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IETRODUCI5011 

The existenee ot the neutrino, postulated by Pauli in order to 

explaln the oonservation'of onera, momentum and angular mowentun in the 

prooess of/3 -decay, is today falrly well establlehed. 

A theoretioal treatment of the InteraotIon of this particie with 

eleotrons and nualeens In the premie ofp -decay of atomic nuclei nas first 

given by Pernil
t, zT) 	In the original papar Ferai used for the description 

of the neutrino a DInie field, I.e., a field doscribing two typee of partiolesi 

neutrtnee and antineutrinos. He used eu especial typa of interartIon whlch 

le called today a vector intoraotlon. Four other typeo of intoreotiom (acatar, 

paeudoacalar, etc.) ware proposed by Barth.> and Dauber ti w
$ 
. Also nIzner and 

CrItorflald4°) euggosted an additlonal Interaotlen (the antleynmetrloal 

Interaotion) ui:Uh ora be exprossod as a lince combinatIon of the sentar, 

poeudoecalar and pseudovector onos. An analysis of a General type of Inter - 

acidem given by a linear oonbination of the tive typos ef etnias enes was 

mede by Fiera
ze) In theço espere, as In moet of the ware reoent enes, the 

nodirlontlon of the Penai intersetion proposed by KonopIneki and thienbook"), 

(the ene not Involving derivativee of the noutrIno field), is preferred to 

Pernl'e original form. 

Majorana
2e) hae ehown that the noutrSno theery can ta treated in 

a Dum whioh Is In °loco auelca to treatment of neutral Boson fields. In 

the case of 1104012 fields non-hernition oporators ara uced to ~tribo ohargod 

t ). The rumbering of the referencea in Chie introduction oorrespond to 

the 'vier in vibloh they appoar In the text. e list of reference( is given 

at the end of the" papar. 



11 

partirias and two typca et partIcles oro assoaleted to oaoh nele (positively 

and megativoly ohargod); on the °that hard, hermitien operatoro are used 

for neutral fletido and, es a oeneequenee, thore is only ore type of neutral 

partiole. In Majorana thoory the neutrino field operatora aro aluo assused 

to be hormitlan if amo epeolal reprosentatIon of tho pirac equation ia used 

and thuc only one typo of neutrIto existe. This condition of @cif charge 

conjugstIon sem; extonded by Furry27)  to the caso of an arbitrary representatIon 

of the 151rao equation. 

The main quostion arisIng from Majorena's work Is the followIngs 

1s tho isentaria a Dirac pertIole (1.0., do both neutrinos and ant1-

noutelnos exlst?), or is it a Lajorana partia].) (i.e., does only one typs 

of neutrino exiet?) 	This qvastion eannot be answered by the malvae of 

the single te1-docay as both types of Cearias lead to the asna resulte In thla 

00.60. 

Furrr)  was the Orla to point out a possibility of deoiding 

aspendeentally betweenthese two possibIlltioe. Phla deoision le modo 

possible by the Net thnt IS a given nualoue decays with the oueoesslem 

eniesion of two alcatroas then Majoranase theory would leal to a holt Ilfe 

of the order of 1016 yonra, in oontrast to the valo* of 1022 years that had 

been Couro' by M. :loepport Layer 	Cor the half Sito of the doublep-doeay 

In amo usual type of theory. lhe reeson for thlt difforence In the maluca o!' 

the hal!' 110, is that in Majorana theory a neutrino can be olther emitted or 

absorbed in a glosa elesontary procese. For Instam*, we have both posei-

Maios, 

N — 	o 	11 
	

(1) 

N 4 V 	1) 	 (2) 

;Miare ff, 1', e and p reprooent, respeetively, the noutron, proton (+), 
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alcatroo (ar, bater, noeaton) and neutrfno,(1) and (2) are to te con- 

trasted with the corrospondine processes for the usual type of Feral 

Interaction (usod ty To M. Tiver) In whist: the heutrine is a Plrac partici*. 

••••—•—ir P t G • 
	

(1) 

E • PI — P + e (but not (2)1 ) 	 (2a) 

whero W. represente an mntineutrino (In this last case se could ala* 

Intel-Ghana Ir and y I ). 

Thus lu double /3 docay. tf the Doutrino is a Majorana partiole, 

a ~trino can be aaltted In the first donty (virtual transitlon) and 

reabaorbod In tho secam' ons. This Imanamos eonaiderably the numbor of 

IsOorrediate °tetos, as this nutriam can have any onorey Ia oppositIon 

to the cace oomputed by 11. G Mayer In which the enerey of the eoltted 

neutrincs aro roctrioted by the conservation of onere» 

the brilliant experieent performad by Pároman2)  mede the 

decision in favour of bajoranals theory and opened a nem chaptor - that 

of tho doublesp-demay - in Nuclear Nados. 

Rowovor, this expertment doca not prove deofaively that the 

neutrfno Is not a timo partfole. Por Tousbok
58) hem shown that ovou It 

the neutrino Is a eiras partiole, we can obtaln doublep-dcoay with no 

~ateio° °afastou, provided that*. include in the interaction trio oon-

vonlent typos of toros, one in whioh a noutrino (antIneutrino) is wo/tted 

(absorbed) together with an electron and ano in whioh ao antinoutrino 

(Doutrino) Is emittod (absorbed) with an alcatroa. nua in thle case both 

(I) and (2) 
holdo anuiu (as in Majorana theory). Also the pr000sses ebtalned 

troa (1) and (2) ty substItution p/. for ✓ are possIble. á theory of 

this topo had leen already suggested by itamh20). Piroman
ia) also oon- 
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sidered une euoh theory. Be obtalnod, havovor, a positivo resulto  In 

disatrocrent with Toushak vho found that no double /3 decai,  without 

neutrino emission can ecoar in the typo et theory ocnaidered by Fixem. 

The renaon for this discropenoy is to 	traood to tho faot that Firmam 

omitted the contributions from the antinoutrino to the praceies, whioh In 

thie particular theory oancolled tha ocotrIbutione arising from tho neutrinon. 

The prev&ously existing analyses of theories with two typen of 

neutrino loading to doublo J3 decair without eadesion of noutrInon are not, 

howovors completely antinfaotory, beoauso only sono special canos have boort 

exaainad. For inatanoe, the °duplo type of theory nuggeated by Raoah2°)  

hes not been considorod. Also ali of Chego oomputations eitbar tonteia 

somo mletskes or inappropriate approxisations. For inflamo, in furryls 

oomputation (Majerans tFoory) not only are somo torro neglected but algo the 

uneatiaraotory aeaumptIon is rada thet only one state of the intermodiate 

nuoleue ylolds a largo contribution to the trensition probability. Touche*, 

on the othor hand, falis to antisynaotriee tho two-eloctron wave fwiction 

for the final flete. Ali of thom noglect the selootIon tubas whioh play 

an Inportant role in thin prooesa, sinos both the Initial end final 

are of tho even-cven type. 

The purpose of thia papar is as followsi 

1) To try to formulato a theory of tho type oonsiderod by Fireman 

In witIoh, brocar, only noutrinon (ahd no antinoutrinon) would be involved 

In the interootion. Such a theory would lead in a correot way to the ~e 

resulte that Firomanmlotakonly obtalned In his computatione. Remover, ve 

1.111 dlsoard thle possIbilIty (Part 1) as the resulting thoorywIll be shown 

not to be relativintio Snvariant. 



2) lb (*mulato posonle ti:sortes ot neutrInoe, with special 

vleo to thoao leadIng to double /3 demy with no (mímicas ot neutrinos 

(Part IV). NO derivativos of the toutrino field via be inoluded in the 

(3-docsay intoreetion as Sn the thoory proposod by Konopinold and Uhlonbeoka6) 

In viow of the faot that sutil type of thoories aro in dIsagroment with the 

experimental resulte on doublo /3 -decey. An analyals of the relatIvIstlo 

invariante of the fIeU theoriao (Part II) and of the undorlyinG allbert 

apuo of neve functions (Pari III) will be also mie. 

5) lo compute the probabIllty for double fi vdeoay with no 

noutrinos in tho soverti typss of theory and to analyte the experimental 

resulta (Part V), 
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PARI' 1 

FIEL@ THECRIE6 

The fornulation of tho quentura field theories, amostImes referred 

to as naccond quantisatIon", Noa rocelyed recently sIgnifieent contrIbutione, 

eapecially from Um worka of iononaga(I) and SchwInger
(2), who introdueed 

the 7intoraotIon reprosontatioe, and from thoso of Feynman(5)  and Stmokelba 

who succeeded In fiuding the S-matrix fornulation of tho Quantun Lloctro-

dynamtos In configuration opaco 3n the Unes suggested by Relsenborg(5). The 

equivalemo of 	tormulations was ahown by Ryson(5). ~ao work* leal not 

oniy to a hotter understandIng of the field thoories but, at least in the 

caso of Quentura KlectrodynamlOs te computational proccriptions lesdIng to 

finito enamora for preblexa whose solutlon in the earllor *tatos of tho thoory 

was impalred by the presente of infInIto terno. 

All thosc &ostenta, ao well os the earllor works, vera 	tho from 

of local field thoorios when.° charaoterlstlos agire nado proolso rooently by 

Ditm(7). An attempt to oonaider non-lcoallsable :tolde soe mede recently by 

Token(8) kon-locallsed interactione hes almo beco tr5od by aeverel authors
(9) 

In Mar to ollminsto tho diverconolacwithout subtraotIon procederem, 

(1). 5. Talionags, hos> Theor Phye., 1, 2?, 1946. 

J. 5oheln);or, 2hys. Rev. 74, 1459 

R.P. Feynnan, Phys. Rev. Is, 749, 

Comparo 3.3.0.- Stusokalborg and O. 

h.Roicenbern, Zeats.9- Phys- 120, 
808,1946. Sem ale, 	Shoo,W. 

, 1948, 75, 651, 1949; 16, 790, 1949. 

769, 1949. 

RIvier, Relv.Phys. Acta, 23,215,1949. 

613,S75,1945j Zolto.f. Natur.f., 1, 
Phys. Rev. 52,1107,193?. 

Phys. Rev. 75, 496,1731.,194e. 

:.A.L. :Jirau, avo. mv. 7 	1,592, 29.2J. 

n. tükbWao 	ReV. fim., ais, Wv.iàto. 

A. Fale and J. Ublonbeck. Phys. Roo. IS .40. 1950 (with an extensivo 
hibliorrapnY-) 
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We shall rectrlat ourcolves tc local field theorles (a reviso of which 

will bo moda in section A ar this Part), although an attompt wIll te mede In 

sentisse 3, with negativo rosuit, to contador a special type or non-local 

theory of the neutrino. ThIc ano watt euggested by Flre7An's oomputation of 

double 	-dectay(10) in a special thoory which will be analysed Inter. As 

will be scan tiramento theory dosa not lettd to double rdecay (ter a soro mesa 

et the noutrino) In vice of the cancellatIon between oorresponding termo in 

whIch the Intermedlate neutrino le elther a partici° er an anti-partiole. 

However, In tiramen to oomputstion the adoesta typo of teme acre suppressed, 

thue lending to a finito result. Thls wouid correapend In field theory to 

suppressing the negativo oncrgy pari of the neutrino field operator, thus 

leoding to a non-local theory (as the positive enorgy pert of the field 

quaatities do not antinommuto In points oonnected by @pacto libe ~tora). 

Thia resulting thoory eannot be formulated in the Interaotion %presentation. 

ao did not succeed in formaleting it In Releenberg Representation either. 

It can bo formuloted In SchrodIngor Represontatten but it ia then niffioult 

te analyse its levanta !ovarianos. 'AO aboli analyse Ite tormulatiom im the 

2-matrix Represontation and conolude against its %rent& Invarlanoe Cestotion 

A. Local field thoorlOs. 

/hera are tour euivalont fermulation of such theerleas 

Stoltenberg Repreaentation, lute:Itatiaia Representatton, SohrodiL2er RepresentatIon 

and Sadatrix formulation. W9 aboli stert with tte Interaction Reprosentation 

(10) E. L. Firam% "An experlment op. doubio /3 -deeny," Prinoeton Incei., 1948. 
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not only because the commutótion rolations are gaite almple ia titia 

representatlon, 1st% alto beoeuse it Is the moat appropriate tom to the 

anelysis of the [canta Inverianse. 

1). Intoraction Representativo. 

Ir we bato soveral tensor (ocular, vector, tensor, etc.) ficado 

A(k)  (ir hormitian thoy will oorreepond to neutral quanta, if not to ohcreed 

onoa) and seviral epinor field° 1/T4, which aro funotiona only of the space- 

tino ccordinatel x 	(x14) a (x°-,  to  xl, x2, x) the field equations will be 

In tho intoraction e-c:presentation' 

uà 	ri( e ))S112).. O -- 	 (I —1) 

e 

) 	
f 

( r7 • IX ) A ,X) 	-o 	 (1-2) 

jiirki•• RS(s) Yr-kr11 	 (1-s )  
J CRX) 

whoro-frcry is the ouantum nave funotion of the system, at the space-libe 

surtas* Cr , and* 

y" 11  
o 

1.1  
e  r O µ 	2 gµ V  (1.4) 

D 	 (1-5) 
).x Y  Ckxli  

-0o 	If µ1f V ; 	 I. V 	Men - -1 If p. I- V -0 (1-5) 

Raro it e. o - ls ropeated uppor and lower indico rasa aummation fruo O 

to 3. y6 (x) la an scalar hormltlan oporator formod with the field quantities. 

Tosether with thoao equations tho comautation relations are to be &Ivens 

ii(k)(x) • A(10 )(roi) „. A(1c)004t(rs)(xl)t ANI)(x.tit(k)(x) - 

0(x.50), (1-7) 

"there the symbol t men* "hormitlan conjugate". 
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a(c-x°) Is c tz.ncor e.0 ',•;*9 ;i3:: Vf,;;I:. 	 )3 	Á(2)1S 	selam. 

field then C(weni) I,  4... L.Cx•wz.1 3 (r' use sc ler se pessible Setwingor 'a 

notation(E))• 

14.fr  (t)(x ), up 	
e

CF)froi 	„titiN)tpei)(, 	
A

, , 	an)tx,)tP)u) „ 

	

4 	) 
1 s• s ci _ro  

(1.4) 
t'  4/3  

trai S(rAiTY)•(X"5:ti.  ""D‘Ifr'-"Ág 	 (I-9) 

.1  9)1 y O 	Sti 1. es 	r 	'fr anel + 	 (l-10) 

Por the nome:: ae. shall excluda Cm caos when acme of the 'pinar fields do 
• 

setird'y condition nf. the types 	.0  - a. C 9 (Mit abarco conjugation), 

where 

C 	(x) 	I(x) 

is the cri rd: cornluzste field, the nutris. C being defina' by 

(C e ri) stp, Y ,2   

In othsr verde ra reatriet coroavas, tor the Mr...831.... to Cirno type et 

apito: fielin (with pe.rticle anal antipertiele). 

TM othsr ennante.tore (et caticoncutatore, i^ between spinor fields) 

are animal to acro. 

En thia repreeentation the :ternentu-nvzoru vector ise 

Pa 	T(1,°) 	ir  dg' Z(x) 	 (1-11) • 

Q' 1261.ne sa Elp5.2ollke Borram udu 

(dx1drtdx3, dradx3dx°, dzadx%xl, dxadacidx2). (242) 

P (°) ia tino operw-chemontam mister for frua fleldet 

P(43)  Ia je. ddµ T (I))(x) ItV 

whloh :alarias the eosservation equation(a); 

(143) 
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o 	 (I-14) 

(o) ohould amtinty tho tommutation solationas 

	

(g)
• 
 A(k)(2)j e 	ã AN) 

Tre At 

	

I pm(0), yr e )(,)] 	5,  )kficti 
ox 

Sie can aleo write4 

Pp  Cai - 1 To.v  (x) do v  

where2 
	 o- 

Tily(x) e Tm:(x) 	SI), Y6(x) 

In ale repreaentation, if
g
fer.)18 an operator of the typet 

F 	 I  nx)d 
g 	

(1-19) 

it ia oonvonient to defino the derivative(2)s  

1 
siA6c) to  1 ilnE)  frit,i IF(.0,1c.f. (1-20) 

	

i—S--.- 
- 

I 	 ,,X,, 	g 410-(x) 	d X 	a ;c g 	. 	ri 	I 

Tho oonservation law for a quant1ty
A 
 (x) roade Chen: 

dr Cit) 	à P 	) (x 
i 
 dx 	- 
..-g-. 	i 	s-- 	,(d oti4py5(x ). Pµ  (x')7 - O  (1-21) 

c) A  
1.4 	 g 	ce 

In tho apodei coso Mlon tho oonditiont 

Li(x),76(x.)] a O ir x-x' is sp000llks, 	 (I-22) 

is aatisined me heves 

dA(x) 
j"L1 E1' 

3P(x) 
axis  

f )(der' R5(xt), F(x)) - 1e [Cl, F(x)j (1-224 
) 	 g ' 

e 
Thus wo Pindá 
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T (x) 	52 (oi 
iS 	1 	II° 	I ,  /I L 	frt(x).p 

t.a.(x) 	dx 
	

agN) 

l)3(x).goc, 	 (1-24) 

The coneervation low Sor anergy-nomentum lir:poses then that thia 

expressios be miro, xsloh ie a restriotion on the ecnnutetion relatione of 

the field operatora. 

Of oourao expreasion (1-24) will vanIsh ift 

I.  26 (2  ).741
(x' )1 - O for z-z' spacelike. 	(1 -25  ) 

Tinia relailen (1-25) Is • suffloient conditien for the oonservation 

of enerzywnomontum Sn a field theory. Clearly enough oondition (1-25) is 

automatloally satisfIed in tho usual theories In which4g(x) ie formed with 

the total field operatora, whose ocrmutators (or entioommutators) wanish for 

spacelike. llowever, thie will not be troe, in general, if, for sono 

field°, only tlx positive energy pari peitara in the definStion of (x) or ir 

commutators °that than the usual ones are usod. 

