrodinger projection theories.

It 3¢ mlear thot 1T in the cese of m Furry projectlon thaory we
uss o répresentation in which the oparstors for the nurher of partieles of
the U and ¥ #ields (sse port (I11) sre diagonal (for every value of the
mewentum and gpin) then only transitions lovelving the U particles will
ogour as the ¥ fields do not sppeer in the imtersction. Bimilerly if we
use, in the cass of & Schrodinger projestion theory the usual "particle=
antipartiols™ reprssestetion only transitions involving "particles” will
ogour. Thue, althouph & projection theory imvolves & two-neutrino field,
only one of the two partloles will be involwved in aotual transitions (if we

use mnother representetion then the "patural” ones referred to above we hava
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to eoneider noth dypas of purbiclzs. This ils &he pess, fur lnstsnce, for
the Turry projoction theory L we uss the "perticlo-sntipartiole” repre-
eontation se will ks dopa in Park V.

The eumutetion reletiona for tha U flalds:

3] :-—-':Lq_- {I'fr‘_"t'l;:?- 3 {Iv-48)
ik

ara the following oned:

f’“-':-c{”’ 1:I14.':=‘.‘.lr - -—%-——Eaul:x-u:']l Ga;r?. (Iv-4Gm)
(o) Tix) = - 5 fx) (1v-460)

which vanish for R-m' apacallee.

Thus eny Furry projestlen theory is & "local theory-

Thie ig noi, howzver, the cesa [ir any Sshrodingar projection
theory, in spsaial Por thong obtrined from any "rimple" thaory, sa Ii':'l:‘:r..]
and § (x')] &0 not have u vanishing antieommubater for z-x' space-like.

Wa have to exoluds guch onsea, a3 tho resulfing thecrios (whiol we were eble
to forralate only Le the S-netrix forn in Pert 1) are not releblivistlo in-
variants The some is trus fer 4he Sohrodinper projootion theory obteined
from Pirorac’s slxed Sheary = arnd this elimdnates the hope that one eould
Aughify Fireman's resulta, which cams from his neglsct of the antinsutrine
intermediate staben.

Ir arder that a E:hri::ﬂingur projeckion theory should be relativistically
invariary {and gieo & losnl theery) it is neceesary that I:"H;}‘ should sppear
in the intarection sombined fo other neutrine quantity in such = way that
thia eesbigation Hhae venishing ocommuwbatlon relations at points conneoted

by spaoelives vestors. The caly such a type of Loveriant combinskion ds»

L —é—-[?‘* + EiE J {1v-50)
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whioh hipg the ecroutetise paletionss
" f !
HOMRC P S ]j “- Eﬁkti'wmfﬁ (1V-E1a)
£ - :
|.'“|_ (), thx’]j- -35_:/1[:—:'} (IV=H1b)
Now, mz the Flald W (=) hog the se=e commutabion relstlons ms U(x), it iw
olesr thet this Schrodineser projection theery will be isomorphie on a Furry
projecticn theory. Actually both this tyse of Echrodinger projection and
the Furry projection thecey will be shown in the next segtlon to be ieso-

morphic to B Lajorana Lheory.

11T« Hedused or ope~ssutrine theortes (Majorana).
ks it was alresdy ssen tha orly type of redused local theery is a
wgiorane theery, in which the seubrine fiald 4 (x) satlsfiss the self cherpe

gpopjuzation sooditions

Uix) = ©% (=) (Tv-E8)

Thiz eondition, 1t was seid Sefore, is the egulvalent of the hermitloity

aandition usually sscumsd for neutrel Bosoh ftalds. Indeed in Enjorans's

reprosentation of Dirao eguetlon 1€ tekes the Corms

dilx) « uTx) (IV-53]
&)

tinjorape's motivsbion for the suggestlon of this type of thﬂur:.rz
w=s thet it should be assumsd sg s eoeral princlple thet s meutral elementary
porticla phould be dosoribed by & eelf charge conjugste field, for which the
antisymmetriged expression for the charpe eurrent danaity sutomatiosnlly
vanighes. This principle, however, cunnot be eccephed as pensral i one
ascunas, 88 usual, thet the neutran is an eleventary partiole, ma it woa

digcussad in the beplnning of this Farte.
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Tha pommutatlicn relatiors for n Kajorana field are:s
JUf), Uy = = o8 (ext) Gpq (XV-Ban)
U Tt -8, o) (17-54b)

The urderlying Hilbert spaco for m Kejorace field wos seen in
Fart I11 to be iscmarphic on ju (eubszpens corresponding o U purtioles)
end fl’?Pl:'pnrtiula" subppeoe ).

‘; Thig fact, topether with the fect thet the commutetion relations
(1V=54) for /4 field are identiosl to (I¥-49) and IV=51)} for U and ¥ flelds,
raspactiwlyr. ahows that s Furry projeetion thoory with the intersectlon
sxpresacd in torms of U~"ield end a Sohredinger projection thaory of the
type congidered sbove (losal) with the ioterecticn expressed in terms of
the ¥ field ere both iscmerphle bo a Bejorens theory which is obtained from
them by the substltution

Ux) — U (x}
or

We) — M (),
respaoblvely.

This result will be verified, for Furey projoction theory, in the
speclal gree of d.u:ui:lsrﬁ ~doeay by metunl sopputetion of the traneition
probability in the "partiele-mntiparticls” representation.

1t should be obsorved, as an arpument favorable to Majorana's
theory (besides “sjorann's own arpument) thet this is the simplest of the
thoorles which lesd to doubla /s -decey with no peutrine, &8s the most genoral

Eadorane interaction imvelves enly fiwe srbitrary consbante lnstsad of ten

for a "two-neutrine theory™.
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APPLICATIONS PO DUURLE /3 -CECAY AMD ANALYSIS

OF TS EERRINEATAL RESULLS

ho  Gamarelitldes

We anll, for short, "double d-decay” m prosess in which a given
nuelows amibs bwe eleotrone and oo aeutrinocs, with s change of two neutroos into
protonss #£5 alresdy recarked In part IV sush & process oan oceur, for lnbter-
actions of tia "eirpla™ typs, only in tajorana Theory sed in o mixed theory of
the type (a,b). TFor the usuel thoosiss with conssrveticn of peutrizos and for
mixed theories of typs (a,s) with a simple intersctlon (Fireman's theory)} only
the dnuhlﬁ}'?]rlﬂuﬂ.y with two neutrines is possibls. lowsver, 1P we mix & theeory
of type a) (say, sceler) with s different theory of type o)y [sny, weoter) double
."'3 deony may beoome possibls. We shall exclude, for simpliolty, this case.
Alge we will soneider only ths ease wnenm the initisl stom sennot suifer simpls
ﬁ' ~decey besauss it has m smaller mass than the stom with one less neutron
and ope more proton. The poseibllity of dnu]:ln‘ﬁ ~decay will aripe if the stom
with tso peutrans lese end two protons more ls lighter than the initlial one.

In the follewing sections we ghall conslder Tirst the case of
bajorans thecries snd then that of miwed (a,b) theories. 1t is coovenisnt T

recapitulate here the essantial foatures of these thoories and verify their
normaliration for the simple _.I"'-"' ~danmy.
1. ¥ajorans theory:
In this type of theory, ss seen hefore, the neutrinc le
characterized by & kaZorans spinor fleld J{HEJ;:I which eatisfies tha self
sharge conjugaticn sopditlon: '

£T(x) = Vix) {v=1)
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it l.-{_'_{;.:} iy tha positive swermy part of i (x). then the totml

fimld will be exgrossed oya

wWixd = U= + o3, lx) (v-2)

Melesicn (V-2 ) oorresponds to the ususl exprossion of an integer

spin field dasaribiag neutrsl parbisles css

AMx) = & (x) + AJ::J* (Vs )
where A {x] is the pasitive enerpy part of Afx Ye

In tko ceke of = scalor thoory we will heve Gthe inkeraction

kel Lboniany

Kl v g T W) TREIUE) ¢ ae (74

whara '-I"F, *f",l nid 1{'5 ura the usuel fiald cperstors for proton, neutron snd

slectron (nosabon), respectivalys

Tha anbisermubetion relstions for I (x) sres

!. ] S E T 1 +
L 000 dogn = al) est) (v-5)
whara 5E+:|I[x-x'} ig the positive soerpy part ofil
& (x=mi} = }fu % p{x=x") {v-5a}

(we tnke the meas of tho neutrino egqunl to zoro ). Fiold operators corresponding

Yo differeot parileles epticcemute.

The anticormutators of tho total neubrihe rald wil1ll be, thuss

EI‘E}EL Hﬁ{l'jj - : -:|I-:- 5‘{5{;#'} ﬂa,?g {V-Ba )
EE{E{[:}' Hﬁ;;,,_u:,:, - 'd}:‘ .‘..;fﬂ{x-ﬁ'] (Vebh )

It sheuld be obesrved that these anticomutators have twica Lhe

valve of thoss used by :-'-i::ﬂ-l'ﬂﬂ&ﬁ} and E‘urr;_.rﬂl- Ag @ consequence the expresalcn
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nvy

for the Kiretie erergyr cperttor, fur instapse, will bsq
i e e .
Hﬂ - .E. j "'J_ {EJ f ol ?} ‘!{ |~j:_:| dE = ﬁ"‘?J

e prefer this foroulation ss it brinpgs e olossr similurity with the
oage of integer apin seunral partleles where tha sxpragsion for time snarzy operator
differa slee by & facker L/2 from theee for the corresponding charged particlas.
dnother aswentage ie Skt the result for a eingle 73 ~deoay proo@ss in Magjorans
theery will ve the asce Bs for the corresponding ueusl (Fermi-~type) theory, with

the gmne volus of g, oo pormelisstien Muekor being roodad, &s is easy to verlfys.