Integrabillty conditions 

In order that eguation (1-3) be integral,  it is nocaseary that the woriational 

derivativos on two differant points or an spatelike surface oonrmfe 
(wo 

rostriot our hatalltonian ~sitias tc those whioh aro indepondeat of the normala), 

or 

I" 

á o'(r')Gce ) 	G' Co 	cf(x, 
 1-Inaj- 

-1.2é(0). t(..)J -itricri. o 
	 (1-26 

whioh is troe if (1-25) is sotisticd, but us lese reetriative Usa that 

eondition, bowevor, it eeems that it would Do wery aorsplioated to work out 
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thoory with a suppletontary oondItion Ince (I-26). Une should absorve 

that (1-26) Impoaes not only a reatriotion on the fome of Y6(1) but algo 

on the oornutatIon rolationo et tho field operotors. Aleo it aseures the 

conserratIon lerm for erorri-monontum: nevortheloee tido luz could renda 

y (X) 	lricri- o 
x, 

- this hould be the osso ire. had (1-26) aatiefied instoad of (1-26). 

2) Hoisenberg representationt 

Thie Is the tf:presentation In whloh the wavs tunotlonlra  Se 

Independont ore : 

g -1f 
7 (Et) n  (). 

(1-Z7 ) 

gow this new ware funetion should be related to the oid one by 

eu uáltary trateformation: 

"11-ref.lea 	iCrj "‘K.  

suoh that: 

76(x) GIC 	 (1-23 ) 

Any operator 10(x) at the intoractlon reprOOOntatiOnwill go intos 

P (s,Cr) - 0-1(0)f(x) 2(01  ;Mero x 	er . 	(I-õ0). 

Now: 

á F.  171 	- (x. 	 F(x)  5 1 J 	F  idiL1£ u_kir )u to, j  

cr (x') i 

u

rá or)  

1 f$j  [-Ur , 1? (1c. ( )] (1-51.) 
É. à gl (s? ) 	#w" 

Then by (1-29)1 
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F (x, a') -176(x., 	f(z, si)] - u to ii,x1),F(t)] U 	I 
ifiC(x') 

New the usual fona of the lielsenberg repreeentation implica that 

also tho field operators do not depend on the aurface C (although they 

still dopend on the the coordinste). 

thus tho condltion that the nos operator L wlll not depenei on 

G is that; 

[as (a$ ). F(x )1 se o Ir x-x% is epacelike. 	(1-32) 

If thie oondltion is satísfled for A(k)(x) and Ir(e)(x),  ort 

rits (a), A(k)(x1 ):11  Neilig(x),(r (e )(xt):: - O. for x-x' epsoellke,(1-33) 

the), the equationa of inotion of the field quontities, in HeSsenberg representa- 

tion, taco:net 

(U -92c) A(k)(x) -i 51(Sif 1-,Y6(x).4)4—--LL)241))ddsv utole,--54) 
x ' 

( 

	

	 ) (t)(x) - I II-1(00(x). y (e)(21  )7 dai: Cq(Iess) 

à t(k)  (x I 1.4 er s I, Basi as .±— 1-1(2(x). 	- 	1" ' s, e i 0(x).DIA(k)(x1 )] " O for 
ortl(x) 	 a x Tu 

;)A(2)(x.)1 cíCila ) 
3  

x-x• spnoollke, in riew of (1-2) and (1-33), tho oondltien that the soaond 

member of (1-34) aill not depend on kr (as the first one) ia. (by (1-32), 

with F(x) - [Ye.:(x). -.., 
1.  si xt v 

" C I  Ci t 9  fjr    (X I I  ) k[R; (X) e 	ll a (kb C 4  ) 1.1 

a X t S.  i 

	- o ir x" e G.  (x),, (1-38) 
dre) 

whioh is true If (1-35) holds. 

Aliso we have; in visa of (1-1) and (1-33), 

(P) 

O ri (x.) f [MN). (x1 ).1 d ifwe 	- 	mad-,76(x),T (1-37) 

Cr 
Lf we toa. non F(x) 

I s  (e) 	• (.).Y W N .) O 41; 	the secou(' 



member of (/-35) els. wIll not depond on Cf In 

‘e) 
GWV).[Y€ (x). 	(ti (xl aO.; 0  Lf x,x0 e ogx), (1-38) 

This Is again assured by 1-33), whioh alto estucas both the 

intursbIlity o: SchwIngor-Tomontea agnatIon (1-3) end the coneervatIou 

of anorgy-momantwm. No attempt of tonerallsatiou of the oondltIon (1-33), 

se well as of (1-25), hes yet boon mede. Possibly this oennot be done 

án the aoheme of local field theorles. 

3). SchndInger représentetIons 

'de ehall eall ShiaInger roprenntetIon thet represente:UI= 

In whloh, 

e) lhe field °pontoes do not depend explIodtly on time. 

b) rho tato dependeu°. of the arava function Inolodet that 

whIch tomos from the tett that the °pontoes ore tino Indopondent aa well 

se that lahleh comes from the Net that the serrana ff are to bo 

reatrloted to that° on whdoh t 	oonstents 

In order to do Chie, atertIng from IntenotIon roprosentatIon, 

re firet talco& 

d irá 	 f dax w, rim -rft (I-40) 
dt 	j 	tí t(m) 

New wo rake the usual cationloal transformatIont 

Titl 	0-21(o)t  lpr(t) 	 (t-40) 

- 0.13(
0)t r(r) 0-ígot 	 (1-41) 

	

?(x) = e-la(a)t %Á7) elnot 
	

(1-42) 

where x repreeent the space 000rdlnates and 11(0)  - P
(o0)  tetan st t Oy 
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'41-(t) ond F(s ) eree respootIvelyt the new am.o funotion and the new 

operators. Of oourso FC-7 ) Se 'qual to F(x) at t 0. 

It should be observada  In oonneetlon with the definItkon of Rio), 

tnat the tine derivetIves o!' field oparators eppearing In the expression 

of P(o)(t) should bo elininated by the uso of the equetione of motion (I -1) 

snd (I-2), betore nakIng t c 0 (thore may be some dirrioultioe In acme 

speníal cases. Chis ie not, hesaver the situation ia the cases we shall 

be concerned with). 

In 	et' the tranerormation (I-40) the nem wava funotion-r(t) 

sofistica the Sehrodinger equatIona 

aInt) 	33 i(t) 	 (1.43) 
dt 

with. 
ii - H(0)  4- j( d3  x 	(Z.) 
	

(1-44) 

In thle representetlon the relativlatio (+ovariano° of the equatione 

is not as obviem se In the two pr000ding onoe, na time and space cmlinstee 

are not treetod on the asno rooting. 

4) S Eatrix forma/iam. 

Ir the nave funotion lre01ostiotlea o remonaga-SchwIngor 

equation. 

1 YrG1 	(x) 1r1- 0-1 
5 cr (x) 

(1-48) 

and ir we 3anaw Ste exyression i(6-/at a given space -like Burreca cre, 

tben we nen engrene it, formelly, for eny other spacelike aurfaco d ia, 

t[c3 	S ENZT 	-/ 

abara $(6d-')is a solution cif the equatIons 

is rr-1  ZN) s (c ri 
á (T(_) 

(1-48) 

(1-47) 



satiefylnos tho bowniary oonolItIont 

8/.4""011 ao 1 
Aleo 8 irodó“jahould be an unitery matriz' 

s.[ cr'à 

11 

as is ne000sary ror tho ooneervation of probability, hera tho unitarity 

oC (crej is a consoquanee or the Caos that Y6 (x) in eouotion (1-47) 

Se hernitian. 

Finally, ao 1Wjahould ohm be compressed In torno ar InCjacet 

- s  Lcr i 	 (I-46a) 
Iro rind tants 

sj-cri  C.Ì  - sfo 	- s Co' o.] (I-6o) 

flua we can add to oduatIon (1 -47) 

as Sítyro nri 

	

St-On od) Id(M) 	(1-47a) 
ei 01(x) 

Another importaat proporty of the matrIctes SLOC/0] ie compressed 

by the ralatiome 

s[o-di 	sjo-o-i ] s [ri  e.] 	(1-61) 

where cri  is coa arbitrary space -likoa surram. 

In ordor to prove relation (141) we first provo that ita a000nd 

nembor is Indepoadont of cri. For thIa it Se ouffIcolent to notIoe that 

In onnmequence of (I-47) and (I-47a) we rinds 

si c1 
s  

1 sr(oli crif sei0  Tu: I fi V1(z) 

s fcçcq sketoni 

	

o 	(l-52) 
1(x) 

Indoed ir voo otart with e civon Internediato Borracho cri  In the expressivo, 



The !apronte/1 of the infinitealmal tremsformation 

is, from egeation a-4n glvon by• 
11 • f 141 

EZ15. *1' Crlj" .1 	 tA 	(2 -54 ) 

s 	Q-91,1 

ZEFf-DE-011:* 

11 

em the asnond member of (141) and Mago eentlInionsly thle surface unta 

"os. reter apseellice surfe*. Is obtained, we soo that the fina empreendam 

ft *qual tu the Initial ene as all eariatIons are or the type Dr (142), 

R.R:* 'AMO Taalan1nç. 

hOW 	7/0 Calce in spooial cri  • 	or 	•id e 	tbart We ase 

that the anotei member of (1-52) t000mee oqual 	B .teirij , as stated la 

the first member. 

Ma Imediata csoneagehnce of the property exprer •:t in oxpreaslon 

(1-51) Is that it peralta to emprese the.  finito tranaformatioa to' o" .3 as 

produot o!' infinitesimal tranaformatione ordered aleng any path ( of 

ordena apeei-11k. **arfai:ma) from O" to ()".. • 

s to-'0".7 - 6 Írs Tm s Idn n_13 	 pf 2 0-13 S Ícital 	(14s) 

(6) Dy4On has ShOWN/ that using (1-54) we oca re-writo (1-55), C1300 the arderiam 

of lhe surtam) Is girou, nisch that only ema surface panos 	eaoh polnt, •s• 

cr 	 0°. 

pr d g] 	1- 	 (x) d4x - pe(x)de 
tr(x)

gr5(x9 

o " 	 ce 	 C 1 -b6  

when'. Cr(%) is the 011e St SU0h entrapes whloh panes by the tolas x. •Ile• 

tett that exereasion (3•55) is ladopondent a? the psremotriaation of the 

oorfacos i• a osaxbradeaso 	the saem properhy velid tor 11-c.5, 	aoret; 

'•ohfore. 

It 	uasy to verify tnat the sano omprosoior. 0.-ed) 
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Poreally in the caso abem cr and 	do intersect eaoh othar, es 10be 

04 ve parametrize the ration hotweon ticum, sor:toes with the help of an 

ordered faxdly of aparo-like marreco° pascias by the Intersootion of Cr 

and C to 

2t should be observed thnt the possIbility of assuaing expr.:Basica 

(1-65) st vent', for any eurfaces v and vr '  ia o vonsequence of tbe 

integrability of sovation (1-45), which ia only true if the integrahility 

vonditioal 

10(x),  'ANO] 	- O tf. x-x' Se rpace-like, (1.4a) 

is eatiefied. This ia siso essentlaIly the oonditIon necuseary for tho 

Independente ofexprossion (1-55) Co:Sfbd'J on the pareaotrisatIon 

of the aurfacose Ir ao want to try un S Uatrix formulatIon of a tbeory 

for which condition (1-56) Se cot satiefied 	will be oonsiderod in tho 

atxt soutien) thon wo should restriot the definitiva of the S ;latria to 

an special group or surfes,* in such a way thet the parametrisation will 

be migue in each tece (eay, plana asno/11k* surtaoes). 

Heidenticrs - Stuookelburs 	Foymman 8 Matriz. 

L"xe know the watt tunctiOjnOjat the surfaoe in the Infinito 

peat thon the unes function at any opaco-11kt, ~face le?°3,411 be glvon bys 

s¿0-  3 irfri.0) 	(Is?) 

alteres S Cal c Sio' C:00], and the viuvo function at the infinito future 

bye 	

Wd. 3 3 -̀1 v-c.a 1 	 (I-55) 

whoros 	e s fino, 	co] 



oro 
5 	r_ 

w4 ni l 
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The matriz S oen be wrItten, socording to Tyson(6) ass 
c00

0  ( 
.... 	del...den  P (W(xl) 

..Y  e(%)? 	 (1-69) 

when Pis an oporator ehloh ardere the terce in the braoketed produot 

aopordins to the orderinz ar the turfores 51(xl) ...Z:nen). Now, for 

the usual types of theorlas, the natais elemento, botwoen fres *tetos, 

et the expressivas P (77 (x1)Yd5(%)) can be wrItten ia tema 

ar the Si4„(x-x') and Ap(x-x1) functions (o-tumbers) used by Feynnan(3) and 

Stueokelharp(4)  and thae the :latria S is siarem to oolnoldo wlth the S-

Fatie usod by them In eentlguratIon reprosentatIon. 

Invarionoe of the 8-Watt* fornaliees 

There aro three oonditIons which should be satiefled by the 6-

Matriz (besIdes Cume doneldered et unItarlty and oasuallty). whioh In 

the presa:* esse ore a diraot eancequenee of the Slot the-  the theory Is 

dorivod from on Ineerlont Tomonaga-Schwinger equatIOns 

1) Farm Invarleneo. 

2) EquIvolense of any net of ordored « surfaoee. 

2) Independenee of the Matriz $ 	lio 8 (gr .0.1J from the 
rress-oo'-. 
cf---2,  Cr.* eo 

The tire oondltdon is boro fulfiXled ac n ccrsoçuonco cr tho ract thet 

£ (X) Is a &Dotara 

Zr we malte a Lorontz TrounrornationE 

llniting sorteais [j* c° 	co  • 

• • • 

xlt 

 

(1-60) 

 

Lluon !to Luva runctIon wal undorzo, io roera: (au onalysla of tio 
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Lorentz trnestermattonwill te maio In the pari: 21), an unitary trena-

formatIont 

-trur3 --1 u irtee) 	 (I-8I) 

sueh that, It sr, Cx) ta a acatar eo will bates 

VMUm) V-1 	- eig(81) 	 (1.41) 

the enitary (In .;eners1) operater V beteg determina (Part 21) In eueh 

way that the free fleld equatIone remata Invariant. 

It is a eonsequenco ot the acatar ~uri oit X5(x) 	Onrdessed.by 

(1-52) that the oxpressIon 

s ro, o' .2 11. -1  
eorrespendlne to the S matriz In ths now reCorenee trace, Cor the ame 

aoppsoaa 	Cel and the same serametrIzation  hes ths sano tora na 

Crt 	, In the orIcInal entom. 

The aecond mentItIon can te oxpressed more preeisely ia the folloeIng 

tssye 

espaldar WO tas lies of space-111re surtam» ordured troa. Lhe 

Infinito paat vo infinito futuros 73' Cl2' C7.3.  

 

&rd 

 

cr 	cr' 2' 5 	 and the oe'rrespondeneam 

 

 

(---)a, . (1-83) 

thus there should W ac unitary tronstermatten conneetIng the ~e tunetIon 

In the conreapendIns eurracees 

"Ir C cri u fe, 	icí'4J • 
424 aleo there shculd te a relatIon betasen the oorresponding 8 ~rimes. 

s[o.I j- 	
fcts  rts  s icr; 	ut cr lis] (1-60 
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Ocos In <lex of the prevlouc analyaia it Se olear that (1s64) and (/45) 

aro verlfied if we taket 

viril 011 •. efri T; 7 
	

(I-66) 

It is postible that In an 8-1latrix theory not derIvable from a fononaga-

Schwinger eauation we oould have °na:estime of the typo (I-64) ema (3-65) 

with an U matriz essentielly different from the 8 estria. 

Tho third condltlen referred to ebove, that the catrix 

a - s 	c-0  eg, be lndependent of the teto limiting ouramos, ia 

a eoneeqoance o: the !Met that ae imposto, st least for soattoring processos, 

t:st-9 oe 7 jand lírkarribe independont et the %melai surtam* Javali:roda v 

(.5 -19102 
O for C r- oorça Os  (X) 	 e oo  (I-6T) 

Poro ire* conelder too different família° of surremos, say ai* planes, and 

comparo the expreasion of S obteinod from (1-59) for the.o anos we soe 

that the only difference ccaing about ia the ene In the order of eono operatore 

In points wità) space-like oonneetion; houaver, In the present case this 

e:foro:In order Se oninportant In vime of the connutation rolationt 

Ler(x) • ;16 (x. )] 
	

o 	ir x -x,  jg xpxon.aixe, (raso) 

Thme the twe expreattone of O, for the two parametrizatione, are Identical. 

- NOA local Sehrodinger projoetIon theorioa. 

Ao °Cd bafore we are maInty intereated on a thoorywditch is 

otteined froco that usedbyPireman (thie sS1I be analyzed in dotal: In 

Parte 	and lv) by the subetitutiotic 

1.1".  (x) — qi  (x) 	for the neutrloo fleld. 	(/..66) 
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ntere f (x) ia the positive enorgy part of 9' (n) iyas 0511 oall a 

thooryroaulting freia any usual ene by a substitution of the type (I-68), 

a elSohrodinser projention theory*.) 