2« Mired thesorles of the typs (a,bj¢
It 49 oopvenient to poromliee the Inberaction hers in such a
wey that the total transition probebility for single 4 ~decey {both with emission
of noutrino or of antimsutrine) be the cace so for the correspondineg usual

theory with the some p. This result will be cbteined §f we write the interaction

bamiltoniar, say fop the goalar cnee, nsy

prANES —j-:; Tl P ) () tACE, D) + heee (veR)

14 ie erough to oobsider here the cnee
A 1 &
8& otherwiso we would inelude A im g &nd have instosd of "f:; + MG E 5
L
1 1. — : /
our i -
M T ‘..-i "]I“‘:.I 'f:: * = G '-f-r#‘ which lsads to o thecry isomerphic to the ohe

whaore ﬁ,.- mppanrg in the combipetion '+ A0 E whers
n . S
G louble /5 ~deoay with amizsion of two poptrinog.
f

This progess has beon computed by ke Guuppnrt-unyuria} for tha

gngo of usunl (Formi-type) theories in which camse the half-life & is glwven, for

43) M. Goappert Layer, Phys. Rev., €8, 512, 1935.
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Por allmwed Yranesitions, by

1 D8 x anelst 2

( Z2 J&as
L sx7x1sfM{sme)|?

I a
IE wen) (9)

Wi g

.
d= 1 = ﬁ:rﬂ“ i 1 Pix) -':n:?{1+%u: *%‘-:E +-%x! +ﬁ:&}, (V=5n])

for all thw cizple theoriss. It ip gonvoniant to refor hape to the enorgy
apaoirum of the enittod alectrona, {for Purthar comperieon with the case of
ﬂﬂublﬂ’ﬂ-duczy without neutrines. Thia emerpy spectrum is of Yhe formi

{for the omse of double dagay with two psutrines)
i= 2 £ E - -
Bit: ) o€ B [ & By ) T (T=10)

In (V-8) and V=10) £ la the nueleer redive, B end £ the eloctron enerpy snd
mielear aharme of energy, regpecktivaly, iln units m :IE-

if erurae, in ths oeea of linjorana theory and of nixed theoriea of
type {a,h) soma {]D1Ih:|.lrﬂ ~dooey with emission of nevtrinos will cocur in
aospetition with bhe doubls h-<isasy, with o probabillty plven by expresslcn
{v=9), whioh will Y=, howover, very small in relation to that for double
Ilrg =desey without meutrinces o thie reacon wo will pegleet thdaae soptri-

butlon= i what follovs.

8 f-'au'trlu)ﬂ ~dapay without roubrinos.

Bafore wn go inke the astusl computmtion of Lthe prabebillity fer
d-:-ublaﬁ =Jaaay 1t L8 eonveniert to sansider the selsction rulss which may
pepelbly apply in various emeea, In ell tis possills cases of double 'F -
~doeny both ths dnitlel and the finel nuclsus are even-oven nouslsl and Shis
both will in the ground eiate heve, very probably, spin Os Now, from the
shell model we should sxpset thet they will have tho stae parity. Thus,

in rpeparal, W ghould havs to desl with @ osses O —n0 (no). Thereforse
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we ara not pposssarily Justifled in heglecting & ferc whioh looks formally
smaller than muother, as tha secopd one aay vanlsh in virtus of tho seleo-
thon rulss. Un the other hapd, this sscond tarm could cive a sizeblo ocon-
tribusion Por Sransitions to sliphtly sxcited stntes.
1) bajorene theoriap.

flo gonaider Plres the csee of Lajorans theories (and we shall
risstrict ourselwms, as said bofare, trlcr the cmses of simple intersctions).
The fact thet the r—-a.jﬂ:'sﬂﬂl‘hllﬂt_lry would lesd to doubie ‘,r?, ~loeay with o
mush larger probability Shen thet for doubls jg ~docuy with bwo noutrinos
{whizh ie tha only possibility for the ususl type of theories ) was [irst
shawn by 5',_,,.1.3*‘;] in & Fundsmentai pepar whoss notetion we Pollow ag far
o possible. Howevor, pow that o somparisen with experiment is poceible,
wa think thet an appreximatlon as drastic as the one e usedy vie, sesuming
thet orly one poclesr intormediate siate glws B larze sontributlon te the
treasision probability, should be svoided. LUging & diffsrent approximation,
which geema mush mers reascoable, we shall obbain s result sipni fioantly
di fferant from Furry'e.

g) Soalar theorye

The epplication of the usual perturbaticn treatment to the second
erder process in question londs So the following probability per unit tlce
el & dnublnjﬁ ~dooay in wiiech opa elugtron is emitted with an epsrgy in the
interval H_  So H o+ di (and the other eleotron with the energy Ho =B, =B =

- "s' whare & and ¥, ars, rospontlvely, the suergles of the initinl and

finanl muelod }e

dH o 'qE L g2 dH
F(H ) e = L] ] ”
® mof meoth gk, ’ﬂ:—---ﬂm‘} f ot Ll

whare the exmplitude a  is given bys

H:l "t Hl- F“r}'. Ph,:lrl! RU‘T' _5-6_', 11“, l‘ﬂElE‘..
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)

NI

[zn]a gl

g
Z
w B S .?_ 4.k Ljﬂ () 3] 2 A (:'Lmj}'*m-:lﬁi ‘fq.e_:-‘“‘ "11{&*}44.

i EJ'* .tl iy py* -
| i E PR F B B0) (18 )aeds deke 210G ) J_
L )

F

* i 5 ™ oy ¥ - g '
feig e Y ) Vo) Bealn® 5.p114;x-m .

" Ei]: = W, -3
II(.,«I:R :IE‘.? ]ﬁﬂ-z }(l'l':ll'l:-l__:"s}::r{“%it'jﬂ i (‘flt fmflyjaé]:.kiﬂj)ﬁf {vkzﬂ}ﬂ’:&x—'a }?1;_13
{ i A " i Gk A

(V=12)

In exprassien (¥-12), B, =% ko isthe ecergy of tho neusring
anitted 1o the first tracoiticon, gﬁ[k.s}, for 8 = LB, are the Lso posi-

tive enarpy sclutions of the cne-particla Dirse equation:

#ﬁi,ﬂ& 2] = D (v=13)

which appear im the expansion of the neubrine field In plans waves)

Ay = Y@ o S, (V-za)
Y, B = == j“#_‘_ ik 5T Py Wde) (¥-14)
ooy (zn)® e[ ® o

whare ‘f{k,a} getiafiss ®he usual noticommutation relationss
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) 2 P o)) < 0 (V-16a)

LY Gee) M0y S o S@-w. (vas)

ag pagoeERry in ordor thot (V=) and I:i"-E:l ba satisfieod.

*ﬁj. "]‘: and fr‘;l in (V-12) are the pucleer wave functions of,

respeotively,' the Ilnitial, intermadliate and ons of the f{inal utu.tu“],

L puoleons

X ropresonting sll the nusliear coordinetus and X, thet of the i
Ihs operetor @ 18 such that when mpplied to 7 ehanges the ¥ particle
inte & proton if 1% is a neutrom end gives a sers result otherwlse {Qf =0Js
LFEE:'I[::H *g g Coulond wave funstion of an electron in the [leld of the
charse L@ of the final nuelous, corrssponding to the positive energy H_.

The upper isdex {(E) corresponds to the sevaral possibilities for the quantum
pumbers 3,1 nnd me These wave functions ehould be properly normalized,

az w11l be discussed later.

The four differsnt typea of tarms in the sxpression {v=1Z) have
the following origiog.

o ) The first two corraspond o the emlssion of a peutrine with
mémsotun B ¥ by the desaying LB peutran, topethor with an electron of
energy A {er Htj, and the subsaguent resbsorption of the meutrino by the
jth decaying nevtron, together with tha emission of an eleatron of snergy
Htl'm- H l':I"

ﬁj The last two terms correspond to the emisgion of s meutrine
with momentun - K ‘Ehy the Jt'h seutron together with the eminmsion ol Lhe
gloctron with ensrgy Ht{nrnaj and susseguent resbsorption of the nautrino

by tha ith dosaylnp peutron, with emlésian of the electrom of energy Hj

) i ponorsl there may be several states of tha final atom ¥ltn oneriy
gmmllsr than that of the imitisl one.
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for @, )s These two Lorns vhieh wars omitted by Furry are squal to the
Mirst too ag can be eesn by shenping L into J and i iote = E 1 the
third mnd Tourth tercs becoms squal, respeotively, te the second and first.

ia adde & fackor 2 %o Furry's Formuls, corresponding o our V=1E£).