Io ries of the aubsetution (X4,63) the intereotion hamiltoniaa 
Np  

Yé(x) of the original theory geos lato a nen exproasion 75(x) for whiob, 

lu generaliZ(n), 74 (x.)] )( O orou for x-x' spamaelike 	 (I-69) 

Thus we will not he able to write, anyncre„ a Tomonaga-Sohvinger 

equation, although i.e oan still expnasc the recultIng theory in Schrodinger 

reprosentation, where the Maniltonian H  in equetiou (1.43) le glven bys 

II . 	.156' 6-,5 dsx 	 (1.70) 

In the esse of Firenante theory()  the (Forni) intereatIon used 

Is, In the atolar nascê  given bys 

() 0 a Ip(x)ntx) `1944:(x),[t(m) 415c IPI(z)] e  hoch (142) 

valere °hen.* mane the hernitIon eonjugate o£ the procedias terna. ny the 

Sohrodingor protootlon (tesa) eu obtaInt 

ik• 	 “$.1. 
tg(t) - g 7; (.)9;,(307(20i Tu) • "se r+(x)j  

whIch, as it is of isrediate ~Mastim. is of the ene (I-69). 

This rosulting theory, fonaulated In Sehrodinger reprosentation, 

is macsenlelly the ene ueed by ?tronou when, in the application of the theory 

gloso by (I-71) to double /3 • deeay, he negleoted the antineutrine (montei-

butiont to the inter:mediste states. 

&mover, we shouid analyse now the relativistio inverteu:toe of mina 

a theory. The Sehrodinger reprosentation boing nct appropriate to the 

snalyele of tho relotIvistio invorience we first fermulato tis theory In the 

S - matriz reprosentation, 
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:gore en dentei 
t 	 t 	 t(m) 

C, ft) s• 1 - i I Mi(F) 84s 	Ma) de I ÓI 
evo 	 •-oci 	• -et 

•P • •• 	 (1-75) 

in anelar/ to (1-55), "dota t(x) is a plane, normal to the time dIrection, 

passIng by tho poánt t. 

liou it te UMA that ir to defino' 

litit 1 a$ it 	3 	(1•74) 

thenliit j m111 eatlary the equation (149), whloh iras shown to be equivalent 

to tho Sehrodinger equation. The 5-MtrIx '7111 be *AU 

S - lis S it 

t -->ao 

Nas In ampare the expreesions of 5 obtalned by tiro observem 

whoee reforcemos' travos hsve direi:trent time direetIone, whioh should be 

identtaal in 144a 	tho thlrd condition Cor Invarlanoe of the S-matris 

faminto. Hare, ae bafore (equation 1-59), we oan expiava 9 40g 

g 4. 1.5  	.4 de, 	den  (5 	•••• (x4 (246) 
n.03 n 	- opa 

ricto, as the ordaring ororator P ts not the garre for the tiro eaordinate 

syotems, we Se4 that soro Coutara ia the interende of (1-75) orhieh will aproar 

Cor ene %/abet in tho ordor 	(z) 07G(x"), wáll arpear In the seoond osso 
•-wr 

as "Ig(sl ) dV (x) for soma x -xe spackellkó, Now in view of (1-59) thoso 

oontrIbutions w111 be dIfferont and thus the tiro exprasslona for S wlll not 

to in gonerel identiool as they should be. Sowever, we ehould analyee every 

oese eeparately 40 oompensationa mizht 000ur in 60700 04000. 
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In the special cose whomid(x) In of the type (1-72) we oon 

~unte from (1-75), folloolnx nyeon's method, the Peynmen temo 

oorreeyondIng to the choram In Waitth a noutrino In exchanged between 

two inoldent noutrons whioh deoey finto teto protons and two eleotronae 

lie tlad that, iustesi of the usual ineariant Feynman funotIon for tho 

neutrino llne, tia funotIon will appaere 

a(210x2) Sp(xl  -x2) 	 (I-76) 

whloh is not Invarlant in viow of the Sector a(xl  -x2) dont:tad byr 

e(z) - alga xo 	 (3 -77 ) 

Tbe aux oonoluelonumuld be reaohed by tho *atual oomputotioa of 

tho same processe (doubIe is dooay of too collIding neutrona) erma the 

Sohrodingor ~Man. 

It ehould be obsereed ;aro that not all of the Schrodin&r pro-

jeotIon theorles are not relatIvIetiosny 1mm-tants In some special 

*ecoe, es wIll be conaiderod in Parta /11 and 2V the nem ¡As) obtelned by 

the. nubetitution (1-28) still estiadas the inteGrability conditIon (1-66) 

end the theory is;  thorefore, relotieltioally Inearlant. 
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PARI II 

IRVALLANC1 O? FIELD TUEORY 

UNDER IMPROTTP unani TRANSFORMA:TIOS 

Thia chupter is concernes:1 prtaarlly with rostricticne on 	decay 

and amace intereottons whiob oan bo ontemod by etudying the transformation 

leve of tho field quantales uodor the improper /erecta group, lb, propor 

Lorents uoupwill olmo be discosaed to soma oxtent In acotiam A, nainly for 

the pnrpeee of illuatrating how one isto formulate tho probloa of lnvarSanoe 

of the ware equstione
(i) The attionitery troatormation suggosted by 

21por(12)  for Uso leversk0n ia alvo introduced In tho foro whiah corres- 
fnnotion 

ponde ta the truneforroMon of tho one pertlolc wave/given by Newton and 

Wieher(1.3) 

lo :cotim B the problen of invarlence of Tuentum Eleotrodynamles 

to time Ir:version is inveetioted. Two poseible traneformations are sat 

up which can ropresent tive 2.n:ensaiou. The first of theee, deneted by I, 

is the ene already introdtaoed Sn ~íon A, and it is oharacterited by the 

proporty that the epatial pert oftbe electronagnetio vector potential 

reverte its elo urider tiro inveraion ohne ths time-liks part doce not. 

The seoond transfer:mations  dosolcd by II, has the property that the vector 

potentiek transforme like ao ordinsry vector under timo inversion. 

11), Sle Conca, ia eeotion A, the Unes of a ferthoOnIng mor On tbe 

subjeot of Ungiste lava:lance bynitner and Wightman, lneasuch as we know 

of it from discueetone with the authore. 

12). I. P. UlGaer, GOttinzer naohrlohOon, p. 546, 1952. 

13). T. O. Nowt.fli and E. P. Wipper, Rev. Mod. Phys. 21, 400, 1946. 



In aection Co  St is found tr4t tio more transfornstions (denoted 

rospootively by III and IV) aro póseible, but only for the special osso of 

soro rest mese.. Uns, III and IV noir bo appliod for the osso of the neutráno, 

but not for any particle with finito rest mexe. There is no remoia In princi-

pie why all spinor Molde should &Mut" in the some wny under tire Incei.-

'len. This prob/en is thoroltre Inveetigated hera, and the possible com-

bloations cf fields treneforning aocording to I, II, UI and IV ara analyted 

in dotei'. We pay special attengion to the Cerni type of intermation ia 

thie study. 

In oection 9, en investigetion is nade of the possibility of intro-

duaing ed2itional phase facters ia the improper transfornaticns. The poseible 

✓elhos of thc 'hese trotare ore found and a discute:0n is given on the 

• cf tho transfomnetion properties of epin 1/2 fielda on the synmetry 

of the t4a00014 field funotion. Variou& typos of /5 -decey interootione are 

then discrissed with mord ta their bohavlour ;ander ImPropor Levante trane-

fornations. This problem lo of Laterest bacana, without the use of the 

phase factores  severa of Checo possibilities would not leed to incarianoe 

of tho fiamiltontan urâer the inproper Lorentz transtormatIons. lt tu Moino  

hometar, thot with eu appropriate cheios of there phase reator& all of the 

referred Intoroutions can Do nado inverient, co that they saoh provide • 

poesible beide for e coneistont theory of 	sdecay (this point will bs 

ineestigated farthar ia Part 	FInally, the transfornation proportles 

redor the inproper tonante group af a ilajorana field ara itudiede 
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A. Proidoinary conscepts und resulta. 

For simplicity of lantuere Jt is convenlent to introduose the con- 

cepts of bodily Identity tnd oublaotivo Jdonti.>•y(ld). 	A glosai ',trilos' 

eystem (or severa' equ/valont systems) can tu viewed by soverta observors 

usine difPorent 000rdinate tramas. The system and its etato, although in 

difforont relatione to the several observara, is Uma seid to te bodily 

identioal for all of thom. pn thu otherhand two different systems, eaoh 

obeorved by s differont observar, aro said to be subjeotively identioal 

if thoy oanh boor the some roletior, to the correspondins observarei. In 

what tolices •se ohall laterprot tho torentz tranefornation as a passivo  

treneformatioh. ia.. a chanca Jia the toordlnate system eciven by. 

 

(1I-1a) 

 

with 
$1 a 	 (1I-lb) 

µ N 	uh 

The tildo will bo used to Indloate the quantltios (000rdinatos, wave 

tunctiono, oseratora) used by tho aew absorver. 

As e ocusequonce of mrousformation (11-1) the wave funotion 

obsorvable quantitios and aumiliary tiold quantitios (t,A) will te in 

sonora' alto traneformed. Tho tos quantlties (with tildo) reter, cot °curso. 

to the bodily identical systoa. 'Se shall uso bete the usual candition 

for rólativistlo invoriatoes The invarionco of the form of the oquatlone 

of motion. 

14)c A. S. WiGhteen and b. P. Wienor, forthcominG papar. The forma in which 

somo of thoir oonotrpts and resulto aro reprodueed itero, with tbe kind per-

mlecion of tho µNovo authors, is not nocessarily the same os that whioh thoy 

will presont In their papar. 
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dmonz tia many pentatlo formulations of tho Lerentt TransfOrmatIon 

In Cuantum iheory there are taro eapsoially almple, tho delsonbor; and the 

SohrOdInzeri°. Thema derive thelr nsme as a result of thelr sirtlarity 

with tho corrosponding repressatetIons of the Field Cheory. 

1), 5Ohadingor type of Lorentz transformatIon. 

Pare the two absorvera use the 86Y0 veva, funotIon for two 

subjeotIvely idontical %retoco (and thus, dIfterent siava funotions Cor bOdIly 

Idohtleal vetavas). On.the other hand both obsorvere will work with the 

same set of oporatern. 

Thaas to have the transfermationa 

irtG• 	 u 	Cri 	(I1.-2s) 

Macre t is lo tonere: a unttary oporator (we exolude hero the enti-unitsry 

ente o: tina Invorolon, whIoh an conelder ia sestIont. 

will be chosen in sucia a way that sie havias 

u Vt)  fiei 	A -1  r(4) 
	

(13-2b) 

for apInsr fields i„ .uhere the oporator A (aotIng on the spinor spaco) 

Is auoh that: 

AZ`, A-1 	ap 	ré fr. 	(lb) 

anda 	
U A(x) U-1  - a

m 
 VA ✓ CO 

Lcr vector Molde; the zeneraltratlen to other typss of :tolde is obvlouso 

16). For the foro of the operator 	ler the severa' types of lorents 

transformatten, too for Instemos a. Pauli, Rendbuok der PhysIk, Vo1.241, 

p. 269; Rev. Xód. Phys. 115 205, 1941. 
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2), hoisenhorg type et Lorontz traneformatIon. 

In %Ias coce the atoe wavo funotion /a used by the two 

obserroro for bodily identioal systems, say, Cor the nane phyeloal eystem 

ae viewod by both of thems  tatheu0 thoy will uca dIfferent obeervables 

and auxiliary field quentItIeo. The transformetione are now, instoad of (II-2), 

	

317{53 	trfqi - 7 IT3 	(I1-3a) 

f 	̀41  (x1) - A "ti (x) 

	

s(x) 	itp.a) - a içit y(x) 	 (11-ao ) 

The juetifIcation of the leat two transfermatiOnsis as foliara. 

The equivalemo of the noisonberg end SehrOdinxer forme of Lorents trens - 

formation impowe the equality of the expectation estues of eorreaponding 

quartitioss 

	

o 	Troe; )8 	p(%) 	(17.1 )8 	(II-4) 

where the Indicas and S appear anly to Judiaste to ue that we use, respeotivoly, 

the BeIsontorz and SchrOdinger treneformed quantItiee, Fran (II-4) there 

resulte 

F (X) - U F x(i)  U 
	 (11—s) 

whioh waa used In obtaining (I1,4b,o) from (11-2). 

It should bo obearred that In the Hoisonborg forni of the Lorents 

transformation the spincr field quentItIes Ir (x) transferes in the same way 

as the ware fumetions f (x) in the 000 partias DSrao equation"). 

3). RelatIon betwoen the trensformatlon (II -2b) for the field 

operator fim) and the trensformation of the ene partíeis. Direto ware tunotIonf(x). 

In arder to juotity the tranetornation (II -2b) whioh we assumed 
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aa valid In tho Sehre.dinser type of Lorents tronsfornation me should verify 

thet it laudo to the usual trznefornetion for the ene partic* Dlrac nave 

nwetion `9(x) In oonfiguration space' 

cx; 	tP (x)  - A (x) 

This oan be dono In the tonastes way. no firet empresa tho 

quantun ave functionljt-for e systemwith ano partiole (say, elootron) aaz 

ir • 	d tcx) L f(x) no 	(11 -7) 

whOro r(x) is tho oreation operator for elootrons and 41.0  is the vacum' 

mau* function, aluis 

"lif.(x).(10 	o. 	 (1I-8) 

Aos, 1f me tirite the nom neve function In tho sane fora es (r2-7)s 

r " 	d e 4X Y Y(50 fto p 	 (11-9) 

me seu, by applloation of (Ile2) to (11-7) and comporiam with (II-9),thet 

tho poSitive anon),  movo function f(x) transforma accordIng to (I1-8). 

The uxtension of thle method to Lnteger spIn fielda la abolou*. 

4). Time Invorsion. 

In additlon to the requirenonts of invariante of our field 

theoriee undar the proper, restrieted, Levante sroup me require aipo in-

variante under tho Improper Lorentz Group. 

The requirement of invarlaneu under space reflexione leade 

to the woll known, and very useful, ouncupt of parlty. The condition of 

inverience undor tine inverzlon le oquIvalont to tho ascumption of the 

PrInolpie of Eiorosooplo Revoreibllity14
) 
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For the transormatIco, by tine invoraion, of the one 

particle Cirna wave function In configoration reprosontation we adopt 

Wignori a anti-unitary trimotor:4am'
l2), 12) 

( \xs -9 Cf'  (;) ^ A ii(x) -Ór, Cf(x)  . (i1-40) 

whioh transforma positivo onorgy siava tunctione finto positive energy 

ones. Tho matrix C In (11-10) Is dofInod bys 

c Pi  e 	— (12 
	

(II-lea) 
T 

- g1 	 s. c 	 (x1,-10b) 

whare tho Indica T is usod to indicate the trsncpoeed matriz. Now, by the 

method aosoribed Si, the subsoctan S) se find, for the Sobrealugar tYPo 

of transfornation in Field Theory that, aosUming 

14'41 	1111"l- V 	?ri (11-11a) 

Co field aparatar 	̀t' (x) ahonld trgnsform ata 

V(x) V-1 	n, 	(g) (11 -11b) 

nithi 	 4 C (II-11c) 

In (I1-116) r(x) is the operator which Is representod by the oco:pios 

oor3ugate (not hormItion conjugate) of the motriz whiob corresponda to 

t(x) in the som roprosontfttlen. 

Nox, In order to find the Ifolsonberg fora Gr the timo-Inversion 

transformatiou, ecgivalont to (11-1) wo impo% again oor4ition (:1-4) for 

tho inverteres of expeatation voltes and find, Inana of (11-5)s 

: 
F 5) se 	V- 1 F(x) V 3 t 	 (11-12) 

chore the índex t mons the transposed of tho oporator in the bracket. 
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(In other words, Ft  is the operator wbAoh is represerJad by the trooepoced 

matriz of that which represente F). 

Thue we find, for the aelsenterts fora of Iorentz transfornetions 

y (c. 	;Frau- -yriv 7 
	

(II -lisa) 

tn) 	Neir  (r) -01.00 *P(5° TOO (nem ) 

:na trensfermetton (II -Ia), for the field operator ̀r (x), ia 

forsclly the sane as (11.49) for the cave funotion f(a). as In the ecoe 

of unittry trahsformstions. however, in the casse of traneformatione (II-1E) 

there tc ar, additienel operatien, omine troa the application of (II-l2)., 

In the me when F ás a produet of field operatorsc 

ig P1 P2 	 Fn 

Thou, ia vias or (II-12) we tinis 

F - (Cl  121  11 e a u • • • • u'IF u) 

(fait Pico t 	•IY t) 

t 1 2 	a 

CA•C •-• 
t 	! • p p 

2 1 

Thus we have to edd to tronarem:41one (II-.13) the operation16)  

PI(x) F2(x) • • F (x)
ri 	ip2(É) lia) 	(II-18o) 

16). This rale of revertins the arder of the field entreter* In oenneation 

with a time invorsion eco first oblata:id. by R. L. fase, by impoeing the 

invarienee of the ecanutetion rsistions. Thie wes the result which lead 

hin te the oonelusione referred to In the eppendix et bis papar In Phys. 

Rev. 76, 1, 1949, whiehwe aboli 'naipe* lator (private ramounleation). 
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7W Ir 

 

°Y(x) 	(if) 

 

  

Fron now on we aboli reter to the time inversion transformation 

(11015) as tronsformation 1. Other Lorms of traneformation will be com - 

sidorod in the following seotione. 

B. Invorianca of Quantias Tleotrodynamios 'bridar time invorsion. 

It is eimplor to males thle snalysie in the lielsenberg representation, 

iv whieb the equations or notlon of the elootron field 91(x) and °teatro-

sognetle field 61,4(c) are the felloWing2): 

e 1 e slii(x)) es] r(x) 1.  O 	(11-16) 

with* 

:--1-[rtnx) 

h. o 

O da(x)• 	3

¡

u(x) Mel?) 

Lli(x) - fu) tynT ?Nd (I1-4.7a) 

(II-18) -2LÊ(E) 

11)(x) 	7+56ei - A 2r, o Tr—(x). 	(11-19a) 

the folloWing tranetermetion for Als(*). 