1t is convenient %o refer hero to the Coulomb wave funetlons 'Lf'{“:
rer the elochrons which oczur in (P=12).  As beth electrons have small
unarg::ms we rosteiet ss uausl the summation over K%' in fv-12), o thoss
for whish the wave function is significant at r = £, the nuelsar radius.
These are ths lour wave functions t‘!“jj'l;m with § = 1/2, two of which
corraspond o E-t}nnrlm - !,,""2 and the other two to Ewl, m = :1,-"'3

—
In Diran's repressotaticn of the matrices sl , /3 thay aﬂn"ﬁjt

.Lﬂ ging a
(1) i w (r,u) | Ay co8® (v-16a}
‘f‘ = 431,3’:,:},-1 2 2 a
Eﬂ

= f @ppas @
4 ;

. . i
"F[Ea - "Jblfz 0,12 T Alr.EY T e sirt:o # {v-1€b)
p ] ¥ E

PO P gy mEeW) B (v-1t0)

LF':"-]I i Lf;lfa,l.l.r’t - Eir H) o ) (V=164
| *‘P"l ans @

k "‘“'1 Ginw a“"J

46) H.H.Hulme, Proc.dloy.Bow. lﬁﬁ,ﬁ!E,l‘&ﬁE-
HlEl hiﬂj Phrs-IRﬂ?l ﬂ‘ iaﬂ-, I'EETl )
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wharag
by = (Fesh)etToae.  (wo® 71 )YE (v-17a)
B = (f+ u.jn’-"?.? + 0a0s (fme® &1 )2 (V-17b)

whore the upper signs ocorrsspond to f = O and the lowsr sipns to g =1

ard
Y (X —.Lﬂag}m i Ae LHpe 3 o= e fMe (v-18)
24 13 4z mefp
g 7ot + momf RRYy (129
Arain the upper slge corrssponds te P- 0 and the lower to £ = 1. ginnll;r
1'[“.‘5_'_ n
v 3 e 8 o Bme N7 V-1/2 oF p“}‘f’ (roaz = |f
KEir,H - mm— —_— |:_L rad
et G ~aet o ey +1)
(v~z20)

In the expression of K(r,l1) the following approximtions ware mnds

.15".-"%- -""_,:‘ 1
rin,b; 24pr/K) = 1,

Fla,byx) boing the hypergecmotric coafluent serlies. The normalizetion of

thome wove funotions ia such that the number of stetes ik an lnterval of

energy W te given by —~—y .

e

e now male the Ffurthor uswal mopreximetion of teking the value of

thoge wave funckions at r = j-'-' snd also of pneglacting the berms A , in

relation to those in B, . Thie i6 & pood approximation for medium heavy

ruelel, say for .,{E 1‘.E o lﬂﬂ.
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(K7

Ae n result of thess slmpiifiesticns tha four wave luncthions
which will by ueed in (V-if) beoome {unctions only af f and H. Thus

tlw sxpression (V-12) con Do writhben aas

]’L._-E' 2 -i--- k3 I_ﬂ-rrq-;
a {Hs) o &%I % Ezlj.lﬂﬂkjﬂ o 1‘_] ik : ﬂﬂj?rlrﬁia:' . :j ‘!}I.; ik
Kee M

(K PR O Fx (K)o
0% added T ¥l e o @)
' i g {¥-21)
o Ml Rl By~ By, w B Rk 0
with .
k
B P — .
k
where wa have wuaed the propertys
z Y { B 1 i
= Lt:fk;.s} ‘le{lhﬂ = il R nJ_‘_ﬂ (v-22)
gl A ]
Tow the fuseratoras 5f the Ywe torzs In (v-2l) mre equel ainos Lie oporeior
-+ = .
ﬁ, {3 #af»mn ] G
ip symmetriaals
o~ - =
(B0 vdamoe® w pasd e (v-23)
Thus the exprezsion in the ajuare brackey in (V=21) opn be written ass
[ 'I.E.' “ H, - Ht
j"’ (pots = n.]ﬂ e, - . (V-24)
. -
[l-ﬁ: -B ~hk a)
whpre ﬂ‘ and [ were perlpobed in relabion te N k o &s most of the gomtrl-
bukion to the intaprsi over k will eome from -eTse L'S.
Now, in opder to be able to mewks +he ZUMGATL O AVET ~ 0 RASETLY L

gtatoa L in {V=21) by clomurs, wo maks & furkhor approximablon WhiT® L1 ' =
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me st umeskisfactory of those cede 1A the present work. Thie will be to

noglect E, = E. In relation to 9 & ¢ in the expression (V-24) For the

L
brackoet in (V-21).

Kke-{B ~8) % fTke {v-25)

hig approxiration csn bo comewhat justified in the following way.
If wo mould uee & Forrl ges modsl for the nueleus then only the single
decaying neutron invelved would suffer e recoll in the emizsion of tha neutrinoc.
Itg chans of energy should be, lwwever, much smaller than Tk o in view
of its larza megs. If the suclecn te tightly bounded to the cther nucleons,
howover, As it sctuslly is, then part of it recoil will be transmltbted te
4hs other nualocns. The effoctive nass of the nunlu:.rn le therafors lnorédased,
sinos thets will ba s tendoncy for 1t 4o earry nlong its neishborlng particles,
and thorefore the energy given to the muclous mey be expécted to be reduced
gven further than for tha cese of a Forml zaa medel (the trenslesion of the
recoil of the dooaying neatron 4o the other pertleles le desoribed formally
by the use of sppropriate nusloar wave functions)s Ae should lesep this
asproxiration in mind when fwo terms in (V=21) cenocal each other as a
sonsequastee ef it. Lore scourstely, the cepesllation is not parfect. In
thls case (senlar theory) the terms if guestion are those coming from the
h?*?tam of the meutrins projection operator, when we ccnsider the contrl-
butiene {Tom QI ri; eod QI QI .

Thus making the epproximetion (V-25) and suming over the latermediste

etates by closurs we obtain for (V-21) the exproesions
B!y v EE 6 (K)o, wfgr)my 1[5k o o ik (Zwr
.H.].&E.:I E‘;E;Emn'at:”:ri:rt AL .FI J Tﬁ‘,ﬁﬂjf.i?j{'irﬁ qiqi ﬁ%. xdl,':éi

(V=26
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In the last step the fer;s in q; gl and in G,i l:'f which sppeared with the

axponantial [askor alE,r' ':ﬁ“i:jj and B"lm;@" -1}. reppegtivaly, wore amdded
up, aftéer ohaning ¥ into - for the gacond ona. In deing this the berme
{i,5) and §,4) which inoluded the fastor 1 from the neutrime prolection
oparator Leonme uquu.lg'” srd those which iraluded the rmtu:-Z -y anpesllad
adach othar. Now, ag was poinbed out previouely in sonpection with the
Rpproximetion of neplectipg 5y - By In presence aof Tk o, this sancallatlon
is not complete. IoWwever, the ocorrect pesult would surely be much smallasr
than the one we would get by feoping onoly the terms (1,]) and- forpetting (j,4).
Thls lasgt result, 1% ls =sasy %o ses, would be of the same order of saghltude
ga (v=20). Uowsver, the selecticn rules of 4he pucleapr matrix olement would
be in this eesa thers of & peler voptor, say A = O, i but no D—b O,
with chanze of parity. Ap the trensition between the ground siates
will ba of the typs 0 ——y 0 thie %orm will give no contributiom te the
transition probebllity to the sround stete. Even If thors wero s alightly
axcited stabtz of the fimal nusleus with spin 1 and approgriste parity the
contribution of this tarm will be emall Lo reletion to that of (V-26). We

think, thus that we are justified in neplacting this term.
1f we pow carry out the interreation owver k in (v-26) wa pbtain:

' A K% o2l
s Wl - Bt £ oA @] TR Y| * e
a (] L " v

EE | pen

Whare l"l.1 = H-l - :-E
In (V=27) it wns assumed thet the ficel neoleus differe [rom the

iritinl ore by the deeey of the palr {1,2) of peutrons iche joddouns.
- Loy * 4 . _

Ig peder g avalustoe };E;_:.‘ i l";'t G '.‘f'q En oa admoat Wi

5

47 YuThias bripgs about snobther factor 2, besides the ene referred to belore,
which wes omitted in Furry's computation.
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it is conveniest te Inbroduce the sntrix Corced with the weve funotlons

ﬁfﬂj I:H’ = 1:-3;3.'”1

’4“{” G S ¢

(1)

2} (a) {4)
paH) - e Y rﬁ ﬁ <

) 2 (&
iprti g ] ¢ ] E{a}
g g8 W

LB 0 o Hl{H}

ex( ) [ © o B, (8) ¢ (V=28)
Q Bﬁ[ﬁ} Q ]
Enl:nj (¥] Q 0

E
(oompare (V=18))s In {V=28) the snguler depending terms in 'f-"{ ) wara
narlasoted, in elresdy justifisd.
Kow wo dafine n mew metrix Na
N o=-nutu., {¥e28 ).
1t is olear from [V-2B) thet, as the matrix element H.ﬂ.l-i of K to equal to
nla)
[Pu (with A, p = 1,2,5,4}, the zatrix slersnte of N are
4 4 A o(A)
*
H L e T <k & ; .
Y A MY XA B ¥
Thus we soe that B is a kind of projection cperstor. Its uwes will sicplify
$he scomputaticna, spscially in the other types of theory (veator, for instance).
Tin find for He »
P e
Wp,a) =JEEH | 8, - ¥ (p,H)}  (v-30)
2
Byl

B
%]
fwhich is trus in Dirac's representation).