40(W) 	 Act(w) e  60(x) ; á (w) 	A (x) (n.leb) 

2,0 

Thai: aspations ehould bo inveriabt under. the lorents transforralion (we 

restriet oureolvea from now on to the He1senberg Tose ot boreais trame - 

tomation). This is the ~o ifwe add to the tronsformation (II-136) for 

(x)s 
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To that. chocai: bo 	equatIon (II-12e)t 

FiCn) F2(x) ol. Pn(x) ....-aWn6l5 0.0 P1262) rICR) 	(2[,-19e) 

It Canil ta obeerved that trausEorcatIon (I/-10b) &Mera Trem 

the unta ene fer e oeveriant vector by a elo. The cara is siso true 

for the eransferratIon ar 4
g  (X), :bua makIng "(x) Ag  (x) an scalar denelty. "  

ThoreZere the quautttj 	le not invAr/azt In a timo Inventem, as lt 
Jr." 

ehrnoe alce. Rewever, thic ta unInportatt aa thla laet oantIty hes altays 

ah orpeatatIon velue sere, In vise of tho ~Mary oclelltIon (I118). 

Equatlet (II-12a) choute batter be nrittens 

i .„.(c) —tpe, 	 (1zaos) 

\.4:,(x) ctirm 	 T-tt:(x) 15:;st 
•
(x) (n-20b) 

(z) —s/34 etiat(z) 	 (11-20.5) 

whor0 

4/'„) 	C. ;""47(x) 

In the charro een2ugate tleld. 

:n tumeefornatIone (11-20) itit(x) ondy/  (x) are, rospeetively. 

empar:More or aboorption of olnOtrOos and posltrone. We soo Trem Cum 

trarorormetIons that( 

1) Peattlte energy opOratOrs 	luto positive energy *noa. 

2) flectreta (or Ndtrone) go lato olectrona Cor poaltrone). 

3) Absorptlen oporotort go Jata oaleaton tooratora end vice-veras. 

NOR. y4 BOO that, becL4oe the trensfornation (11-20) for tira Ievere20n, 

chloh ia the ono that wo lave OtIlec; transtorttotlOn I  In soo. Á, anothur typs 

ar tina Invoreion coleto, (500h aos 
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to(x) --7 /V 5  C it,-;„.(x) 	 (I1-21a) 

t.(n) 	 74(x) 	 (II41b) 

or, Instoad of (II,19a) 

(n) 	;(-). 	• i3e5  c 74(x) 
	

(n-22a) 

Noa the oquatIont of motIon (II-16, 16) will be invoriant if sie add to 

(II-22e), Inetead of (ZI-Idb), 

Ao 	- Ao(x) y A (x) --ra  A(x) 
	

(II -22b) 

and laep (as is nocoseary ') equatIon (II-40c)c 

F1(x) r2  (x) 	7(R) 571 
	

(11-22c) 

ao should observo that now tho trenefornatIon (II-22b) is tho 

usual oro for cevarlent vootors. 'ao ebail reter to tho tranefornation 

(II-22), for tine inveralon ao transfornation II. In t}is cose we seo, 

fres: (1141) ar (II-22a) that pot:titio onergy °pontal" go finto positivo 

enorgy oporatore and aboorption oporators isto onission ones, ao In the 

osso of troneformation I. Remover, noa, electron operstors go Intel posItron 

operatorc end vioe-vorsa. 

1?). This Is teceu., In Cio SchrOdin:;er faro cif the 'apronta transformation wo 
use a2aln an anti-unitary tranafornation of the typo (IX-11e), as Is neoessary 
In order that posie've onerar elootron (positron) wavo funottona In the ona 

partiole contteuration opaca will go finto positive onorcy posatron (eleotron) 
wave tunotion. 
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if we »atice that 	oaa be wraten ass 

`11  (c) 	ayr (x) 
	

(1I-23) 

de ato that Chis type et tira Inveralon 1e formally the same as the *no 

by Pauli"), in the e-mumbar theory, exoept for the additiomal 

operation (11.-22e). This operetion is, however, fundamental la the go 

number theory as the antimannutation of the operatore 	(x) and la  (x) 

would produee othorwiee a *bengo of sign in the socond member of 

(1I-17)whish deatroys the inverienee to tico inversion. 

The olaccioal analogy of that., too passado typos ot transformation, 

(II-19) and (11-22), for time imversion ia viell Ruma. 

The elassioel equot1One for the eleotro-maggetie field and for 

the eharged partias are: 

1)7410(x) .  e 	4g4 dYbi 
(2-Y) de Zn's 	 de 

x 	 dx W  m d
2 	

4. 	 Fg  y X ) 

da 	 de 

(11-24) 

(11-25) 

wheret 
;Nati
"'  
ttwn 	Da: ta 

de 	ma CiCarbtlieel 

(11-2e) 

(11 -2 7 ) 

Now we rogare (aa in tho guantum case) that atter the traomformetIon for 

the, levereioe, 

(11-22a/ x 	 e.x z 32 7 

	

d ° 	 dx°  

	

the enorxi, whiot mas given by a --- 	the old syatem and ia now m -w- 
e 	 de ' 

still remain peeitivs.. We must then essuCe that the propor timo s trona-

forme aonording toe 

dm --fr. de 	-da 
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(or chasr,e g finto 	e )4i 

Then the equations (31-24: and (T1-35) will remain 1nvariant to 

either of tho follemenr, te caseei 

'd  
a) A (x) " Ao  (x) 3 ra) X(x). 

In thie caso the obereo, e, doca not chance 81,5n. 

Ao(x) • --if5cd) " ""i(x ) , 

and siso chance e finto -a, 1.e., ineurehaoge pocitruns and eleotrone. 

O. .hentrieeione on the oover/ant exprossions and possible intornetion 

hamiltonians ;Pu) 1mposed ty the Iroorianea under timo invempion. 

If U &men =noive parcial., of spín 1/2 is &narre& or hem a 

maipol.:1s numera, the:: the possible traneformations undor taro invorsion 

are the opus eàron by (II 1.,) cnd 	whieh W9 ahall rurer to,from 

now on, oe 1 and 11, renpootIvely (ror the moment wo noz:lecre other efluas 

or Intoraction). This arbitrarinons ot oholoe between 1 and II, whieh 

exista rime wo hove culdi ona type ot eharced apicoe field', diaappeare when 

there aro severel of :hum (ohorsod or with an anomalwao rasnotio moront) 

for the rollowins roason• the choice ar 1 or 13 for cna ot these Moldo 

(Say, the eleotron field) determines the transformation of the oloetro-

carbono field (as elther (11-22b; or(II-19b)land thus all the other 

(chorzod or with nnoomleus maccastle monont) neles ahould tranetorm In the 

mame say as thu first ono (at least up to a piamo Pastor :1 or :I as wIll 

be enalyred In acotiem O). 

Itow Ir anothor spInor rIold hes a zero maca me rind, betados trone-

Cornet/0ns 1 and I3, two more poneibilItien for the transforma/0n under 

time Inversion for this field. ?hese aro listod In Teble 1 and .111 be 

roforred to respeetivoly as trannformations  121 and IV. 
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TABU I 

POSSIBER TYPES Ot TNANSPOR:ATIONS UNDNR TILP. INViMSION 

Resulting foro et the 
Name et the 

trensforaation 

transforma- 	1 

tIon o( tho 

sp3nor field 

sostrietion on 

tho rose of tho 

spin1/2 field 

trenatormatIon of the 
elootromagnotio potontial 
A (x) and of a punido - 
P 

soelar chnrged field B(x) 
It 4.1(x) ia a thergod fio 

I tt.  ,¡sane. I.,  No restrlotion 

',‘ 	. 
A (x) N(x) 	----, 

" 
13 (X ) 	a (s )I'  —) 

II No reetriotion 
, 

.1. A ---., 	(x) 'e —gine I/ A
R 
 (x) 	A 

B(x) 	SI(x)/ —.) 

III 'r---C .7r 
/i_ fornatlon 

Soro nese Sexo as for trane- 
II 

IV Cera rase eme se for treine - 
tormation I 

titophe 7 

In ali theee esses the additionel reordering oporation (II -22o) ehould 

bo portonsed. 

The quantity A (x) used 3n the toúrth colunai et Table I S. detined by. 
o 

20(x) 	A0(x) I A(s) " -7(v)• 

• 
Id. 
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The reeulte givon in the fourth colo= of Doble I ware found as 

foliares 

(1) The trenefortation of A
g 
 (x) should be the Geme as that ors 

à (x) 	-P. tf (x)Ym  'e (x) - '(r) 	too • (I1-3.7.) g g 

If Sii(x) ia a oharged field, in order thnie the sevo equations (11-16), (21-17) 

(eventuelly with m is O) of the field y:n Interaction odth tho clootro-

magnatic fields nould be inverIant18). 

(2) The treneformation of a cherged peeudoecalar field 8(x) wIdoh 

adro Internet; odth the elookromagnotie field nas obtsIned by tho following 

condition. Tho current density vector 

(x) - SE  
 B(x)i n )̀8 	11(x) -21QQ-1) (II -30) 

2 	 xis  

ebould transfere: In tho se-ne way as An(x). flow the transformation of 

A4(x) vias condltionod by that orr Wr'. Thus Ir both Vi(x) and 2(x) 

Internet adth the alectronagnotio field S(x)  then the transformation ar 

8(x) ~Ar timo invortion ie oonditIoned by that of 1)(x) in the way 0.ven 

In Tablo I. 

It should be observed that 3,(x) usod in Tabas I ia the ohnrge oon - 

jugeto field to D(x)s 

Oqx) 	8(x)t 	 (II-31) 

Also, In close anelouwith the corresponding transformation forf(x) 

positivo onorgy absorption operetors o: the field 6(x) go Loto positivo 

energy enlesion operators. ThIs is both troa ir oithor 24.(x) 	6.(x)7(trano- 

18). In the caso of transformation I wo could substituto 

Aµ(x) 	241(x) 

by the equivalent trensformatIon 

Afl(x) —4 Ais(x) y e —4 	e 	(ohango the elo) ot 

the oharge. 
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as 
formstions I, /V) in uhich oase positive partidos go into positive partidas, 

ar 

13,(r) 	Me)t 	(tftnstereatione II. III), 

when positive pertioles go into negativo partiolos. 

Aos ao ocraider a general situation in which there are several spin 

3/2 partidos which Intui-est with the elcotromagnetic field (via ite oharCe 

or uno:talou& racnetio morort), a charged meron field (we take a paeudoecalar 

one, as an cresci.) and an alpinor field of zero 'AVE% 

lhe first group of epdnor Molde transform neoessarily by I er Il. 

nage field* will be 'dont:1.10d, In impedia' exemplos to the pretora, neutron, 

ciclotron and p-mcson Molde. Also It.should be renembered that if one of 

thee transforma, undor tico inversion, by 1 (or II) Chen all the °there 

transfere In the esmo way. 

The 2oson (paoudosoalar) field, when., trensformation le conditioned 

by that of the ohsrfred flelds in the way indicatod ir. Table I, will be 

idantified to the masca In come exemples. 

Th* zero reme field of *pie 1/2 will be identitled to the neutrino 

field, unisse the opposite is sceolfied. It may transform by any one of 

I, II, 	or F', undor time inverslon. 

The interactiva roprosontation of Yield Theorywill be uted from now 

on. The oondition of relativietio invariance ia Acre, banidos that or 

invadimos of the troe field equations, the invadm e. of the interaction 

hamiltonian Yd(x) undor the consIdered transformation. 

de consider now the ponaible cases of combination of the.o trone-

formatloye, the resulttnp coveriant quantitiee and the reetrictions whioh 

may result on the forr of the interaotions Proa the asmieption of an apeoial 

eombination of transforeations. se abai' not go, however, Int* tho systamatlo 
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analyeis o/' the ossos whon the nestrIno field transtorna by III or 1Ve  ao 

they will not brins any um poesible forro of Forni interection Which will 

not te obtainod In soo. B, by tho introduotion of phaeo /Motoro In the 

inproper transformations. On the oentrory, the: brins atraca restrioblons 

on the possible formo af tutoro:Um with the othar tields. For Inotanoe, 

if the toutrIno field 	(x) trenafortui by IV and the fields `d (x) by 

thon no forro tf Foral interaction Se possible wbioh ta reletivietleally 

invariant. chis beeause In view of tho transformationst 

Tad  --VÊ /71 1") • /a Lr/ 1 Lr —N /3 4 7171  Fís .? 

we 	for toa  invorsIons 

1̀' Led --3.'17  (5 'ff» 	 (11-35) 

similar situation happenc when aw taba tronsformatIon /II for the nal:trino 

and 1 for the othor nelas. In the caso when te Ima traneformetion /I1 

for the noutrino and 12 for the other fluido then te aro restrketod, by the 

oonditlon of invarianoe of j (z) under tine invernia% to Formi interaotione 

of the typoe 

tg(z) '" 6 7p(x)%11)2i(x) Pe(X) c(x)* rso xtit, 	4. hei'. 	(zx 

This b000nso In this ases .4)1  transforma ase 

Thus e 

—÷fa wous /3á5( ó6C ré‘,) 

etsc 	 0 5 711  

(11.32) 
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In other terna the field quanttty teu  teso try transtorne andor tino 

Inveroton of type 	ia the serie way as the other field& li tro/is:uniu 

ulular the tira ir.vocisSon ef typo I:s 

(II-218) 

Tho poesibillty or an inturaction et the tora (I].44) til' be toma 

&Gaia in 11.30• D, alam appropriate phaae factura v/111 be Intralueed In the 

transtorr.atIone urde: thc Inpropor Intenta troup for the 'onerai Tlelds 

Involved la It• 

;to nom onnsider the coso whon only trensTornations I cr II are used, 

for the neutrIno Inclusive. 

1) Cotariant one partici. quentItles. 

The coverient quantitteo (*main wlth a siven field t (x) {and 

ti(x) ) acerais dl:recorte farm and amaciemos properelos aeoordíne, to the 

typo ot transferi:ativa ueed for Esmo Invortion. 

a). Traneforration Is 

1.3 if5a 

In this coas wo have the usual core:tient quantitiess 

Soalor 

Vector 
	

rife —4 41 st?t, ‘ti  
%non 
	 VA11-- 	9)  211  ai, ti' 	(Mu) 

Poeudwasotor 
	Sies (pr--;ft 	Z, 

P801.1d030111er 
	

figs gf 	zi74 kr 

where 
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2hue we coe from the trensfmmatIon et the abovo quantitiee "dor 

tira inverelon that the soaler, pseudevootor and pese:1°404er quantitice 

have the ordinary varienoo "dar time tnveraion. The vector and tonaor 

quettities transform with opposite sign ("dor titio typo of tinia inversion) 

In reletion to the erdinery vector and tensor quantities. This vias the 

reta" why to had to asai" similar transformation for the eleetro-magnefle 

field In the "se when it intersetevitt a field transforming by I. Cither-

eles va vould not hese inverianeo cif tho oquations of option. 

b). Tranisformation  

fie:sie!: 
	

-fr1 /2's 
In tida case sie fInd ror the covarlant queintitios the evpressions 

glven Dy Gase16), ali of Choc trataforning in tho ordinary ways 

Sualare :Ff • ri," 
Vector, 
	

P`• r- r V" 4" 
Tensor. rir ri u /11- 45, 	ti l' I 

Psawilovectort v Ks 	Toe k 5  gr ir' 
Vsoudoscalars ?et!,  t+Trsti 

Thus vis esc that Casais °ominai" that tiondition of relativietie 

inverlance of e field thaory under time lovarelen Impes" the feria givon 

ebove for the eovarient quettitiee formed with the field 91  le only correet 

for the type 11 oftraneformatioo undor time invorslon. 
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Twe.fields oovarlent quantitiee. 

When we amador the Comi-tont quentities formei with toro difforent 

spinor flolds we should alia thc possibility that they tranefone In 

direerome wayw tune? time Invortiem. Be have then the following casas: 

a) Both fields trens'orn uader time levar:Jon by trena/trai:C.1cm I 

In this ()aso uw tini, for instancie, the tranafornetiont 

Sv  vv 	17„ 

for the quentIty 	ásually oonsIderad as an °Galar. Similar trens - 

formatIons are found ror thc other quantitice uaually aonsIdered as ;motor. 

tensor. ato. Thus we sele that In this esse the &calor quantity would be the 

following oco, 

vy-  ;teu 	 (11-69) 

Honrar, we &311 find In the follosIng asalysle that, although 	se p  

Is net tovarlant ander tine Insere:em the usual oscular secou intoreetion and 

ecalar ?orai intorestion are titila Invarient andor tino inseri:non. 

D) Both flelds traneform Dy 

gere we flnd again the usual eoveiriant quantitieee 

Soalcre 

Vector; 

Tensor; 

Dual Tensor; 

Noeudowooters 

Peeudoeaelars 

it 	— Ylv 	— 17v.  
47  te" to 	— tir,14 	rb, 

ea cru-,  "'krv  R; 2;50 s ?a k‘A  11, 

91ere 'r„ -• - 'Y, ?; i)(Vio; F2'52P• ;A 
-4d-  a' rei" 	- 	Préuiif it;" ti° rir».  011 

ji% 	— rd, b-1.s" 17) 	Si" » PÁ, 

(,4 M 

Vim) 
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The transformation fropertIcs of Ume quantities arder timo 

inVOralon (tronsformation :I) is ele° lndleated. no ase that thoy have 

the ordlnary °ovariana° only if tha two differeht ficlds anticommuto.  

Thls anticommatation of diffeter4 Clelde, which ia algo nocaosarywhon we 

oess Cron the intsraction roprosentstion to the Holsenborg ropresontetion 

(aos Part 1), WÇS tad In the lest ator of thoao tranarormations. 