CEEM-ZH=CCL: Lk

128
g onn now express o ess
1 Benon T 2 2
KOPeE) = §E{P ) }_' (1+a)|B |~ * =8 |8 ] =
=2 E(f,3) (st b oo’/ ) (V-51)
whora i
am2(l +XI2a; wez(leX-otZa®) 2 (V=38 )
cri
nipa) = 2 € (fu) (Foemep) o (¥~az)

Usine the catrix H we can parfefm the susmation over Eand K' io (V=27)a
& E}'l " qr-' -
>3 Hi (P) 2 o g - spurf o nCp.E,) cpny i)
Ry dtl
. 16 88(p.,) Bp,) (5F, ~n%T) (V)
How taking (V-20), (V-27) and (V-34) inte {(V=11} wo £ind for the

total probebillty of doubls ’;'3 desay per unlt time
. . -4 A(¥-=1) 4 6 .2 22 :
noe o [ e ] T R G B T e
4
YETE {v-35)
(1554 4

WHET'E ) y % ,
T
FLiE-2) -J h (g =k} (E=th) fB (g-h) = 1} ebh  (v-38)
1
In {V-3&) the quantitice £ and h are glven bys

how 8, g DOy (v-57)
: ma” Tmn
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3 ARy 3, 43}
In (V=35) tha approcicatlion was mads s
e EEe s
g lj"'{a’- 1eli fE_:'I B g ongld -t , (V-28)

pe

2

whigh Ls very pood for 0% me” snd inscourate only by 20 Yo ror

H;ﬂ'mue, if of & %20.3. Alse the fellowing epproxinetlion was mades

$£l£3 J'lr- ,’qlﬂz}r Ay A B
e L e —— ﬁ B
{rm . H 1z M E_jg[!'eizﬁm.{vasj

by subatitubing in the integrend by ites moen value ovsr the nuolsar

r,
voluma. 1k amulﬂlgl mentionsd here thet, hed we substituoted, belere
=
making the integration over k, o T by itz averass ovsr the nuslear

volums, as done by Fuery, we would hove obteinsd the same result (V-38).

The funstior F defined bar (V-38) La the rnllwing:ﬂ"
4 2 2
Fx] = _",..{14.11 & T . V=40
Fl ; w*: tEFtw ) (7=40)

Mow, in ocrdar to have the erprassion (V-25) finmlly ir ap approprlate
fors for bhe mumericpl eveluation of the half life for the double Irr'«_!,-duen;;.r,

whielh is piven bye

A

it is eudvenlent to comsider the order of magpitude of g and of tha nuelear

meirix elemerhEs

Firkt, as the mioleons are hesvy partiocles and the traneitliona

irvolve nen-rolativistic energiss, we should zake the WEUE L ainpliriutln.na‘a:n

ﬁs}. ﬂ. .Er- Hnthﬂ B.'ﬂd H-' F. HH.{:]'.I-E‘I‘. Eﬂ"u’-?:-ﬂﬂ.-l‘h]’l IE]EE' 19‘35.
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==

- = — —
;‘3--5' 1585 — t—':—?" 1 ;pﬂ'—‘eg; o, —3 %Erlp:,—q +3{v—+1:

lﬂ'lﬂraia} !

(=) 2 Féﬂ'-“ (v—a1a)

¥ow, the velus of g, which can be determined from th-ﬁ sdecay of
1isht nuolei by texing f 1 "F 1 i

e & ox 107 erg o (V-42)

This yalue corresponda to & half life of ubout 16 mipukss for the muﬁranﬁm

For the medium hoavy elements:

E,ff'ﬁ'5l-{'2.’-l:10'ﬁuargnms . (Vatz)

[}
'

LS

detornined in Fermi's orlgimal paper, ors
2
H; JH. =, 1/100 (V-43)
The quantity g,pps hoss value ig given by (V-42) is frequeatly called

the coupling oonstant for heavy nuolel {4n which cese the matrix elecent

'}13 in baken as agual o 1 Js

1
an)., Inhs awerags value of -:-n.;ppuring in (v-41}) is frequently taken “qugu

(nompars ref. 433- A more Sppropriste evaluation 1s ga follows. The B

of the matriz ¥ sorresponds o he quentity () whoge svorage va lup
in the pucleus ig sbouk 1/30. The sguers of the mebrix ¥ 1s, however,
of the order of 1  pecause all ratrix slemoots which ars non dimgonal
oan he expestsd to be smellar than tha eorrespording nﬂrgggaﬂl[ﬁ-P Lpner,
private comunicebion). Fhis copr henvy nuclel we Take ﬁa’ H s wﬁi 14

5011. i, Boell, Soisncn 108, JE'T‘ 154E .
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in cu- onsa the meirix slement 4 1 b oy 16 between two states
differice by the trensferoetion of two peutrons, instsed ef one, into
protons. llowever, sxpression (V-43) ehould still give & reascnable order
of pagnitude of the square of the nuclear matrlx elsment for medium heavy
nuclei. Thus wo =hkell use for g the valus 4§ x y Brg am and for the

-

squara of the =otriz elements (the fastors —:— gxcluded) ths valus 1,/100.

1t will be seon lster thet using thess numerical values in exprassion
(V=35), whoge soleetlon rules ars &1 = O with no ckange of parlisy (apgro-
printe for &8 O ——3 0 {no) transition), will lead to w hmlf 1llpe for
EDED.IH of the order of tha coo found experimentally by Fireman. This
is to be contrested with Furey's rﬂaultsé‘ﬂ whish would lsad to a half 1ifs
1|.'.|E timee larger than the expérlmantal value.

I'ne origin of this discrepancy is the followlop. First, o Ceotor 4
1z wiselng ir Furry's metrix elemente (and then s factor 16 ln %he transitlon
probability) becanse soowe terms wers neglected by him, a5 alroady refesrrsd to.

Second, io view of his one intermediste state appreximetlon ho obtalne

in his sguntion corresponding to (V-36}4
Hﬁl i fﬁafu.lz & 1o
EL Y
ingtead of the term:

Hf}.ﬁz}m)g o W7

b) Feeudosaoslar theory.

& pure pasudescalsr theory le inown to be unsatiasfectory for
[;L[—,Elﬂfﬂ ~docpy. Howevar, we refer here to thd resulte of this theory for

tha galke of dompletensos.
In this oese the transiticn probability will be given by (V-3G)
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= 5
changed inko ]Iﬁl rlﬁﬂ b"ﬁfn {wnioh kms the

th ) B Ba f
pgape salseticn rules ae ]lﬁl "?E:f )

dow for & pure pseudcscaler theory a value of the eoupling constant
Epy larger than Shet for tbe soalar theory (gy/ is nended in order bhat the
theorstical half 1ifs for sinple @& decay be of ths same order of the
sxperimentsl ene. In other terss in comparing tae results af the scalaer

and pessudcsonlar theories we should teko:
|etBd’f] 2 (e i/)] (¥-44)

1r soneeguonce of (V-44) the velus of E:s will be 10° times 43) larger than
thet of gg. Howevar, hhe 'fE." appearing in the matrix elements of the
peeudoscalar theory mearly sompensata ghis lerpger valus of g« Thus, in
oppesibion to ths omse of alnple [ decay, the arelysis of the doubleg-decay
in the pseudogealer theory dosa not lasd to an argument sgsinet thie theory.

8) Peeudovector theary.

This is sopsidered the test simple thsory for the despription of

] inﬂ_lﬂ ﬁ da ﬂ-ﬂ-ri

It i@ sorvenient here to introduce & Fastop ::_—_ in the ax=
Y
prossion of the peeudoweetor interactlon:

Koo - = ety Bh U+ e (v-45)

whara
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in arder that tha wvelue of g computed Irom t-huﬂ deony of the neutron
and ¢f the licht nuclsl be the sa-e sz the one used in the sgelsr theory
(eompare V-22).
Yow, proeseding similarly to the somler csse, we obfeln an
sxprassion [or ﬁ',FHI ” aimilar to \V=21), whars the quaniitys
—

Bs 1 Pi fasd-me i

is gubstivated by

M ﬁ Zem -
79 G Yy Gu ™I AT = T ( - 48)
Ii ares
u L oeSR ="
AR ACEE A GIE A

How, 1 we mxpand the nx;pra:s‘_;n.n {(V-46), wo finds

' & B s p (V=4T )
where 5 ls symmebrical in the sxchanpe ef the states s,% and A is enti-

symetricals
BAERE S o B 5 5
& = ﬂ [h’l‘sfj + T -0y # X X {ooT) - (rié‘: *?1 ¥ @ s
-r{t';*-gjl Y +5r"i,.i., {?A?;';JJ-'% A aT;) } -;}:F . Eﬂ't -

¥ — —F - - — -
¥ Y[R | BT By Trad 1l o,

(v-28)
1P L2 2 ~ = e = .
k= {'&;[{ AR A LA R Pt S P TR o5,

(V=20 )
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In (V-40) terma 577 Beglacisd which, in wiew of the presence of a"i
or H‘g  ¥ere amall in rolebica to obhers in tho seme expression Wwith

the same seleotlon rulss, end seme parity in relstion to the exchange of

1 and ] and change of 7 Linto -me  For msmmgﬁgﬁm

{Ki ?:] *ﬂ'.;. Yi:“ n {sealare) vers naglected in relaticn to i-ﬂ-lj -

el

5 2 —7 —p
Un the othsr hand, we did not neplect {‘lﬁ'i J-a"; D"i }ﬂ? R - R
oS = ¥ - - =
oy [_.:_J [D"J" ﬁ'illh?-'ﬂ" in ralation Lo ﬂ'i#':-.'r!j":l". whlaol has Ltha

pars saleation rule beceuse 4his last term, changing sign when L.y §
Ay vl will be oenoelled in the following somputebion.

1%t should pe chaerved thet 5 iLs alsc synmetric In the indiess i,}
gnd A& is entisymmetric in I,je

Now, in the sams way As in the sealar thecry {(for which poly symmes
trioal tsrms axlsted), whon we add the twe terme in (V-21) correcponding
to the exchenge of s and %, we will get & faclor

H: - iy

(B, =5, -Hke)?

as in (V=24), for the symretric berms.

For the ankieymmetric terms, however, we get & Ceotor:

- (VB2
HH -EL-'EE (=]

Thue, ng mosY of the centributicns teo the integral over X will come {rorn

large k's, the antisymmetrical terns will be Tormully lerger than the

symmatrical coss. Aotuslly thelr contributions to the total probebility

will bae, formally, sbout J.D'a times the ocontribution of thw symswiricsl %erms.
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Howeyor, they soy vanlsh In virtue ef the selection rules, in which cass the
maln %erze will ve bho symmetrie opes. This is metuelly the case when the

okly stabe of tha linel stom with an sner;y ensllar than thet of the initiel
%om i1s the ground sitm'e. In this cese {as both the initial ard Final puelel
have zerc spin end same parity} the terss with s salection ruls differont
of 4i =0 {no) ®ill wsnish.

IT wo pow make the wpproximstion

fEL--EE-ﬂfkc] —3 THkeo (v=25)

- —
and sum by olosure, ochanging k inte = k for the ferms jsi, nz bafore, we

find thet from he aé;:nmtriaal terms (which ere nlse symootricsl in i,3) cnly
the terma not conteindng B {orly ﬁi . EG y thorefore) will swrvive.
From the antisymeetrical terme (alss antisyrmetrical in 1,3) only the berms
oontaining B° will sarvive I:-I:]“F::"l&; . 2 )¥Y end | -Uj 3{;.5 - &!_ﬁsjn o T
in e orGe . J

lere npain, we should remssber thet thie cencellation of 1erms (1,3)
with (J,1) ehould only be partinl ns we made the approximation (V-75 ). However,
we chould not worry rboub this as the eanealla tuim {giﬂ Eﬂ -ﬂ} hea the
seleotion rule: f1 = = 1,0 tub net 0 —= 0, :+ e This is the same as
for the term | E"i‘"@t . E;" erg JAT * 7, which was retalnad. Wo do not think
that the cancellmtiop of the tamm f?ii _urj_q-'?} wee so imperlect thet it could
give & gontribution ta P lepper then thet of the retelined term with the snamne
palaotion rule.

Proopeding now with the compulietiion in the gams way ag for the sonlar

thoory we find for the transition probability ¥ for doubls /'3 decays

«p. + p! (V=51)

P = P 3 5

%
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In (V-51) P, 18 plven by (V-35) '.w.-‘_t‘r-.?}ﬁ] I Jl substituted by
(=2 = ; e
E{G’i-{?é }!:'H (both of which heve the sams pelsction rule, aay & = 0 (ne)).

'FE' P! are given bys

E e
- By =X
Fyn £ S X(gy [{{xi’ &, -, 8% #_Z I —
1*1=e | J
T X, &
= Iy o f
F3 f %;ﬂ{ Eye) Jfﬁiﬂﬁ; ?---—---—1_?? } l {v-E2n)
MK
whera s {,r'
] 4l =1 4 L
B 1 8 4 ol il
R S ENAC S - SIS
The seleetisn rulss for the terms PE und Pé ard j
o ) For PEI
b = = 1 or O, bukt not 0 -5 O (no)
Jrf?,j'r For I*E s
i =0 (yes)
In MV=82} o feotor Ji" X 3 |E wag subatituted by its mean valus
g \
g &4
th 1 L} . The functions and LY arca
pyer tho nuslesl vhlumsg F !:[, _/1:.
[
/L [f =2) = J hoLF -hi}[ h (€ -ha:l-:r.] 4 h, (v-E3)
1
. -1 : .
/:i’.«{f_-z) -J . hg(E =t d {hu{ﬁ =h ) * 1J d h (V=54 )
or i 2 1
F) - (1 eg-x+F55) (Ve53a)
g 2 5. 3 ::‘ :tl:E
;‘..l:!l:} = Fx + 3IxT o+ ?:I: L * b ﬁl'--‘.i-ta)
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fx,nm'l./}.' are of the sams ordor of mernitude.
In order te sempere the predictions of the psewdoveetor theory with
that of the sealer theary we observe thats
o ) Far the transition to the -round state the twe theories lasd to
the seme result as then (treosition 0 —s 0, (no)) enly Py in (V-51) survives.
Bow the Lerm B, in (V-51) differs fram the corresponiingtransition probmbi liny

in the scelar amez caly Uy the substitutioan

Hﬁ'l ;’jaﬂa—-—- é‘ ‘ﬁi”i

low the ghell model pradicts e singlet-singlet transition for the involved

mucleona; in this ocuse we havog

h?f?'é’i R L ) A F YR

Thug tha two Sheorles lead ko the esne result for the transitiens ta the ground
stata (0 —s0, {noj).

},.er If thers was m olizhbly exclted state of ths Final nuoleus with
spln zere and cppositec pearity to thet of the ground state than the term Pl in

{V=51) would lead to n transition to sueh stete as Lts selsation rule is;

AL =0 (yes ).

lo this caew, if we aﬂ-lﬂ_‘rﬁ]

r 2
oo A v e el -2
LAY, 0 ~ 10
H R 31'7'.1."?‘!.24J ]f

loompara with (V-43)) then we find, for a value E ~ 5, thet ] i5 about 10°

tlwes largsr then P, . Thus most of the doubls A deany, in such cass, would

gorrospond to tropeitions to this oxeited stete and the helf life would ba of

IR

about 107" yesrs. However, we Mall give in sso. € an argument szeinst such a

ponmibility.
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&) 1f 4here is n sliphtly execited state af the fimml suclesus with
Epin 1 mnc gsme perity &8 vhe cround state then P, will pive a contri-
iop o the tranmsition probability. I we evelusts tha catrix element in

'PE Bsi

]"1"’* =5

S S
() Ty A TN f} l t—:l v 1078 g2 1078
5

wa {ind that, for F -~ 54

P, P

(3 1

A ) Veohar theory:

Hers, puking the similar decomposition of the s,t matrlx element,

o5 befsre, ints ths symmabricel shd enblsyreetrical parts, & mad A, we obieing

" -:F;::Err{ P iy | :/{3,1. }F: (V55 )
" Y
A = E L?"IH E{F""l'" :"fj}-":“-‘ 4 '_-F-. :"‘ j h FE —-l IILE EEJ

whare, s Lalore, wdrme wops nEclsobed in relaticn 4o larger cose with the
pams s leciion rules ahd same parity in reletion te the trenelommatlons

—
e 52 kK —a ek

ders the result differs from that of the pseudovector theery by
) The matriz appearing in B 1s flf ¥

‘,".5} fhe metrlx elemsnt eppearing In F,, given by (Veb2a), is:

-

[roe o o3 N S Ty . =l
5 (g~} ‘:_.—f @ sreik gl 18
Fe1

The factor & hora appoaring comesz from the fast thet 1o the peoudorector case

#® Sntroduced s norealizstlon factor esbe {compare (V-45) Js
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¥} In P} glven by (Ve5Zb},

Z
Ej{:-l? ,-"-.-':F:j- _.-." > LE A X {Equ 10—1
e 1 2 L e a
; 2 MK

The order of megnituds of Ty and Py 1s here the same mz in the pseudo=
Tuchor onss I:IF'E im metualls urger then 5 the pseudoveotor cese by a faotor 8),

but 2} will bocome smell, than P, In viex aof the fector { EJ‘E &« Wnoe should

]
also pbeorva thet the - rasponding terme of the ractor mnd pseudovestor
thacrias baye the o~ | solection rules.

a'  meor theory:

Hara wa Clnd for 5 and A
e E ]
B » - f-iilﬁj’f:’:[ﬂ_f'&; +f{§=‘1'='3}ﬁ *_'5‘1?% "‘ﬁfﬁi}*&;aiﬂﬁ}}-ﬁ e/3, Y (v=67)

=N =
rr

—‘ = e .
4 3’; 1,8,1 [ ‘T -Q;""*J syt (3, B’E-%Hgifa-ﬂslfn-ﬁ'}cjﬁ,r ¥y (v-58)

- L Phatin whO 1 prga fi’ﬁiJJ and (Ved%) we mes that the tunsor theory
Lipd Ao Bbe poms poauld ag tha peaudoveator theorys.
f-} fnpuler eorreletion.
For the apalysis of the aapular sorrelation botwesn the two
emitted oloctrons we use, as usual, plane wave funotions for thom.