It ahould te cbsorvod hore that if thece field° transtorm both by 

X, bct with opposite signa (the possibility of the introdeetion of Mheae 

factura • - 1 or • - i for the impropor tranatormatIone will be enaàyeed In 

ame. b), thon the transCormetion ?report/os of the expropaions lleted 

above w111 be emohany.ed as followas 

3oalar < 	j 	Peei:dou:alar 

Veotor < 	> 	Neudovector 

Tensor < 	11 	Dual tonaor 

o). ir 41  transforma, lindar time inveraion, by end ‘11-,  by 1/ • 

thon we flnd Unit the quantifica llated In soo, h) are not anymore oovariant, 

ao ander time ieveralon Ire have Oen, 

' ti, 	C tu 	 (11-40) 

amover, es we ales fleti, 

 

      

t" c 41/ 	1' 91P 	 (11-41) 

we soe that 	(Vto 4  C g,» is ao  "Alar. In General, the oovariant quantitios 

ara Chase obteined from the oorreaponding onaa lluted In soo, b) by tho 

substitutivas 

(11-42) 
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d). If +lie, trimotor= by :1 and Y by 1 the oovoriant quantitiee 
w131 be of the ibrn: 

{,}1  • C zp"), 	 (11-43) 

say, tho atolar ca.,. 

(3) Ueson interactione. 

More te havo two possible casos 

a) Both spinor Violes C:entrone in the asno woy. 

1n Chis caso na find for inatenco Por the psoudoscalar inter-

- estio° with paeudoscolar oharged moson the usual expreesions 

j4.(x) 	6(3(x) 171(x) b'S  trz(x) • h.c.) 	(11-44) 

It ehould be obeorvod that in the case of transformation I (aso 

Tabla 1 for the transformatton of 6(x))oech tem 2n (11,44) to Int° the 

other ore when the timo invorsion is lrfosexid. In the osso of transe 

forantion 11 sach ter= ie invariant by iteelfe 

b) lho two fiolda transfora, ano by I and the °Cher by II (the 

treneforwation of 13(x) ie dotermined by that of the oharsed field aeoording 

to tbe Tsble 1). 

Hero we fine, inatesi of (1D-44) the invariant Interactioni 

jego (x) - 8 rs(n),71(x) tri 5(Y/2(x) • C Tgx) ) • n.o.3 	(11-46) 

It la olear that this typo cf.  intoraction (11-46) oennot be used for 

the intoraction cif the n assoo with the nuoloons ao it would 1oad to in-

stability of the atoai° nuo1e/19). Mowever, St could be used, as mal as 

(i1-44) for tho despription ot tho n-deosys 

n— v • V 	 (11-46) 

if y,1  Se taken as the p =non field and SP2 as tho noutrIno field. 

19). For instante, if 4'1  Ia the proton field and T2 tho coutron field Lhes 

the Inter/orbite. (II -46) wouid leal to the s000nd arder precisas In whloh a 
proton would transforoin an antineutron with suniselon of a et  asseou and Chen 

the antincutron would bo shibilated with another proton with evioaIon of a Re  0560ao 
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(4) Farzai iates:cainhe ot j3 sdoeay. 

Ateia as In 530a 3) ov how two different cases. 

a) *11 opino? CIelde involved in the interaction troaste:a In 

the taxe vsy. 

3a find In thSa orce the usual Interaotion, eay for the 

ecalar theory: 

X:Cx) • [71s(x) j' (x) çr'(x) n(a) s h.c. (11-46) 

 

b) The neutrino tield transitar= Ia dIfferont way then the other 

fielda. 

te we are aonelderins only the tranzformatIons S and II Sor the 

neutrIno em flor the other parfSeles we find that the posalble Information Is 

of the feras 

(x) 	&Lr? 1,(x)  rx(x) --78(x) eiyx) *g 	) h.c.] (11-46) 

In the two poesíble eltuatione wbIch can coou:. 

Ao SataractIon et tho type (1Is46) «II] alao be found as possibla in 

the folloaing aeotion. This passIbIlltywill roault Chore from trio uso ot 

approprIate phese factura, as will be introduced there, Ia the wansfarmationn 

of the laprbper Iorentt group. 

P. Phace Motoro In the improper Lorentt traneformatIone Ge opinar field.. 

lhe possibIlity o(' introducIng a phaec tacifor = 1 ar = i ia the 

tranatormetions, tender the Improper Lorents group, of a opino: field biét  r 

 

A 41  (II-47n) 

 

was tirat abo= by Ihmeh2°). lia argued that Pauli's condiflona)s 

d • t A . 1 	 (II-47b) 

would stIll be satisfical Ifwe substituto A by f A ia (II-47a). 11 the 

20). P. Rooth, Nuovo Gin., 14, 322, 1937. 

21). 6.2aull, Anu. Inst. E. falecerei, 6, 109, 1936. 
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phatO Poetar t Ic oro' So : 1 or I. Soch a phasn tactor oculd net ha 

latroduced tor the continuous restrictod trateformotions as the limItins 

estuo et A £8r no chatas of otorOinates should be the unIt.cotrix. 
te 

~ver, Roolah Introducod e sysimotry prInolple23), viloso phyeloal meaning 

Is not. olear te as, by whioh the entiparticle flold 011  gi di1.70 should 

tranefora In tho tare way as tho partiole tleld 	). 

Re000tly thic custtlon of pese faotore In the inproper tronstormatIone 

wao resnalyeed by Yang and tée present outhor22), Nacah's principie dldearded, 

and luforenceo wers rirmo ibr tr.', Interactivo of severa). flelde. 

This antlysis vill to roptrted, in cera datall, In the pres.:int :Action 

for the agua of fmturt appliestion In the folhetins Parte of this work. 

1) asso trotem and cootervotIon of partistes. 

foolJno Racah4e justification cf the intreluction of the phase 

Szetorc tu tht Improper trensferuations of nino: fiolds there Is'another 

argouont whioh Is more approprlate as a áustiticetion of this possIbility 

for tho coar c: antIonitory tine inveralona. It ia biown that the propor 

trusCormotIcns for opinar Moldo are double volved as e consequence of the 

fact that for at space rotation tf 353 degraus, whlah Is physically aqui-

volent to no rototloo at all, ao Lzam the tranteormatIont 

(11 -48.) 

In contratt to 'doa ALGO of no rototionLegten we have 

(11-49b) 

(to uso, as baforo, 5t1senborg type of traosfOreatlehl. 

Ia atécr verde, tro cervecuttve rotatione ot 1800, wbich are 

phyotoally equivaloot to 20 retatlou at ali, brins about s chanca ot siso 

25). C. N. Yans and. J. Tivono, fhys. Rev. 79, 495, 1950. 



In the field op.:cratera ti (x)te ihus thero ia no roason why ao ehould 

excitei* the almilar poseibility of r chance of eis» oft'(x) aftor two 

improper transformsticna233, which aro physloally equivalent to no 

trensfornation et nlle 

Thue wo soe thnt, Lf wo taba for the imprecar transfortations24). 

r /3 7 	(speos refloalon) 	(11-49) 

s eae 1, 	5c  • 	(tino Lnveraion 1) 	(11-50a) 

y)--, 1 r„(lisc 7S (time invortion II) 	(11.50b) 

(whore f, fl  and fil  are net necesserily :he same for difforent (Solda) 

We Cind that, atter two IdentIcal tranetorrations of one of these forma the 

field °pente:. 91(x) wIll chance nes 

1P(x)._) r2  qi(x) 
	

or til(X) 	 111(X) 	(II .51a) 

In the cessa of (ff.e49) and (1I-50b) respoctively, ande 

9-i(z)
I I r_ (x) 
	

(II-51b) 

In the case of (II-50a), 

Thue esc soo that for (11-49) and (11-50b) T  (x) will be enataste% 

ifs 
• 
- 1 or II 
	

(11-52a) 

respecticeiy, and wIll ohange siga its 

t 	- • I 	orf11 	
• 
- 1, 	 (II -52b) 

reepectively. Ia the caso of (II -50a) 91(x) Int' chance elo, regardloss 

23). It ia of Imediato worltiontIon that e; t(x) chancessign atter two such 
tranaforentione, the watt functions i•e(x), 	Osix7), ete,, in oonfiguration 

min • 
reproseetation charme sigo for the sub-spaceece odd member of partlolos and is 
unalterod Por those ofensa member of such partielea. 

24). It inculd be keptjn Med that for tire inter:dois the addltional operation 
P2(x) --c Y2(0 ['I() ohould be performod together with(II-60) 
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of the valos of t1, whiAh sbutld, how'vor, be onlnodolar for tho conservatIon 

of normalizei:Jon. 

(11.5A) 

Vis did not conelder the oesee of tranwfornationo III and IV beeanse 

In vice of the argument given In the preeeding section, thoy aro of no 

interoat for our future analyals. 

Fron narr on we ahall arbitrarIly assume, tranefornetlon /I, i.e. 

(I1-60b) for the oharged partiolee (and noutrona), In vim of the feut 

that In Chis case the elootromagnetio potentlal Als(x) transformo. ander 

tina inversion, ao an ordinary cocariam teotor (soe Table I). Thie le not, 

holm:ver, a restfloblon et generallty as, it Is sem to soo, the aesunption 

or tr.:Worm:410n 1 i.e., (11 -504 for these partieloa would not ohange 

the qualitativa remate of the followIng analyeis. 

Tranotormetion I w411 bo retoined, as e possIbIlity, for the 

nootrIno teso. As a ooneoquonco of the eondition for Invorianee of the 

InteraotIon hantltonlan 6u(x) we will be thon restrioted to the calvos 

1, = I Cor ti. 

Fitally, ia ordor not to introduce 	 quantitles whteh 

woold be Invarlant ander speee refle:~ (time Inversion) and °honge sigo 

arder tios Invervion (sycloe rafai:sten) we take from now on (algo arbitrarily 

In pránciple). 

a 
	 • f 	 (1/.54) 

It shonld bo abcereed hora that the usual aasuwytion that a 

phase factor In the field operators 9V(P);41e irrolooent applios onIy 

to tho ossos whon there is conserva-U:3n et participe, i.e., when In a 

gIsen procoss a carteio par:Iole dleappeare either another partlela conld bo 
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anibIlated, :tnatead, or atinntlpsrticio (not a partido) Gould lio °restada 

This booa-aso the mRthematieel expraerion of SUCh a oonsorvatIon princip10 

Is just that 44e4x) should h') invarIsnt under a transfornation ty a phese 

factor 	tho ocas for ai/ partidos and 'si* ror the antiparticles: 

Now sn Intel-adiou of tho type: 

OU (x) Is g "Fp(m) 'l(x) 7:•47e.  (z) 	Lif:j(x) 	rig.,(x).1 + h.c. (11-55) 

whieh ia invarient25)  andor, say, (11-49) and (11-60b) with f 	i (fIl  

for ali partidos, but not with f e 1  10  is surdy not invarlont undor a 

phavo tranatornation o: the type sovo estarreci to (say, Cor ~ene. with 

I) s.. 1). The phys)nd mosnáng of thia taot ia that interaction (11-55) 

lemas to no conzervation of partidas as either a moutrino or attineutrino 

can be omitted, ia this ceco, In a siswn processe Rol:over, interaotion 

(11-55) stIll Qat:dica tho conditions of ooneervation of charge and oon-

servation of nu:acene, wathenattoally expronsed by lts Invadamos andor an 

arbitrar:, Osso trenstornation Cor the chargod partido° or for the nueleons, 

reopootivoly. Thie exempla shouid bo enough to show the Importemos or the 

plicas reatora r in the impropor troesrometIone. 

2) Thase Castor° In the inproper transfermetions for nuoloone end 

the symmotry proportios of the n =can. 

As it wes shown ty Yeng and T1oeno22) the fest that we do not 

Imow tha relativo +vitus of the Impropor transfornation ror the proton and 

25). This wIll te shown tn seotton 4). 
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neutron field weuld lesse erdeterndnef lho roflexion propertIes or the 

n meteu field even if the farm ot the interantion of theee perticles would 

bo experimentally rourr.. Ar en armei°, if we asstane an Internet/0n of 

the typei 

	

AI,  717p r 5  rn 	h.o. 	 (II-66) 

thus the n meson would bo pseudesealerlif fp  and A  transfOrm /o the same 

way undor the improper Lorantt froupor ecalar)If thoy tronarem with 

opposito sikna. Thia teesuse 47  pd5Slit4 whioh Is a peoudosealar quantity 

in the first case, is an inalar In the s000nd cago. 

3) Signs of 	Improper /Drenes transtorsetlens and tho representatione 
• 

of the 21rae equatione for a system of two or more interaeting Moldes 

It Is interastIng to rebito tho resulta of tho provias acotiai, 

to the faot that when there aro Uca interacting spInor flelde thero aro 

two diflbront representetione for the Olreo equatIons of these /Içada (ws 

oonsIder the Interectlen representation)i that In whioh the maus tarou 

In the equatlens for the two Moldes 

	

(r55 	Y(r y) ii(r)(X) 	(r ^ 1,2) (11-67) 

have the sara sign and that In whioh they have opposite algos. 

Amue coo that if na etart from the ease when (i) and  tr (2) 

do satlefy piras equations with the same sign of the casa term, but trans-

forro undor the improper group (say by 1) with opponite signa and malta a 

traniformatIons 

(1) 	kti O ; 	4'(2) 	kly(2) 	 (11-67) 

the new fields will tronarem now In the same way but will satiefy Vire* 

oeuatione with opposito signa of the mesa term. Also the qusrtity 
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Y(1) X
6
)1;(2) 	which vias s soslor In the first ropresontation wSll no 

Int° 7 (1)  it.  (2), a sondar in the nes reprosentationn 
4nother IntorestInn exempla is the comperison et the Penal 

thecrIos characterásod by the interaotionen 

K(x) -g .7,(x) th(x) ti:72 (x) 	) 	h•O• 	(11"58) 

lef%2 	- efp(X V' (x) Tirwo  (x ) V 6 n(x) 	h.c. 	(XI-59) 

when the sere sl:n of the mese tarn Se taken for 811 penteies. 251(x) 
is a scaler donsIty ir, say, ali partioles trenororm by 1 with the same 

pheso reator. 	2(x) Ia an invarIant ir 1_ the inpropor transformetion 

for the neutrino the oppealte sign is ueod Sr, relatIon to thoso for the 

other floIdo. Jow Ir xe eako the transformation: 

911., 	6irg T  LÁ 	 (11-60) 

then7dr(x) will go Int° 	(x) but the mese term of the Vira° aquation 

ror the neutrino will change sign. Thus we soo that the thoories oharec-

terisod by J4(x) and02(w)will be oquivalent Ir the mas of the 

Doutrino ta zero, 

4) TransformetIon properties of tho rields. 

- t re-  ; 4
1PI  

- OS e itv 
	

(11-.61) 

Munge quantities are knosn to be the only onoo armee' with 

whioh transferi as ‘)) (x) ~ler the propor Lorentz Group. Thelr 
(x) 

tranerormations ander tho improper group are ünportant in order to deolde 

about the inverIanco of thoorlee In whioh they aproar In tho lnteraction 

bailltonian In linear cambinetion with 4)(x) (say, for the noutrino rield) 

as we shall oonaidor in Parte 1'! anclIV. 
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Hm, Ir we oonsídor the Inproper tranararmatiena (I1-49), 

(1z-so), with the oondition (1144) we teo thet2°). 254 

a) tetranstorna:lb the anine, wty se +I  (Cor oxenple, 
1,09  --e, sp‘r for space rorlexien) Ar 

C • : 1 	 (II-62e) 

snd with eppesite siga (sey, ti)t 	tegy•t) ¡ti 

C 
	

(II -63a ) 

b)y ,0  transforme as til 1f 
1 

t - i 	 (II-6".b) 

and with eppeelto alce st 

t 	 (Ir-65b) 

:hese resulto lead to the eenelusion (Bani for tine Snvereion 

I) thet tu? Fanei intereetion2 

C 7Y (x) teréx)Tre(X)[Vx) +A o Tri (X).) * h.o. 

(II -64) 

whare 	ie an erbitrary eonstant 	Is inverient irs 

f 
	

(II-fita) 

(we acenes, ter einplloity, the sem r for all part:oloo invelved)0 In thie 

ente the intereetien 

Pr .j(x) - 6 ti";(x)fii(x) TeTz)L itix) laisa `71;i:(x)] 4 lua • (1I.46)  

will not ha Invatiant DO the tare hiti elli ohanxe oinn under the improper 

trensfornationu. 

honovor, wo have, in3toed of (11-62a): 
• 

C 	- 1 	 (11-62b) 
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then the situation xill te Taversed, je2 (x) beteg invariant and Ye;i(x) 

not Invariont. 

tiro othor pessibilitiesa 

- 6 Fjp(x) J's 1/11,(x) 7t,. (x) Plid(x) •ÀC 7; 001 • h.e. (II-66) 

and 

764(x) 	g Fii,(x) Y5  91);(x) We(x)Pru(x)Y.À (5  C 71,(x)]. h.o. (ne87) 

Brins lf in the troneforr.ations (_I-62a) and (I1-686), respeotIvely, 

via tese the opposite alga, any Cor the neutros, of thot uaod for the othor 

parti aios. 

The considoration of tho nost general case (different phase 

taotora for the severa/ partioles and different typus of tine Invorslon 

for tho noutrino and the othor partiolos) will not gins riso to any nes+ 

situation not Inoluded In .01(x) X2(x) W3(x) Sn8 	)• 

9; Trensfernations of a 1.;torana field. 

A Majorana fiold26)' 21)  1( (x) is eharaoterized by the 

aolf charge conjugotion propertyz 

(x ) ^ etra (x)  (11-68) 

Thin conaition is tho analogous of the bonnitiolty oondition for neutral 

Bonn Molde. Indood (I1-60) tekes tho fona 

i.( (x) - 1(t(x) 	 (II-68a) 

In the reprosontation of the git nstrioos uaed bythjerami6)  

26). Se Majorana, Kuov0 Cit., 14, 171, 1937. 

27). Furry. Ftiyc. Rev., 54, 56, 1938. 
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Sueh e type of field can bo usod.only tc decanto neutral 

particlos with no maznetic mehork r,27) .G 	possibility of ita use for the 

deeorlption or neutrAnoe use firet su'nested by 'dejecteis».  and will be 
analyaed In the following Porta of this work. 

The tronsforoetion or W (x) ander the proper Lorents grOUp 
is the uno na for a field of the typo r (x) (w7-11ob we shall denote trem 
now on aa a Dirau field), 

In whnt °ontema to the transfornation under the Improper 

croup wc ehould observo thott 

1) Transfornationa I and II Dor tI72o inverelon becora Identioal, 

.14 —si VS K6  R. - 1. r/3e5  0 7.6 	(11-69) 

2) Trensformationa IZI and /V (se* Teble 1), which Decora 

identical for e Ucjorana field, 

2.1 	• (3".7 
	

(11-68) 

is excluded for the noutrino, which is Ia own to interaot with cherged field.. 

This is ao bocauce if the eleotron fieid, for inetance, transformo 0.8, 

fi (11 -sea) 

then the qusntity 	I"( transforme agi 

'WS" Lc 
under tine Snverston. as a consequenoe of (11-70) no possible Fervi inter-

aotion would exist, whIch would te inverlent under the impreca:1r Lerents group. 
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3) For space ratioxiOn ubich non Is jlren by: 

r 	2.( 	 (11-71) 
and the only ronutinios transforastion (I1-62) for time inversion,the only 

possIbla values for tho phase factor f aro: 

- 
T hese are the only euo, of consistent with the trans:0:::: fl 	 s of 
the vedadas cuentIty 	e2 tt• 

O 	- C  17 —473 U 4 e. e V), 	(114-72) 

(11..73) 

for space refloxion and time inverti:41, respeotively. 

Now the invoriant intereotIon henlItoniens of.  the Forni type 

aro or the farm; 

(x) 	̂ g tv(x) 9'11(x) -r(x) u (x) 	h.o. 	(11-72) 

tf, for instanoe, tha OIrao ficlds transform c000rdIng to (I140) and (II -50M 

and the net:trino field 4{(x) aceordins to (11-69) and (II -71) and 

f c 2  I , 	 (11-62a) 

the serao for all partidos. Thoy will ba of the forme 

76(x) - 8 "}"e";(x)‘5  tro(x) Z(x) 	• h.o. 	(11-75) 

Ir for ono of the flelds ao take the opposito eisn In (11..62a). Other poosIbla 

ausIgnnents o: ths valuca of f for tho sovarei fiolda will load to (11-74) 

or to (11-75). 
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PPR? 

URUGUAI OP TRS Ur9SRLYISGRI2URT 

SPACE OF THE $PIEOR PIEIS) OPERATORS 

A) General considerattone. 

In the tleld thooriee (se contador only splour Molde hera) we 

dual with field operators 1)/(e)(x) corrospendlnc to the sevarei typea 

ot partlalos Insoles:si In the theory. It we consider, for instem:o, the 

InteraotIon rapresentation and for ot, Cor the monent, the InteractIon. 

i.e., It we puts 

then a relat/vely sonora' solutton ot (III-1) can be written use 

trld3 • 	d O' R(x) es 1)(x) 110 	(In-2) 

fora ene partlole state, 11(x) betus one ot the eploor tielda In the theory. 

In (I1I-9) 9„(x) Is the positive energy part2)  ot 91(x) and 99(x) Si 

tha trave funotIon In oontlguratIon representatlon ot our ons partici', system. 

1,-1.o le the vacu= wavo functIon charaoterised bys 

"(s)(10 	o 	 (III -2a) 

The tett that 4+44(x) astIstles the ara° equations 

J "")

"  
(4 n 	• 11 )1.14.(x) - os 

"J 
toothor with (III-1,2), lenda to the condltIons 

du 
(o 	 (x) 	o 

Zzf' 

Por the vive tnnotion (F(9),  

(In -3) 

(311-4) 
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A complete est of (s./atire onerrj) wavo funotIona 	(x) Is, for 

Lnstanco, that of the plena ware* assoe:atei] to ala possible vala** of the 
--e 

momentwe k and the twa calces of the spin ecordInete. 

itowever, beaidea te(w), alio the negativa en.rey part • (x) 

cif 	(x) appeara In general in the theory. reta the condition of relativlstIc 

ir.vorlanac cf the ttcory we oannot, excopt fora fiw special case., discarei 
l/1 

the roo:ativo enargy part of the oporotor r (x) (see part I). Ws have, thua, 

to miai!' an appropriate rsealng to Ite role in the theory. The usual pro-

oedura ia te Antroduce a neve eet ef ware functiona, amainou; to if (k), das— 

another type tf particie sesooloted to the ase» Cield W (4. !hese 

are the sntigstiole cavo funotions 'f•(.). Thus we ore led to a more 

general erpression for t.» omr portIclt nye fanatIon 

Y&J tdeu[sEct) 	f(x) t 4.T(x) emtfloo no  (111-6) 

when 111, 4(x) Sc another positive energy field (we dual tom the eepresslon 

"halt field^ 285  to dencto euch positive energy field* as 1114.(m).) //1,(x) 

'Mich latter la to te caloteei to 111.(x)d The usual ralualau ias 

1/4K .(x) 	G 11.1:,(x), 	 (1114) 

ar SY:(x) is the ?altiva energy part of the charca °enjoaste field .:1/1(x) 

Alscwo have 

411(x) " c rf-(x)• 

vil(x) - o 74(x) 

and the oondltions 

kfri re(x).110  - o 	 (m-e) 

28). Seo, for I nstonec, referende 4). 
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In aemsreiwo can proocod In the revereo wey. lis decompose 	(w), 

In e re/otivictic woy. into two parte: 

	

(x) 	1111(x) e In(x) 	 (Ill-8) 

and emprese bati 1411(x) ancliP2(x) in termo ot two holt Cicieis. Ilow, 

Inutead of the particle and entiportiele wove funotions wo will Lave two 

othor types ot devo functIone 9 1(x) end y)2(x) oorreepondIng to the teto 

kinds of partidos uosooloted with the field 40/(x). 

'.te shall cal' euch flelde 91  (%) to which oorreaçond two typea ot 

pertiolos, In tho especo referred to aboco, Disso flelds. Tho severo' poselble 

ways In which tho operatIon daecribed ebove can be perforxedwill lead In 

toneral to different rspresontotions of the thoory ta wIll be analyeed ia the 

tollowIn4 sectlons. 

Ifilhowever, one of the opinar (Jalde (which wo denote by 1.t(x) ) 

sotisties a coftdition suoh eis 

(w) 	•• C IZ(x) 	 (ri' -10) 

then an irroduoible reprosentation will bo obtoIned ir we express9.4(x) est 

	

24 (w) 	14(x) e 0 V.%) 	 (In -11 ) 

There /4.(x) is the positivo eneray part of L4(x). It is olear thot 	(a) 

gleon by (II1-11) setiefice th, condltion (1'1-10). Now only ono est of 'evo 

funotione ifm(x) is necesoary to deeerlbe all tho oco pertiole statee asso- 

cleted with this flold. 

Ve shall ce11 tho field 14(x) s Majorana fleld26)127). It wIll 

be seen that the Irreduclble repreasukation of the Majorana field aparatarás 

ha* e dAmonsionwhioh às the equevo root of thtt et e Vira° field operator. 

Pin/Lilyme should enticipate that for some special typos of theory 

Ir we docompose a Olmo Melei /1

1some 

 (x), in en eppropriute way, loto two half 
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field* le l(m/ Md l
e (X), then au ter emproas the lutornotion Hemlltonian 

In terna ar only °mo of' thom. In other worda, although In thle nami there 

aro twe linda of partistes assooiated with the rkeld /1  (x), only ore of 

them will Se involved in the actual prceemme rosulting from the interaotIon 

usod. Thls will happen in tho thenrion that em ahall oall “ProjeetIon 

Theorlee. 

B. Inveriant doompositIon of a ilold yw 

rio watt to and the poselble relatIvistically invarIant waye of 

deoomposIng a rirem field t(x) loto two perta /1/1(x) and /12(x). Tido 

is neeestrary, na ahmsn In soo. A, In order to exprimi 411(x) in terem of two 

hnlf field. (positive enorgy field.) and thoár hermitlan oonjugato. Thoao two 

holt fielda will be intorprêted es operstore of anlhIlotIon of tho two Idade 

et pertIciee aemoolated to the fleld 	(x)11 both of them «III tive a 

vonishing result when applIed to the vacum wave runotIontio 

The usual deoomposition oC ‘ir (x) into tho positive and Donativo 

anergy porte Ia one oC auoh docompositIonas 

(x) 	tf>) •111„(x) 

'hetet 

7+(x) .r  P.4r(x)  - I)(dCr4 5-(x-x`) a/ g t(.,) 

lie>) - Id  (X) - SLde4 15,(x-x0 oecti) 

In (1II-13). 6.(xvx0) and 6(x”xf) are reapeotively, the positive and the 

negativo energy parte of 5(x-a1)2). 

Dite operators P. and P.  derinod In (III-15a) are oporator8 of.prov 

jeotIon, me they satIsfy the ciondltlene usually lapeeed Cor two linear pro-

jeotion operatore PI  and P2  , deflned bys 
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911X) is 91(x) ef (x) 

	

(2.) 	(2) 

	

ifir(x) 	- 	Pr  t(x) • 	(r 	1.2) 

P1 + P 	• 	1 

	

P 	I/ 	c5- 	(ree • 1,2) r 	• 	xis P  r 
2 	1 

	

Pr( 	. w) • P2  /9 	+ 

	

Pr( 4r) 	" tt Pr. 1/ • 	(r 	1•2) 

.2 
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(III -14) 

(/11•14a) 

(III46a) 

(11I+18b) 

(11145a) 

(1.11-26a) 

(In (11I-]5d)oC le a amber). 

raso, the decaaposItioa (III-12) Is relatIvIatIeelly turarIant en, 

for eny henceeneous Imanta trensforaatIon 	sei rInd that* 

	

Pr 	r v- 	(r e 1,2) 	 (111-18) 

where PI  and P2  rapreeents  In thIe exaeple, 17+  end 	respeotIvelys 

rinally Ir the decomposition (111-14) is mede at a carteia tine 

14 should be maIntalned ror ali !suture Umes (In InteraotIen repreaentatIon, 

any). WhIc rÈ11 h: trac ir ai havei 

	

Pt  
✓

+ 	Pr 	O (III•47a) 

11:11 1aat oondltIon is egtivalent to sedInG that the deenetpositIon aí' 91(x) 

inteires only tho valva: or thia field In • given apacanim atarraco whkoh 

contatais tho peto': x. 

l r • 	i 	6(x z') 	V Pr Y(10) d g 	(111-17b) 

This In troo for P. and P. datIned by 
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uther possible operetore of projectIon, bos1dee P. and P..  yen 

aboco, pay bo usod ia order to decenais, the field 91(x) in a relativIstIoally 

Invarlant way. 5uoh oporatore should satisfy the conditions (III-15). 

and (III-1?). This ovectIon w111 ke aralysed ia eubmseetion 1). 

It is not neoeseary, bewevur, that the operators tnod in the do-

oompoaltion of the field should be projoctlon eporators. Renovar, the 

oondltions o: relatIvIstio inverianoe, (111-16) end 	should atIll 

be Impem' on suoh a decomposition. A poesibia deoompeeItton of thie type 

will be considered In sub-seo. 2). 

In subseetIcn 4) these resulta wIll be applIed In order to ebtain 

the possible ways of expressing ir 60 Ia teme of two half-fleIde (and 

theír herritian conjuretoe). Theme peSSIbil/ties will be used in sec. C, 

in the analysts o.^ the structure cif the underlyin4 Hilbert space of the Cield 

theeries. 

1) Frojection operatore. 

For the seko of cenorelIty 1t ia oonvendent to allow a *light 

~erten from the oonditionS (111-15), (111+10) tad (112-17) Impem' on the 

inverient projeotion opereta:s. 

7iret the homogeneity oondItIon (III-16d) will be imposed only 

fcr e<, real. Titia Is done In order that operations of the type introduood 

by Perry27)  will be still collo?, uprojeetiOn operstions" (as Perry's doce); 

theee projeetion operetIons Savolve, bçeldes 911  (x) the hormiden oonjugeteln(x). 

Also the invariante oondltion (III-18)will bo allowed to taxe the 

toras 

p 	.4 1,  tr- t s V' - 2 I • 	S 2 	p 1 - I 	• 	(III -1$a) 

for Impreper traneformetIons. 

P  
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This last aondltion 1/I/4ea) lt still satisfootory In expressing 

the Inverta:toe of the decomposttlon, although the rolos of PI  and P2  are 

exohangod ander the isproper tronara:m..110o ás. 

Now we oonsider the possible types of prOjootion operators. Theee 

oan to divide@ loto too obesos; 

a) Projeotion operators not Involwing harmition oonjugatIon. 

b) Projection operators Involving ~Man oonjugetton. 

In the case a) Ove flad thrt wo are restrleted to the esse of the 

operators P. end P.  dolátted by (111-12) and (111-14), to vlew of tke 

Invarlsnea oondltlone (IllelOnnd 

de shall 0011 thse operators, 8ohr6dinger projeotlon oporators, 

as thoy are eomívalent to tilo dIfferential oporators proposed by SehrOdIngpr29) 

for the ieonmposition of a opinar luva funotion lato its positive and negai,o 

enorgy partas 

	

Pe (f)  (x) 	
2+B S

t)  Ni 

	

y (.) 	R - R 	(x) 	 (11I+1%) 
2E 

iteras 

11 - e m2-A 
—5 —5 

• - /X. • 0 - p (111-28o) 

In osso b), in viuve oC tha conditIon (111.-18) of invarionee of the 

projestion under the torents group o* aro rastriated to the linear combina- 

tlone of e with C 5 or 6C 	as Chem, lest tio quantitiea are the yy 

only oras, ronco with 9'1-, whieh trensform In the aios way as te andar the 

restrloted homogoneous transformations. In tha subseatiOn 2) eu will ~no 

that projeetlon oparations oannot bo Cornet; whloh acolhi= 	with irserr 

Thus the only possible projeotion operadora In Chia oitos aro 101  and P2  XIVOA 

28). 1. 5ehrOdinger, Berl. Bar., p. 418, 1830. 
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(121-19a) 

c2 	•• (çld . c C ir, ) 
	

(tII-19b) 
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bys 

where t is a constant phaeo Cantor: 

r.  t - 1 
	

(xxx -leo) 

There 411 be no loas et goneralkty if wo take f • 1 or mate the 

deomapoeltIont 

1+1(x) • 11(x) • I P (x) 	 (III-20a) 

U (x) he P/  91  (x) • 	(IP (x) • G 97(x) ) 	(I11-201:1) 

v(x) 	c2  Vi(x) . 	(511(x) - c ipx) ) 	(iii-200) 

	

The projeetIon operatore T1  and P/  defined by (211.40) more 	- 
dueed DyPerryzT) end will be oalled 'Perry proáeatIon operaters.. In what 

follome. They ectlety our eendloions 	-16). (II/-16) eme (111-17) 

for the oporattorm of projootion30) altbeech red oI11 have elther (I1D-16) 

ar (1:1-16a) eatietted, aonordIng to the type of Inproper traneformationa 

med. lu the follow1ny, way. 

If the ImproFer traneforetrtiona 1  are advim bys 

Lff 	 /3 9' 	(epace reflexiej) 	 (111-21) 

---Jr• i fa'st, (tios InvorsIon I) 	 (II1•22a) 

tiV 	f Y5  d'97' (tias invorsion II) 	 (III -22b) 

flore lie *qual to =ler 2 1, time we fleti tho tollowIng twa °aseis: 

ot) The phaes reator t In (111-.21) and (111.22) te elven bys 

r 	ort • - 1 	 (III-28a) 

30). We remember hora that In thle ene the houmgenedty conetion (111 .-15d) 
te eatieflod only for 04 roca. 
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In tas case tho invarienee condltIon (111-16) ás satIstled slee If 	te 

015 AI:Grei:14C td•natforoation 25.4. 

Pr 	- Frgefè1 (1) 	 (ii3.10) 

/3 ) IS' the Ohne raptora of the Impropor trancforsmtIons ares 

r . 1 	cr 1. • - 1 	 (III -Z3b) 

then we baru,Inotead of (III•1G) the propertyr 

,6I P1 	; te • 	ydaá i  Pz 91 	- P14I 9 (III -16b) 

In thi_ casa the two projeotIon operetors P1  and P2  ~Attee thelr 

rolos undor tia tranwformatIons of the irpreper iorents grcup. 

2) InposelbIllty of projeotIons fonned by telsIne linear 

oombleations of 7 ste e5  e 9/ • 

At first sieht une could think that the operatore Qi  eM 

2, defined bys 

y, ) ^ Y(s)

Y(X) 	9(X) 	( t (x) (pC 11)  

Z(x) • Q2‘r (s), 	- 2: ( te (x) - sc 9) 
2 

(II I-•24a) 

(Illego) 

(III -Z4e) 

were projectIon operators. nowever this is not the ease as we tInd that the 

boslc condition (III -16b), for projectIon osmretore, Is not eatlafled by 

C1 and QZ 

'e 	re (3  r 
	(r,s - 1,2) 	 (111-26) 

This is stIll truo If a linear oombinstien of te and (2 	Zire  more 

general then that In (12144), te used, 
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On tho othor hand we soo that the invarianse oondition (11I-16) 

(or (III-16e) ) is atisfied by tho doomaposition (IIIe24) of 

For the reotrloted lorents uoup this is a oonsequenee cif the roa that 

)(sCrg transforme thon !o tho seno say es 	. Per the aoropor 
trenstoraetions (111e21), (11142) we findo  in opposItion to the ase of 

	

rumos projuution, that (III-16o) is ~afiai ir the 'hese faotor f 	2  11 

Ore 

.‘1 '1  r 5v  I,  (12 %, 	;,6, Qz 	e Q1
,5 sé' . (111-12o) 

IP f v : 1, howovor. (111e16) Is satisfied. 