1o view of the previous analysls thers are only three sness to

i aonsidoered
&} If the selsckion rule isi

£i =0 (no)
J,'}]I If the aolockion rule isj

L =0 (yea)
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') It thr eelecticn rule is:

ow 0y =1 btut nd 0 =0 (s}

In ¢ass o J, for whink, s i& Wor seen bafore, all thaories pive the =ame

ragult 1’1 [HE} for the epersy spectrim , this exprassion, before surming over

the elsatron states, io proporfiional e
2 }'»F"ﬂ? o)A PhK, o JJ ; (V53
_ i [ ] ]
:rg'n't-i o %o’ O f R

the scamrtlion being oply over positive ecorpy states.

Thize we find for (V-59), by the ususl spur methods
—F -

Pt g = 2.4
Lo 22 o7 =2 (V-0
]IEI H‘t. HEH"h

Thus the earular dlgtribution In mll the theories, Por the torme of types )
ig tha ore giver by (V-60), thus Tavouring the emiession of fhe two electrons
in the seme divectlop. This type of aprulsr distribution is the one thek
shouid be expentod for dransisions of the Lypes

0 —2 O (no) (v-81)

whioh is the one pradieted by the sholl medel 1f the unly acosssible final

gtete ls the ground shate.
in cege fﬁ}, whish osouwr coly for pssudovestor and tensor theoriee,
wo have ipgtead of (V-39
2 i o
b L W
2.  |PR.aawtes3, F &, 7]
S, =l

gnd instesd of {(V-80) we find an anpular eorrsletion of the type:

= - B4
v a
g B ST i e ey

B R B, By
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whish #till favour %She emiselon of bhe two alestrons in the ssme direction,
although not g0 sbronzgly sa in Ghe first oses in view of the poaitive sipn
of tha mess Lerm.

Yawgrtheless we will give in part © an argument in favour of the
vanlehlnz of 5 by thie paleobion rules for the actusl possibilities af
doub la ;,-’:" deanyrs.

Finglly in ceea ), which sorrespotds to the term P, sppesring
only in the veotor, Sopsor apd peeudovector theorien, we Cind an angular

distritublon of the Sype:
- =

Pa * P B
; P S I a* - (v=63)
Hu ”'h H:.Iitl

Thos 1n this onze the emlssion of the twu electrone ln oppoaite directlonsis

Pavourad.

2) Mixed theories.

hg referred ‘o Fart IV the only mixed theorles wideh laasd to

double ‘/’ docay with no msubrices ars those of the bypes (e,b), (a,e), (b,d)

gnd a,d). The lust bwe reducsn to kha firgh apas 4f the neubrino mass vaniches.
%o eonsider, then, only those of the first two types. #lsc, o these cnees,
we restrict curselves to those thtories cbtained from a usual simple Farmi

intersetion by ens of the subetiiutlonss

sl ¥ %-ﬁ.ﬁ. vgC 7y (Toushalk ThinrinnEﬂJ}
o
) * = facsh Theoriesto) )
b) t“;l —-— -"‘L.‘[:' *A C i ¢

The predietions of these theorlse for r!uuhlu/r’?_- dogay without

neubriooe are ss follows:

) Foushak theorivs (type (a,2))

a8 )
o double /f;. deoey without seubrines occours in gunh theuriag
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for mny valus of the oonebant .\ [see Part TV,
Fer A = 1 thess theorisa -educe to Fireman thecrier. Now as

we found in the apelvele of lovarlaiee undor time inverslon only the Fermd
intapection ol the type oensiderod by Firemen woull be Inavarlant Lf tha
pausring filald tesseforos under tiue inmvoreiaon sooording o the typea of
transformetion 171 or IV (which sro possible only for fields of zerc mese).
The sxoorirontal results of Fireman which lpdigats the exiertines of double
.«"G deeay wi5h no neubricgoe loed wa to the sxclusion of these two trpes of
brensforcetion under $ime ipvarsien (III and IV) for the nesutrline fleld.

b) Rusah thoories (type (s,b))s
i wa proceed to the conputation of the probmbility for double
ﬂ ~dagay in o mixed theory cf the type (a,b) (say for the soalsr ome with the
{pgoraetion piver by (V-#}j, talong inte sccound both the cases when the
Intn.m.tdinua oeabrine ie n partliecle or au antipertlele, we Find the same

caeult as for the corresponding bmjorasae theory, but for e factor:
1AL
4
3 (VB4 )
SERPIRS
(ens forsmuls (V-8)), which ir in peneral sealler than the unity, except ino
the emss when 3 = 1 (Furry projecticn theory ) when i% becomes squal to l.

(Thus we see, onoe ezain, Shot Pursy projection theory lesds to the sams

regult s «ujorens theory).
%) Bummurys
Ja kawa Found in the provieus seckions the follewinp ragilts on

the ﬂnubl'u/ﬂ deony 1
& & theory of the typs {s,n) in whick the neutriso fiald y
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{birae fisld) appears in the corbine%ian ';i +.-"-H"E{'r 7 & #ay in the

goalar cHEe

F & Ty Fol YAGTT) + e,

do not lead %o dnuhiu/j docay withort rmuhrinnam }.
b) & gheory of the Sype (m,b) in which % (Diras field) appears

in the eonbinetion ';.*: +A LTS, say in the scalar caset

i
W1 apye T

leads to rlnublnﬁ dscay without neubtrinos. The probability for this

o, B (H+ACT) +he.

process ls relaobed to the walus predicted by the correspondlng Yajorans
theory {substitute Y + A C Fu by the Mpjorans field L ) by the redustion
"

fuator
2

4 Al
&
(1 +al %)
if A = 1 (Parry projection theory) such a theery {in which the meutrinmo is a

Dirse particle) pives the same result as ths corresponding helorane theorjye

o) Majorens theorios,

Here we consider the [ive simple types of inberaction:

Soalers E FP_'ZFH W o4 * hece
Vector s g Tpl" iy Ta &L U + heoe

—_ Brype === _.l..d-l.-’ | it fr‘"'
s # ?EEF i te g’uyl‘: * Rete (A" =§:'I'ff ¥

Paeudovector s _JEE:' Ta a’ﬁ Y L‘Vﬂ Ve ﬁ's&‘;ﬂ,{ + Hat.

Poavdnecalare Ben ;Fﬂﬁ ?‘Il' @; b mus
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where:
e » 10"W g

E = BrE om”

as obtained (roam the ,.-"‘E dooay of the light ouclei and of the peutron
(notiss tha factor ——  In-th peeudovector and tensor cmesg). In
the pure peeudopeslsr thaorys

4
&

gl

= e 5
g 10
Fie Miod thet

o, ) For the transitlons to the ground stete of the flpal nusleus

all thecries predley the smme romult for the probability of double dogayL
t | E
P, o« X ‘Pleez) |7y

WhEre yid-1)
18 = 18 F S A '?gaé-é:'?ﬂﬁuc.
g o= R | ae gt K 2 (£ LES
pn’ ;,rrz-:mﬂ‘ £ %) % f - )

{uempara [V-361. ﬂ?l ie ziven, in the saverel theories, by:

-
Senlars i fo
f Hfa‘;f{35f fadnr 2 .,
Veockor ¢ -i' i ;‘MH‘ i 48
= i
=5 5 P =
Tenscrys %. fﬁl v, - P :_;i} }HF Al
I
iy — = f
Fraulocwvaotor = { E.'l"; T 5:? } #: /e
' -
Peoudencalary  (10)% . -Ifgi a’i } a7, 107E
wh

The order of magnitude of Fy is the sane for all crasss

[ i -:- ¢ 10710 yaprs=l tor EeB
/

The eslecticn rule is elec tie smnes
41 =0 (oo)
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The shapo ol the enerszy sgectrme L8 glven by

h(E-n) (£ =2h) [z (¢ -n)1 ]

whera h ig the spergy of ons of the electrons in unities m o

« The speotrum
ian gymmotrioal in reletiom to h = -5‘- and venishes for this valus of he.
Finally the anzuler porreletion of the emitted electrons ig ulso the

gamas for mll theories:

¥ 2 4
ey goa Thoe.  war
“l"‘r. Hnul:

Thus the omission of the two alaptrops in the same direction Lo favored.
ﬁ} Only for the veator, pesudovector and tensor theories the
trensition %o a Pinnl gtete with aplep 1 and opposibe parlty %o thet of the

ground gtste nrs mllowsd. Ths probabllity of such trassitions is glven by
4
25 j
B, = 2k A&y 2} ],

(compara Evnﬁzn}}-l"’}a] ® e glven byr

N = x, :
Vectors O {ﬁ.l..q-:ﬂ A ]_1:'-_:-‘] fl o, @ 107
' o S
i
Tenscri i {{Fv E"' "ﬂgh/ J {tl" -E} i"l _;“:i r” o ‘IE
- &

Pgaudoveator ¢ )if"f! fg';%a'n-}ﬁ ﬁ }j w~ | T

The order of magnitude of F, is the same in the tenscr and peeudovector theoriees
P P 1070 years > for £~ 5)
- St L

and pine times lerger in the veetor theory.
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The selection rule for Ty in all thres thocries lgi

_'.
8l == L0 b uet 0 ~—3p 0 (oo).

Ihe shzpe of %he scerpy spectrun ie given by

w(g-h) [ nie-n) 1] )

the gumg in ell bhree sasnse We g4 bhet Lt ba symmetricnl in relation to

h --‘%— nal heve a moximum st this point.
Alse the zopuler correlation s the saee Lo these throe theoriess
od = 1w .jiL:;EEﬂ. et d_*EfEi
"o Hot
Thus, ie eproeitien to tha tsrm Pys Whis term laads to preferemciel emission
aff tha two alesstrons o opposite direstions.

,f] Ihe tapsor end pieudovactor imtereetions load else to traueltions

with tha selastion ruley
4L =0 {yau),

which ghoull oot La m:péc'bed, howevar, o ogour ip the actusl ceses of doubla
j-"% depey, a2 it will be varlfled in ths following section.

The probtability of such traositions is glven by:

.
ps w B 'iﬁu'i-"]”?;\

E 18

{cempars [V-55b). ]r’?é [ 2 45 given by

: = =% T e -2
j . o - g L8]
Tenser s Ejlﬁl T:‘,JII!._EME . |=1_;.,E,|i ) =
i e BTl
Fraudovactors 'ltﬁ:l. Aﬂ’z » e ’) ~, IDAE
= ""21

The order ef regnituds of ¥} (if such & berm were allowed 1n aetual

naunnjinu
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Pr 1070 years™l  (rorgas)

The ghepe of the spselrnz is pivean by
Rece-Ry[Ae-£)+11],
% i practically the sarw &= for the term o

Yha angular correlation is heros

=y -l
o= 19 _PH Pg ,:_"Er + a’o®
Ry Ky L

1t favoures tis amlesion of the two sloctrons in the seme direotion, but not

as strongly es in Fye

O« fnalysie of the experimeotal results.
Iho experimaontsl date on deuble ﬁ decey is still very ccarce and oot
cempletely satlelfactory. The only deterszlnation of the helf life for n

doubla .",3 degay wid oh seems econalusive and doss oot raley on somtempirionl

eveluntion of thz avelleble spersy im Flrm'saljnm. for the desay af
124 hlﬂ-ﬁ

:‘:‘4‘.::5“ ito

bE
Thia brilliant expariment definitely elimlnstes the pozaibllity of

the neutirino being o Dirge particle with the usual type of intersction, as the

valua ebtalpad for fthe hels life, of the crdor of lﬂlﬁ yaard, 1 too small to
agres with the valus W™ yaars e cbteinod from Pormula (Ve8)e Even if we
would take fhe uprsssonable maximusm velus 1 For the muelear matriz alemont
the theorellosl resuls, 1000 years, would ba, still, mach largsr than the
grpoarimentel cones

Howaver, Lif wa gomputs the helf'=1lfs for double r,-"j denay in Esforana
theory, for w  — O (no) trensition,(ss both the initial mnd tha final
puolous are of the even-even t-'l"'F“'-'} wa find m helf 1ife (using formula (V-35))¢

by » 5 x mmwu’u (V-86 )

51). %. Vireman, Phys. Pev. 74, 1238, 1948; 75, 523, 1849.
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=13

fer 2 =62, F= 8z 10 om, £ » § (er for 1.66 MeV kinstienl snergy of

the emitted elsatroos). This resalt, ns well as the enerpy spectrum and
acpulsr correlation (piven in (V-G0} and (V=58), respectively), which is the

seme Tor all types of eimple intersctlon, is in good sgresement with Fireman'as
exparimantal wluaﬁ‘”.
On the other hand, if Ezhlﬂé had alse rers spin but apposite parlty

to thet of EETHIH (which is practically excluded) the pscudevector mnd tenser

theories would predict a half'=life:

t, = Ex m”’ e A B (v=08)

mich smaller than the obeerved om (~f 5"1ﬂ15:,r Ja Although this posalbility
is exoluded by theorotical resscns (Le Impossible in the shell modsl) cne
might worry mbout the possibility thut ope of the low exclied states ef the

flpal nunlews would have zaro spin and oppoeite parlty to that of the ground

124

gtetme This iz not the ance for Ezh pE, boepides othor remsons, Do

tgomerie stata of thip =wnleus has besn observed in this region. 1o general,
no loogeric state hag besn obssrved for even=oven nuolel [ Mattauch's rule EE]}.

with sxecpiion of Bzﬂ'm and EE“’TE' the first ense not very certain and
tha seccnd vary probebly not of opposite parity %o that of the ground stats,
althouph its spin =y be slso 055'1-
This is an unhappy sltustion from the experimentel peint of view as
i4 exoludes the possibility of having in sche cases gulte small life tizes
for double /3 -decay via the tarm (¥-63) for the peeudovector mnd tensor theariss

{gon [V=65)).
Howsver, there are good reasune to expootk, ospeoially in Flremen's

62)e Je Katbtpuoh, ielta.t.Fhysik, 117, 246, lga1,
53). E-Eugr; and AsC. Helmhole, Revilod.Phys. 21, 271,1949.
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oaga thnt & spashrun of Yha fyps 2y I[]IE} (goe inteprand of (V-53!) but of the
erder of magoitudes af Py would be superimposed to the epectrum Py {]TE] {whiah
sorrenponds o the decsy 4o the ground state) 1f same of the low exeited states
ef ¢, To T2 peve gpin 1 and seme parity as the ground state® ). This would

happon for the terms:

iy p— —y
1) G’ih'ﬁ'{' T, feor the Fgsudoveshor mnd Tensor theorles
[

{spe (Y48} mnd (V-58)}) whose tctml censellstion in the previous compubaticn
16 impaired by the approximation (V-60).

2) g, {given by (¥-62) for the pseudcvestor, tensor and veotor theorles
(with the gorrespondiing matric olecente given in sec. A). In the oase of the
doubla ﬁdauﬂ-}- al 5513%. ir the firet gxelted lawvel of Tﬂlm[ﬂ-ﬁ MaV abova
tha sround stnbe ) hes epin 1 and seme purlty ac the ground state { a5 ie

probably tiho cuza 4 then we would have

P, = é— v 1p2s :.mnrl'"l (v-£T7a)

0.8 ©

1 et

in the psaudoweotur and tensor Shecrive and & vBlua nlpe time larger io the
veoter thesry. This fect that the weetor thecry would lssd, in such case, o
g half life § times smaller than the exprrioontal one should not he taken,
howeyer, as &n arzacent Aspinst this theury beosuge our syaluaticn of the
patrix wlement is sursly a roupt approximatlon.

Finally some of the forkidden terpe which were not considered might
produce & similer effest.

These argwents polot cut %o the nesessity of the experimental

determinatlion of the eoerpy spectrum for the dnuhluﬁ =decay of Ezﬁnlm.

ag woll &8 to the voed of & theoreticel mpelysis of the forbidden spectrs in
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the several theoriag.

Althocugh, ee was polntied cuk before, ne diserimination amonz the
saveral thecries is possible if there is only one trensition to ths Eround
Eum

state (of Eha typs 0 —= 0 (mo)), ns will be probably the opss for . —p
83

HE:'M p it i8 pozaible thet this spalysis for the osss of 5u&nm would

lead to a further lnformation ebout the type of lnteracticon involved.

In what refers to the mized theoriss of the typs (a,b), (or bettor

of Brosh's Sype), tho half 1ife for which is increased by the faotor

z
Al B
{lﬂr:fl ) (eee (Ve£4) thet we should heve M];%’- ks ths valus % londg

already to an incressze by = Paokor 15 of the hall life (V-85).