Also we rad that, if is e O, the seeond *andaina of invarlanee 

(III-17a) Is also satiarad by Q1 and Q2  s 

0r  91(w) 0 o. 	 (111.17b) 

lhas we soo that, in the ase oC soro meies, se have, baldes the two types 

of splittin ot 904(x) by the Warodingor and how projeotion oporatore, 

respeetivoly, that tiver by (I11-2.4) (whioh is not an operation of projeotion, 

homem.). 

C) Emproai= of o arpe field td(x) in terras of two half falda. 

ha it Ima ale In soo n. different roprezentatIons of a Field 

ihoory wIll bo °balneei eaording to the way inwhieb the tlelda 1401(x) 

are ospreased ia terno or two hen* falda (positivo vara tala). Tape 

representetions will be analysod Sn the followIng ~Alone. In ordor to 

tida tho nasalo Ia).* ot expreisolnc 1? 
 (s)In termo or two heir Paia we 

bati by dearsposing 'f(x) with the ald of one ot the three types of 

°nonatae eonsIdered in soo. 3 (the deoomposition in 28  Z Piela belas 

possible only Cor the mue of aro wass) and thon we introdua the appropriate 

haat  field.. 
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For oinolicity ot notatton It is convonsent to littroducas  besidoa 

the antipartIolo (charro conjuceite) field -1-e '(x), elven bys 

I N) e C kti 	111  (X) 	C 7.11  (t) 
	

(III26) 

anothor field, te 'IN), defSned by; 

w "(x) a esc V7(x) 	111(X) 	o 	(x) 	(11147)  

tio chiai ed 1 11',(x) the "oorstrapartiole field". It satlafies the Olrae 

oquation with tha opposite sign tf tho ases toro of that an the Viroso 

equation est/e:fleti by Sfr(a)s 

( " í7 x" 
• m) 7 (x) - o 	 (I II -28a) 

to o —xj - m 	„ (x) , sem "0) 
	

. o 	 (II1-281) 

It should bis obsorved that the "contrapartiole Pipia" ia essentially tio ame 

as the "antiparticle fiold" to whioh it is releted bys 

"(x) - ('s 9d (x) 

It is of lamodiate vorifIcation that the operatore for the numbor of *entra-

pertielese 

14" 	f dtrim 1  .11(t) à( " Y.V(t) 

le equel to that for the number of antipartioless 

i f 
	

cri,t  y:(x) 	9fr:(x) , 

ar% 
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Wo find the gliX followSns,  possible casse: 

1) Expandi:01 isto particie snd antapartide holt field,* 

Ihs is the usual case, glven in the exemplo in sep. Ag 

+sore, ator performinc a deomposítion by the Schroeiniser 

projeotion aparataram' 

51/ * 91). 	 (1n-29a) 

we expecta r.. in torce et the positive onergy part of the entiportide 
fields 

- cf: 	 (11149b) 

thus a/1 field quentities will bo expreesed in torne et 4V+(r). 11.1.(x), 

pz)11  and 11.14.(x)t-  , 

2) D000mposiltkon isto partido and eentrapertiole haat field,. 

Atter the sane doam:positiva (IIIe29a) as in *ase 1) we 

express "i)  as, 

(x11-30) 

eters the holt field 10',V ia the positive onergy part of the oentrapartiole 

field 10", defined by (111-27), 

Ti. oould also °aproes this type of deoprepoeition saying that 

the taro heir fiolds hera used are the positive onersy parta of yd (z) and 

1011(x) - C .7v-  (x), respootively. 



te 

3) DelonpoolIon Int° L ond Vivai fioàdo. 

24' 
#4"de nos tio oro doed by Mijarem "e in exprossIng the pealtron 

thoory in teme of twc .,sejorens field.. 

dere we Ilrst de0GrpOse ti(x) by the Furry's proJootIon 

operaters: 

tiO w 	Dell( 	 (III•-na) 

;ft) 	v 4 (ve•-• c 7) (III-31b) 

and thon, usIng the proportleas 

U .00 s V.CV 
	

(III -31e) 

ao exerces U and'V Aos 

U 
	. C (.; 	1 V 	V 	 (III-31d) 

V c- V. 	o V. 

In (III-31d) the half fluida U., V. are the positive enorgy parte or c And v, 

rsopeotIvoly. 

4) MeeenrosItIon Intuo U and V" halt fie:Cs. 

dere, atter the expaneIon (III.31s) Is use° ao expross V In 

toros o(' the oorrespondáng eentrapertIcle field: 

v1T - esc V . 	 (III-32e) 

or, in ?leo et (II1.310)$ 

I/ e e. (III -32h) 

Thin 'te expresa U and V as 

u 	O U4 
	 (in-szo) 

V • rs  V:, _96C 11:1 
	

(III.32d) 
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5) D000nFosItIon iam: tnd t haat ?tolda, 

In the essewhenthe reat rases is Zero vto nsay uso the doesst—

~Man ot çto (X) 41~ by (112-24)r 

Y 

Y 	" .(ri .45  C :;7) 	 (111-34b) 

4 ( te) '4 	T 65 G 7) 	 (II1,4510) 

lho ttelde Y and g are relatsd bys 

2•+ a5 CIF' 	-Cr 5 	 (Ilx-545) 

Soer, a* Iam to engrace til the field Operatora in termo of tho mar Molda 

Y4, and h. (and their herratItn oonjusete). whleh aro, reepootIvely, the 

positivo snerty parte ot Y and h. lio !and tinta 

(111-34e) Y_ 	e )15  C Z. g já. 	o 5  T4.  

Ors 
. Y4 	á/5 C Z. ; a 	z,  ís  G Y4 	 (111.4141.) 

6) DecompooitIon tato Y and Y' holt flo1de. 

T' te, in virtue of (I1Ie34d) related to Y byt 

Y.  •• 07 	~(5 1 3 4.ffie.a.g5  ym 	(nza) 

Hero are stert with the docomposítIon (111-44a) ai In the *aso e) and 

thsm substituto 4 by  -  ire  Y's 

Y 45  YI 	 (11I+35b) 

Nov: mi oxpress Y and Y' Ia torne of the oorresponding holt tieldes 

Y • 7. + C 	7 	Y1 	Y: + 	 (11I-33o) 
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The substitution of (III -55c) teto (II1-35b) givos the expreoaion 

of 1.1  (x) In termo of the half fields TI_ tua T: 

J) Configuration roprosentation. 

In .i.o tina theoriee, IP we finei a ropresentetion ar the field 

oporatoro then the SchrOdinger equation (soo part I) oon be writton, instoad 

ar in operational Corno  ao a sywton of equations (Infinito in nunber) 

relatins the oonpononts of ths wavo funation, thie is what is oalled tho 

confiituration represontation. lf In particular tho aparatar' Cor the 

nunber of the severa' leind of pertIolos is diagonal lo the representation 

oonsidered the undorlyins Hilbert apare is callod Pook spaoc31), On the 

other hand wo may work in the opaco ot the quanta, using operational oaloulus 

and taking advantage of tho commutation relations of the eperators and of 

tho coopletoness of the basic set of avo funotions. this simplifica the 

conputations, In general; for thls roaeon we senil uso)  In general, thla 

'est mothod, although it will be convorlient for the analysis ar the structure 

ot the urrierlying ailbert space to examine the oonfiguration representstion 

et the theory. 

Here we oan eitber look for a representation of the field oporatoth 

inoluding their dependance on the coordinates (aontinuous variablen) enC 

spinor ledices (dIsorets). In which cace we are leal to the 000rdinato  

configuration representotion of the thoory (the cave funotions dependias on 

the coordinatoa), or wo make a Fourier exiansion of the oporatore and finei 

a reprosentation ot the operatora dependias ou the nomentum (continuou') 

and apin coordlaates (discreto); teia lesado to the noosetum configuration 

reprosentation. Por the folias-Int analysia it will bc sirpler to oon - 

aider the no:watt= ropresontation, although the metbod hera used oan be 

extended in ordor to obtein the 000rdinate reprosontation. 

Fook, noite, t. Phys. 75, 622, 1952. 
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Por tho eake of aimpliolty, ao mm aro In tida work wninly con-

oorced with Ferrai typo of interaeticne, we rostriot the prosent consIdora- 

tione to the osso of four spInor field& 10(2-)(x) (r 	1,2,3,4), corres. 

ponding to the four particlee Involved Sn the interaction. The extonsion 

to the mut genOral aos* of any nunber of Feral and Doem Molde intoractIng 

with esch othor ia lu:adieto. 

For concretenenn we expand thoso Molde In plane weves In the 

metal way (partido - antlpertIclo reprosentstion)s 

(r) 	i(t) , c  ff) 	9/ t(r) •  c  9W) ,,9(r) • ti517) 
F 	 l 	 t111-38) 

whore 

'1")  (x) 
f1S- 

2 ik4.t uit  
A d3  k u(r)04s) o 	̀r/(rtn) (f 42) (111-37) .e 

'there: 

k kis  - W2 	a. O .(r) (IIIt.07a) 

e le the dlohotonlo spin ~labia (tho valises 1 and 2 correapondinz to the 

two posslble oriontations Dr the e;in) and JP ia the holt field indica, Ite 

valuta, 1 and 2 corresponding rospectively to the partis», and aulparticlo 

flolde In the present dano. 11.m spinor funotionn u2)(2,e), for e - 1.2 are 

the two positivo onorgy eolutions of the Dirac equatioet 

(1 g 
u
k
g 

4-2
(r) 

) u(r)(k.e) 	O 
	 (11148) 

The goneralization of (111-36,37) for the case of any type of 

aplitting et the field 1/1  (x) le obvioue. 

ror almplioity of notatIon we shall denoto the variablen (ite) by 

and tho Indicas r and .1' by 	t 

(1II-39a) 
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5( 
a 43  k 	 d 
a-I 

(1II-39b) 

 

Nus the antlooroutstion relatIons ror the bali' Molda can be 

crIttens 

	

ydis? k 	• h+ 	) 

	

,C? 	'N(105 - 4u-11 )S 

IS 9-71( 	9Z igt)1.  -iy411(43).1;11.4( ')1) 

(I11-40a) 

O (111.010b) 

Now a ropresentatIon 	tho operators 1)  t( ) °Quid be eharaoter- 

ixed 	tho rant that a geven completo set of observables should te diagonal 

in Cies representation. For instante, ir ao Incise that ah the coomuting 

quantitiest 

N11( 3) -0i(;) /Mc 1). 	(I 11-41 ) 

operators for the number of partidos or tho tfle t:? in the state oharaoter- 

ised by I , chocad bo diagonal, 	special reproaentation aould be eetelned 

by a trivial general/enteou of the ene coneldered by Jordan and neer. 
Rucem., in ordor to paia to the oonflguratlon reprosentation In Fock apisoe, 

it is tot even neesesary to use a special reprosentation of the operators 

1)49( f ), as long as ano is sura that the oporatora for the number or partistes 
)) aro dianonal, 

This is the acuse ir the ['chacine method ia umeds 

Co first expressa the quantuowave runotIontit) of tho SahrOedingor 

ropresontation as32)1 
nai 

"Sr(t) ••• 	-àrr 	 d 	fl k'i 

••• 	3n)t (1°  ( 	nit t)  no 	. 
	 (111-42) 

11 	/1,.. /1.11  

52), R. Decker and GL Liebfried, Fhys. Rev. 69, 341, 1946. 
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In (III -42) 12.o  is the vaeuum leave Panei!~ charactorisod by the condltionc 

‘fri.( ) _CLo - o 	 u-ns) 

The time dependent functIene 51), anta-symmetrio ia the pormutation et any 

two paire of varlables (1?1 
71 ), ( •)13, '3) ars the raro funotione In 

penfaguration (aumentem) space. 

The normal!setion condition ror -4J-(t). 

(11-(t), '(t) 	- 1 	 (111-44.) 

can ha exprossed, by the use et (III -42),in configuration optes asa 

fnis0 2. a 
nel ele 	" 	 tir  ( )1•4nt t)  d 31.4d  In 

(111-44a) 

ln obtaInIng (III -44a), we usod the antleommutation relationa (111-40) and 

the property (111-43) of the vacum:Immo tunctIon 

ln ordsr to show that the *posters N (/ ) Givon by (111-41) are 

now autemstieally d.:age:nale° observe that the guante^ nye funotionit (t) 

given by (111-42) aro expanded by the completo est of orthonormal vaoterst 

f 

	

( 	) - - 3v, z(4)PIP 'C (,‘ )t... 411(j )tin (111-45) 

	

111 In 	(Dl1) 	 441  

ateres 

n O  1 E 3 	 (111-45.) 

and P is the operater or permntation et the variablos (4/1. 	p baing 

tho order et the permutatIon. 

Nese vootoro (111-46) aro eigentunetions et the operaters N (I) 

with eIgenvalues or O (when the oontInuoue variablen raro substituted by 

discreto enes In the usual way). They aro also eigenrunctione of tho operators 
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for the nuzbera or partidos Cor antipartiolos) of the severa/ types, 

el 
N 	fd 	Q 	 (111-46) 

with eIgonvalues 0,1,2,3, em 

and o: that for the total manter of partidos* 

	

N * 	14-1 • 	 (112-47) 

with the eigenvalue n. the antlemotrizatIon cf tho produot of operatora 
f• 

Liv ( 	) In the expression (111n45) 1a ar. Imediato consequenoe of the anta 

oonautetIon roiotion (:11-4nb), in virtuo ofwhicsh the ayamotrioal part of 

W (€  1)t tp (3  

	

g., 1 	2 

vanlohoa. Zn the e*procsion (111-42) for the wavo funotton-lint) the anti-

eyeretricatIon Gr the Fenduct o? operatore is taken oare of by the oondition 
that 5 be antisymnatrao; ons soco thue that tho usual eatisynaotrizetion 
of the ~e function In configaration space ia intirataly rolatod to the enti-
oomtutation propordes of the field operatore. 

now the SohródInger oquetIone in configuratIon reprosontatIon cen 

te obtalned by substituting in tho quentura Schrodinger equetion (suo part /) 

Itr(t) by the exproadon (111-42) and beking the [melar produot with all the 

lettere of the typo (:11•46), for én - 0,1,2,3, ... • 

E) Struoturo et* the underly3ng Bilbert space of wavo funotionat 

In tho abam. trostront mo modo oaly a olight diet1notion betwoon 

tho deponde:ince of the "ave funetiono on the variables 7 	am -;, aí  

which werá troated ee °perdi/iates, and the Indico. "
I  o rCl  d 1  whioh 

indicated tho difforent types of partidos we aro contornara with. The 

oonvenienco of treating the índex e  in the seno footieg se r comes trom the 

faot that partidos and ontapardolet really behave as different kinds of 
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partloles. Although tho índex '7 aoald have botim includod In 3  ao a 

000rdinate (aotually In th,44-.5strIsation of ?the indeuell and the 

000rdlnatet 	are treatod eimilerly) it is oonvenlent to milho e olear 

out distInctism of 	roles of ) and 	and thet factorizo tho Hilbert 

spaoe listo the dltact product cf severa' subapacos corresponding to the 

diffaront typoo Of partidos cheracterized by the sovoral valuos of 1/ 

Also, ao oeen baforo, t,hore are ways of splitting the flelde tr(r)  

othor CAL the usual ono givon in the exemplo of soc. D0  say Into para Solo 

and antlparticlo neles. Theeo sevorel possibilites lead,to different 

represontations of the thoory, whioh ara however, related by unitary trens - 

for:estico° and are thus equivalente neverthelees it ie convonlent, for the 

sake of almplicity of the computatlons, to uoe in some casse one or another 

of thoso reprosentetions. The prezei* enalyels of the structure of tho 

EilSort space Is just the consIderation et theee possible representatIons and 

the fsotoritation of the total BlIbert epace Snto tho dlroot product of 

indopendent sub -opacos. 

As it wIll be doar in the analysie of the theorlos of noutrinos 

(tart 	an understending of the underlyIng Dllbert epaoo of ware 

funotIons le essentiel for the comprohonsion of the physlcal'dietinotlon 

betwoon different Idade of neutral partidos. 

We considor first a general osso of faciorisatIon of the Dilbort 

space for páreo fitado. 

a) fentorisation of the Hulbert opaco (sonora' treatment), 

If ve doce:cepos in a relatIvistle inverlent way the field 

quentiticsr(r)00 and rt77)(x) In termo of tiVO other holt fiolds (positive 

energy fielde) g) (rd9)(x) a 91 (2C) (j)" 1,2), satisfyIng the mame Disso 

(e'd. 
equation (In intorection reprosentatIon) est jkXs and thdr hermItlan 
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canjavetes, usibz, any oro ot the 9cm:16dt:roa reterred to batote, ft is conven-

lent to uso a ropresentetion In ?Mich s21 tho operatorst ()) are taotorised 

ae a diroct product of severa). in::erendont (cperatinz In Erten:int apense) 

mis ricide (17(; ) i to this corraspona a foatorization et the 1111bert space. 

04) ao aluai considor first, for the sare ot simplleity, the *ase 

when viu heves only two cuca) anticomutIng holt nelas e( 
1.2). Iro Intreduaa the notatIoni 

9J7(;1... )l, I  ) - (N1  03/ 2  r  (.1)P 1,( 41( ) 1)' ... ifY( eSi t)fl 

11  . 1,2 	 (I11-48a) 

Now we seu that the basto vector S.).. ( J1.., t) citou by (11145) 

oan be expresead 113 torras of the ccentlties (I11-48a) asa 

11 
'iria 	 li.  1 ti, 

4 

..n
j. 1 	1 	2 	.,2 ) 	tg,le,1 4,  ,11,..„2(  2...., 2 	1  .„, . 
q ••• 1 to y .• i  	- i  k 	• ..! # ‘ 1 	j ,t.  on ak 

Pe r 	1 	N.. 	1 o 	#: 	 "/ 

W1 + N2 ta 2  

in the *ase when ti assumo° only two veludos 1 or 2 (ia* for only onS 

Feral field). 