Fipally, in what concerns bhe mere recent investipations on other

ophaes of doubls ﬂ -dau:yﬁ'” is should be cbesrved that the exporimental half
1lfws mra, in all those oseses, mach emaller than those predieted by M.
Goeppert Laysr®s fovsula (V=-8) for the usual %ype of Ltheories. Thia should be
coneldered a2 & new prpumapt aqalngt thees theorlas. Un the otdwr sida tha
fect that thesoe helfl Liles are also mich largae than the value prodicted by
{v=235) with Bapp = EH HHI‘J ooax 19759 arg cn®  should rot be considsrsd
A an argument sguinst the Npjorana theory as we lmow that also for aimple

ﬁ ~desay, in many ceass whan the spectrum is clearly of the allowsd shaps,
the walue of Bgpp 18 myugh meller thae 4 x :|.=‘.:|"'E:‘ﬂI erg :n'!. whioh sieply
imdiont®s that the auclesr wave fupction of she Initisl and finel states are

stronely dissimilars datlso thess sxperirents are not ms conalusive as Flremsn's

ons s

51}- H*ﬂ'-d.ue'u__lm Iﬂd T.Ha. Eﬂj‘ﬂ.ﬂlﬂl, Hﬁ‘im‘riﬂ* 1%‘5.1—9‘9; .Il'_l-'i:'n---.
0. A, Levine, 4. CGhicrmo mnd O.T.Eesbory, Fh;ru.ﬂiv-ﬂ,zﬂﬂ,lﬂﬁﬂu
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D. Copeluslonss
From the preceding aralysis we conclude that Majorane theory, with
any kind of simple intoraction . ¢+ leads to & result
for the double Hﬂ deoRy in ressonatle sgreement with experiment, in contrast
to the ueual theories with eonservatlon of particlss, which predict too larpe
s value for the lifetims. This dooe mot necessari 1y mann that the nsutrico is
e Eajorane perticls (or, as have bsen scmetimes improperly sald, that the
enti-poutrine is sgqual to the neutrino), beceuse & Dirac typa of neutripno in a
mixed theory of the type (m,b) would lesad to the same result, for a nok toe
smeall [A] .
This analyels polnte to the necsssity of making a mere eystematic
atudy of all pogsidle ceses of double JU ~decay, because the maguitude of
=50

Bryg u.mE (ng

Eger ® & |1 h-uil' wsy be in sume omsss larpsr than 4 * 10
heprens in meny cagss of winple ,J'E" ~decwy). If Eg i is this large, wo might
obisin an experimentally sigeificant gain in the probebllity of the pru:'rnsh

Alse the enalysis of the enerpy spsotrum should be earrisd out, when
possible, as it might plve more informstion on the nature of the intersstion.
Thig enelysls would, probebly, bring e new strong argument speinet the ususl
type of thoory lor shich the emerpy spectrum (given by (V-10)) iz completsly
different frozm theat predicted by lsjoruns thwory. The werificaticn of the
copstensy of ths sum of the ensrgiss of the two olestrons would anlso exclude
definitively the ususl type of theoriss. Floally, it would be ipberssting to
chegk the enpuler correlatlon piven by (V-83), (V-83}, ns any teniency to iso-
tropy will indisate the presence of a veclor, beasor or pseudovector interaction.
it should be ohrerved that, in prioelple, the experimentsl snalysie of the
whzular correlation in double ﬁdnuﬂ-;r ie eimplor then in eingle /5 decay as,
hore, the two emitted elsctrons mey ba, both, detected. Alse, ss Py corresponds




CA2F=[H=107 w18

1BE

4o transitiona to the pround stats and Fo to ap exolited state, thoze terms

oo ke, in prineipls, soparsted se the sum of the energies of the twoe eleoctrons

ig differont for theoss fwo ferme.
Un the thaoretical side, the forbidden tranesitlons should ba analysed
sspeclinlly for Hﬂnl“, as zome of the sntisymmetric terms mey give & oon-

trivutier of the order of the allewed (symmetric) transltion to the ground state.

ACERONLE DEEZNTS

Wo ame irdsbted to Professer B. P. Wigner for the suppostion and

supervisicn of the present work &nd to Drs. A. Wightmen and D. Bokm for

helpful diecussions.
We also wish to sxpress cur thanks to the Foekefeller Foundaticn

for the wrant of & Fellowship at Prioocton University amd to the University

of Sho fnule for the allowenes of n leavs of sbsence which made this work

possible.




CEPP-2H-CL1/ 28

1),
2).
5).
a).
B

8).

L1ET 0F meFERRNChsY

B+ Temorapm, Frog. Theors Phys. 1, 27, 1946.

163

de Selwinper, Phys. Rove E, 1428, 1948, E, 661, 1840; E. 790, 1948.

H«Fs Faynman, Fhyo.Have _TE, Tad, YE3, 1948,
E.E.G-Et‘uaﬂhﬂlhirﬁ I.Hd. I-F-Hi‘.l"ll!l.', H.l?l?hy'-ht-. E, 215, 1545-

W.lelsenbers, delts,fFhys. 120, 513, 673, 1948; Zelte,f.lleturl. 1,

€08, 1946. GSea also J.i. Whselsr, Fhys. Bev. 52, 1107, 1937,
P.dilyson, Physs Reve 75, 486, 1736, 1949.

Tle Pahulls Dirso, Phys.Rev.73, 1002, 1948.

t)e
8)a
13 )

He Yukawa, Phys. Reve 77, 219, 849, 1950
Aufnie and G. Uhlenbeck, Phys. Reve 79, 145, 1960.

Eels Piremen, "An sxparlment on double -Jeoey", Princeton thesis, 1943,

1%)e EoPs Wipnor, Gotbingsr Neohrichten, p. 546, 1982,

13:'- -
34 )s

15).
16}«
20).
£l).
22).
28).
v
29 ).
1)
223,

T.D.ewton and E. P. Wigner, Rav. Nod. Phys. 21, 400, 1940,

AaBMirhtmen and 8. Fo #imer, Tortheoming papar on Relsblvietic
Inveriance of GQusttum Thoory

WaPauli, Hanbuch der Fhysik, Vols 241,p.260; Nov. Mod.Fhys. 13,
K+ %a Cose, Phys. Bev. 78, 1, 1944,

4. Bmomh, ¥uovs Cim. 14, 322, 1937,

W.beuli, dnn. Inet. H.Polnowre) §, 109, 1936.

C.l Jnn'g and J.Ticmno, Physs Rove 78, 495, 1860,

E.Yajorana, Nuowe Cim. 14, 171, 1937.

W.H. Purry, Phys.Rev, 54, 56, 1934,

BaSohrBainger, Berl.Ber. pe 418, 1980,

Vilook, Zeite,fsFhys. EEF g2z, 1932.

B.Baaker and Os Ideblried; Phys -Rw.f_ﬂ_, 341, 1548.

205, 1941.

t) The murbers of the relferoncad sorrespond 4o the order in whizh they appear

in thae text as footooten.




CEIF-0d=001/13

3d).
35 ).
36 )
57}
35).
).
40).

41).
42)s
4%,
44,
46).
48 ).
50,

51).
852
53).
64 ).

Golenteel, Cusrbtum Theory of Flelde, 1549, Interscience Publishers, lew York.
Jo Tiomno, Fhys. Rev. 76, 8E6, 1545.

Eode Honopinskl snd @.E.Dhlanbeck, Fhys. Bev. 48, 7, 1935,

Es Farmi, doits.f.Phys. 88, 161, 1954,

Bs Toushek, doitz.f. Fhya. EEE, 108, 1546.

duFlars, Zeits.f.Fhys. 104, 553, 1837.

OuLeOritohfield and E. P. Wipner, Fhys. Aov. 80, 412, 164l1; GC.ls
Critohfield, Fhys. Rov. 63, 417, 1943. g

Luiohel, Proc. London Phye. Soc., &34, §14, 1850.

RaBaleizhton, C.0, Anderson and dol. Seriff, Phys. Rev. 75, 1432, 1546,
M.0oeppert lmyer, Fhye. Eov. Eﬂ? BlE, 1530.

Wll. Purry, Phys. Bew. 56, 1184, 1089.

 { P HI..I.:..'IJ‘D'.!I, hﬂﬂlﬁﬂ}"l =T I 1;'1'3.‘"-' SEl, 1951
ki Rl:'l]ﬂ: P}lzi"EI Fovre E}-_- ‘EE; LO3T .

H.ie Batha wmnd Tie Fa Htﬂh‘r; Hov. wods Pm’ﬂl E, EE‘. 1938

fo He 80211, Eoiooes 1 167, 1748; A. He Snell, F. Plesscnbon amd
Re Vo Volord, Fhys.Hev. '.'I'E, 210, 1550. Seo alsor J. K. Robson, Fhye.

Rove 78, 511, 1350. —

E.Fireman, Fhys. Reve 74, 1238, 194E; 76, 523, 1849.

Js Yabbauoh, feits.f.Phyzs 311, pga, 1941.

E;Sugr; and A.G. Helsholz, Hev. ¥ode Phys. 21, 271, 1345,

M.Z. Inghrem sod J. ¥. Soynolds, Fhys. Rev. 76, 1265, 1849, 178, 822, 1950.
Cuh, Levine, A. Ohiorsc mnd G.T. Sesborg, Fhys. Rev. 77, 296, 18960.




Perlirlos tle copiss desto pulilxagio devem ser enviados aos autores ou an

Centrn Brasileiro de Pesquisaz Fisicas
Aren da Publicagies

RBua Dr. Xavier Sigaud, 130 - 42 andar
222001 184 — Rin de Janeira, B

Brasi!

E-maili alinecd@obpl be fealeriafelpl L
e/ Sportal cbhpf ar

Requests for coples of these reports should be addressed o

Centro Hresileiro de Pesquizas Fisicas
Aren dae Publicasdes

Run Pr. Xavier Stgand, 150 < 4% andar
222001840 — Rio de Janaro, R

Brazil

F-matl; almeedfichpf br fsalerisodehet be
httpe / Sportalebpf br




	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	PDF preto-DHPB2.PDF
	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66