In the first zombar o? (7.11-49) the perneie coordinatea 	are 

enuserated from 1 to N, regordlose et the typo of partido (whioh 1a tndicated 

by the saiuo of the oorresponding index 7 I). In the sacana member et 

(111-49) they aro anuterated r.'0111 1 co Wifor the first tapo of partiola and 

	

from 1 te N2  for tho second typo. The 	alga In (III-49),h1oh dependa 

ou the ordering of the partistes in tho ['int mantel-sie uneseentIal and ahall 

(111.49) 

whero 
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be Sneorporated on the conflpyratlon ware funotlon 4 in the fo1lowlng step. 

Usine (111-40) and (III -49a) ao nove exprees the total wavo 

fuactlon (111-45) as, 
cvo • 

- 

rolai 	..à  5 n( 	(1...  5  ti  ) 
N ,N v0 	 e 1 2 - 

tf ( 	1 ti 3  / 	as  I11) 	 (111-60) 

Ntro the wave Anletion P lias to bo entl-symuctrlo only In the coardlnetes of 

the seno type of  particles. The upper índex Sn ! 7 corresponde to the 

trio of partlele and the lower one to the numborlog of thom among the partSoles 

of the salto typ. 

Let us on11 1 the algebra 2anerebsd by the oporators 111(f )p 

lr ?( j ) (and tholr hormItlen conjugatcs) by products and linear oombln 

atlons. Th, oporators of f> aot on the Ullbert spacck , 

The oporators f  and 1/2  satlsfy the followlog antleormutatIon 

relatlonas 

   

VI{ '0'41 
all the other'  anticommutotore vonlsh. 

' S(1-#') 	(nx-5`1) 

    

),q  i 

4) 1(£), whIsh hem, the sane commutatlen relatlons as 

	

cp 1c P. (pli( 5 ')i 	- 45" (i- )7) 

1 4, 'g), ep 1(  .,),1 sio 14(1  ), 4211( o' 

	

g

but oporates 	vector a ctor space 	1  with tho equare root of the dimension 

of that of 	The vector spáce 	1  ls expanded by the completo ortbo - 

normal set of vootorst 

g 	11 	11)   ) 	tom 	) 	• N1  v O 1a  2 4.. 

(11143) 

Now ws coosidor siso the algebra generated by the oporators 
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1 o belag defired byt 

1 	01 O 	for all # Ia, 	(111 54) 
and 

1) 1({ t... t :J.) bys 

4)41( ) 1 ..1 ;4, ) " 
(ti )5 

 A  2.(a)Pr [90( j , )1... 11( 1 NYt 
1"  

91 	 47 

«ue 1.2) 	 (I11-48b) 

Also r..3 ecnsider anotber alGebrefi 2, leordrpb1e tu the first ano, 

genorated by aparatara k 2 q), with tho some oorzeutatiaa relatiore as time 

for 4) 1( ) ), but tonna on a clifferent -reator spacei 2. cs 2  ia expanded 

by the base vactossi 

.(z2(# "• 2t)2   	2   - (p2(3 	2  ).n. 	tal 	 (III•45) 1 .• Nz 	o 2  

2  boiar; defined bys o 

2,  O for tal 

4) 2( ) 	)2 	is dofined by (111048b) with 0? • 2. 

de ?mut to factorize, es a diroat produot oti z  andizt 

1 	ch  2 xâ 	 01147) 

In o-bar worde. We Mut te cdresse 

no  • no xRo 

11 
1 1  2 	el 	± 

- 	I"' 31111  1 *0  tN2 	to  (€ 1-• # II 

„n a ( 	5 	...02(.5 .. 3.2 

5 -5 
(111.58) 

(izz-52)  

a1ro rio tent to factorize the alsobre, as a direot produot of A 1  by 4  2 
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&pres.:Som (111-69) vil] betono an tlgbtity 	se tetro ler the sonnexlen 

of the oporators .1)1(1 ),I4)2( ) on5 and y-1 ) on g it the usual 

relationag 

, yr 1(1 ) 	et 1  (;) x I ; ito 2()) • 1 x95 2 (f, ) 

where the symbel z Indloatas the operation of direct produot. gere, hora-sor, 

we oannot assumo time° rolations hooeuso tho oporators gr 1() ) and912(1) 

would Sn suoh s. esse comuto with oach °that., inctead o: noticies:auto, as it 

Is the aotual osso. In arder to cot the appropriate nutioonenutation rolation 

between these hal: :toldo, se may talos, for Instanoo, instoed of (311-61) 

J. 2 911(1 ) 	9)1(1 ) x I ; 51/2(i) 	it1  xfs 	) 

whem RI  Is a unitary sioment o:AI with the proportys 

4-2.1 n a 
o 	o 

whl oh anta oceenutos with all Cp 1  ( ) and tp 1(1 )t 

(III-63) 

(111-64) 

In the Jordan-rigtor ropesentation, fbr instemos R/ is the element of 

of the typeg 
RI a /310 1) x731 ( )2) x 	1( )1) x 	,R1/ (111-65)  

altere /5 - (0 -2; 	 (11I-65a) 

Mc-that possible reprosontation eorrononds to tolos for RI the opetatorg 

igalfr  
2. (44) (a) e " 1 • i n X(1)- —

21 1(0.)  . . 	(111-66) 

Na) - PI I (P IM 10) 	5 	il(i)q ) 	(111-6eft) 

es it oatlerlee our donditione o: unitarity and antloccanutationg 

R141( 7 )} 	RI' 41(  )41 - 



C6PF-:e•OCl/13 

'17 

T‘t 	Rel 	.1 ("1) is". 
	 • ( 

un
4:-(t):1 - o (Ill-67) 

Ra WSII as condition 

Now we find that the operators 61(1 ) and R2(7 ) eletlud bys 

314‘(3) • 1141())t  U/( s), y(-  1,21 	(xxx.64) 

are rolated te N
(1 ) 

by: 

142( ) • R(1)(1) x 11 	21 (I) - 1 x N(2)(/ ) 	(111-68a) 

Tinis we Can tirites 

9'1(: ) - 4)1(1) = i I 14' 2n) 	(4)1((l)  X +2(1 ) 

(a1)71(1)( 1 X +2( j )1 	 (iness 

xt ia aos easy te verify that/ 

11( 3i,4,, 	2 -a!Ilt 	 6 ) 	• 01( )1 46, 	)C-1/°(')  xtég(il... f!)(flt = 411-:) 

or, usina the properys 

(1//-70) 

(compare (171-63))sre flnally find the taotorisatIon: 

./1 ( 31ml tio ) 	tal( ) j 	5) a( 	... 	(man) 

ao needed. 

, Thus, eurnarising, we oea Castor the aluda** 7T and the undorlying 

albert space 	FUI 

i? wft1 w,292 	 1 24, 2 	
(111-72) 

te the conneotion between the gemeratoreT1() ) and I/ 2() ) of, and 

thooe 411(j ) and Ot( ) ofA and," 2  • respeotivoly, aro taUen ast 



(T (?, 
) e 4'(y) 

x 
 d7  7 

	 ) 	ry x  4,2 	) 	(III -is) 

the operator R1 having the properties reforrod to atoe°. 

/3) In general, item have q Dlrao (Solda thr)(x) a similar 

factcritation oan be dons, 

flore there will bo 2q antioccusutIng holt falda, 

(1. (x)() )s 4,2(,)( 

 

1/1(q)( ), 112 	) 
(4) 

 

Operating on a vootor space 	and gonerating the algobra, 	it Is not 

nooessary that the d000mposition of two differont flolde 54(;)(x) and91e
x) 

roto tbo correepondIng helf field* 1V (r)(' )8 q1(r)(S) and rie(t) (741(i ) 

be of the sana typs. For instante na tould ume for sone of thsm the ?atual 

decompeeltion Int° partici, and antIparticlo holt* Atida and for °there finto 

two Ua,lorana flolds in the way that will bo.analysed in section b. 

bow 1f tio consteles. the 2q indopendent fielder 

(D'() 
(I) 

 ). p
(1) 

 (1 ), 	• 
7(q) 	I (n) 

 )8 d52  Cf ) 

~that respoctIvoly in the oubapateet 

1 
(1) 

 

(I (214 (52)  

 

and gonorating neepoctivolytho algobraet 

Jj1 	z 
(1). ,71  (2 )' 

 

_a_ 2 

--/fQI)' ft  (e) 

 

whIch are, as baforo, isomorphic to esch other, se will have again the 

fattorisations 
5 	2.• 

" 5 (1) 	) z  	(a) x 
 o ( ) (111-7!) 

fr )4:1) xfi 	
x 

2.

(1) 
	 xy• x

(q) -19-(q) (m-75) 
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W (r)( f) • R(
1) 

79 

RX x 	x 	
1 

411,1%)X A 	1
e 	

x ... x 12 
(1) 	 vc.1,' -I 	(r) 	 (q) 

(anate) 

fl Rs 
1)  x R2(1) 

x 
(  

2 
•••• x 

1(q) 

1 	2 	1 x R(r) niP(r)(/ 	1(2..1) x 

(1II-77) 

whore r * 1,2, ...* end tho unitary oporatore R(r) satloty tho obvious 

generalIsationa et the oondítions (11-62) and (11164). 

In the generallastIon ot the JordenAllener roprosentetIon ala of 
these operatora R(r)  havo 	tons (111.26). 

In tho t000nd typo of repreeentation rerearron to above wo sbould takoc 
R(r)  (p) 	X' 

R
(r) * (-1) 

(r) 
	r .1,2, 	q j p . 1,2. 	(7/1-76) 

(1))  uberes 11 	
fd irr)( )11(} (f) Cr) 	 (III -70a) 

Rara, inotend ot MI-4es), tho operatora tor the number 02 tartIoloo °ente- 

w:11 bit glven byt 
1 	 (1) 	2 	 2 Ni 	1 x . 	• r Rir) 	(1) 	

N(r)  x l(r)x • • • x 1(q} 
	

(III -79) 

1. 	 1 	2 	 2 x 	- 1 x••• •x1 	xX 	x....x1 (r) (1) 	 (r) (r) 	
(9) (11/-30) 

Plnally, oorrespondinx to the relatIons 41z.e?) xe hemm nome 
z tv 'et- 1 	 nr1 	2Jr  as (-3.Pral 1 x 12x ... x 4) ( 1 ) x 1 x .4. x 1 1(121-61) 

J 
where 9,  + 1,2,3,..., 21 oorroopond to thepris. of Indleee (r,q) enumereted 

In the ceder as they apostar In (ZII+76)and (11/-77). 

poncline, to the sororal holt floldc gfir ( / ) 

Yr, ) 



br) 

b) Alfteront renresentrtions rosultánr from the type of 

davemeositinnumsd for the vivere' fiolde Yl(r)(w)s 

As we have said bafore, there are sovarei dirforent ways of 

making a rolativistic Icvariant doconnosition of the fixada Yd(;)(x) and 

introducing tis two tslf tields assoclated with oach value ar r; they vil' 

be more carofelly analysed in what 	lis use for the decomposition et 

the perorai fielde (r 1,?, ...q) of ano of thoae proeeduree (not neoetearily 

the same for all r's) load to ditforent raprosentatiOns of the theory. Here 

we conelder, for sinplIcity, the case af only ono field tr(a), the extenelon 

to tho nost general caso boina obviou,. 

Acoording to the ar-eivais in soc. C there aro, Ir the osso 

of arbitrary masa, four difforent waye o? splittIng the total tioldthx) 

isto tara heir field& 9i(x),12(x), in a relatIvistio Inverlant way, and 

two more possIbIlltics it in e O. yl endId2  ettisfy the same Dirao oquation 

ee 1"; 

()( M  :5 	r) rfle(X) 

	
o, 	(r 	1,2), 

but evontually with a change In the sign ar tho mias term (In which mesa 

we call the corrospondont field a central:-1101e 	Theeo d000mposItions 

aro the ibllorir_g (the first four being possible Cor miy valia of the emas, 

the last two only If m e O). 
1) Umpanelen in‘rAP‘ (parhtsle K41 eutlyerticle) 

Thie is the usual eplitting In which the total tiold le 

decomposed loto the positivo and the negativo energy parte, the last one 

beIng expreened in torna et a holt field '4,;(x) (entipartiole field) 

by the relations 

11_(m) e o 	 (11142) 

lia,. it we expand t(x) and kr.;(x) in torne of r( 5 ) anal,  ( j ) by 
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expronelone (i1147) we tina (in intoraotion ropreeentation) for the onergy-

momento= four vector"): 

Piá," d/ km[9/O )tt (I) 	+ro )t r(r ).1 	(12i-83) 

troa 

ko 	+ 22, 	 (111-95a) 

The oporator for the total nunbor est partieles ias 

II- f d ftrc 	tf(() 	 (III -84a) 

and that for the nttwber ot antlpartIolest 

N,  " f 	Lr ,n )11r, 	) 	(III -64b) 

1£ the field ta ohareed the total abeire* is given byv 

Q 	-8 	 )t 	) 	)tire(l )1 (Ui -86) 

1= the presont osso ao tztat met o: obeervablest 

n(1) 	4/(1 )r ‘IJC 
	

(::12-88) 

I"( 	" f t (3 )tia ({ 
	

(21147) 

thatr eigenvalues beire O or 1 (when the continuous vartables ; c (4) ara 

replaoed by dia:trote ones on the usual way). aro diagonal both Pia  and Q beco= 

automatioally diagonais 1111s permite as to attrihuto to a etate with a 

particlee and r. antipartioles the charges 

Q - -e (m -h) 

The tactorltatIon of, and" can noa be carried In tis way reforrod 

to baforo, by introduoing the half fieldatp(1 ) and 1 a(1 ) opereting 

respeotively on if gi and az . 

gp z g a it.A x  fi a (111-89) 

33). Soo, for Instituo', a. WIentzel, Catatua fizeory of rigida. 1949. Inter - 
ea1ence 4kbllshera. liar York. 
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Symmetry betanen perticle and entifortieles 

Consider two cesses/ 

a) The Intersotten Ia h/linear in`r(w) Cand(lf(x). Coneidar ter 

Instanne the case of quantun electrodámarics. Hare if coa nake the trens - 

fOrmation 	C 4) and at the sano timo obange the ;San of the oharge, 

all the equationa tire lett unehartodá thuo the eschange of the roles of 

pertioleo and entiparticlea is oquivelent to tho chinca et the sign of the 

chargo 4n other %lerda, if we ansociate the perticle field to positrons 

(inatoad of nagatens) and the antiparticle field to nogatons, but change the 

sign of the charro, the thoory will romain iscoorphie to itsolf. 

b) The interootion is lindar in 9'(x). Consider, for instante, 

the case of the farm' intereotion of the types 

- g  Ti.p(x) 1'12 (9 'Ti (9 	• h•a• 	(I11-89) 

Here we fiz our attention on tho behaviour of tho nutrido field. Em if 

we ohange Cinto C 41.1 wn obtain a theory etere the terra (111-89), Sn 

the lote/motim, will be substltutod byl 

àe,' • g 71,  1/E 7€ C. 717j; 4- 'tio. 	 (III-eo) 

lfsw expand 1 ardC tin plano mesmo aud compare correaponding 	we 

see that the roles of the neutrino and antineutrino half fielda9)  (: ) and.  

4i/( ) are ánterobanged In theso theorles. It is eonvenient then to 

factorize the routráno tteld in the socond casa ass 

ict 	xft, 	- 	a x g, 	(111-81) 

instead c& (111-88) (the notation le devious). 

Reaver as there ia an isomorphiarn between 5 e and 	
p as well 
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se between dfra  en6,190, and In viaw ar the taot that 1/(x) andeMi(x) 

Gettlary the ;amo Dirao equatton (in InteraotIon.ropresentation) the mut - 
valemo of the too theortet is obvIous. 

eeerthelesa, it we min toras of type (11.1 -89) end (II1+90) In 
the InterautIon (say it tti(x) appoers in it to the oombinatIone 7(r) *C, (x) 

14 are not anymore ellowod to nake tho substitutions 

,À ct. 	(1 + 	V1 	 (231-92) 

althoughtt me rake the substItntIont 

+/)09 —e/1 * C .7 	 (111-92) 

we again obtain a theory isomorphto to the InItIal one. 

Por the same remoia ihe foliowing typea of ?erma InteractIona aro 

egnIvalents 

g tp 	re, a5 91; h.c. 	 (111.24) 

g rfir  9..•
W 

;Th rge );• h•O • 	 (III -96) 

They will be considere* In the Part IV. 

2) expanaIon Loto li,q11 1 nela (pertiele and oontraperttele field') 

At obserwed tutore tMe field quantItyt" 	r 	“-teCtes the 

ume Utrao eguation as 9/ . but w*th a ohange In the eltn of the magia te..., 
we cal15111"(x) a oontrapertiole 

It we expand7(m) and 11"(x) (compare (i11-80) as* 

9f (c) 	1),(r) **is  6 gri, 	 (111-96) 

Lr"(x) att."(x) t ie  e w, 	(xxx +9?) 

we soe thab the antioomnutatora ar 1j.,y(x) dItter from thoae for klim) odly" 

on the sign cif the M668 term. 
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If ae Introduce now ttn Piolho 	'IP 4"/  ( ) (atter tho 

expanslon in plana wayme) no can factorize 	and /9 sai 

e ; 
19P if o 	P o (111-87) 

-_eo we should observo thet the exproselona for the energy-aomenturc, numbor 

of particles (and oontraportlelea) and total °heras are glvon by exproasIons 

.(111-.85  to 85) when we chamo& 

kr0) 
fluo the oontrapart!ole field hes °opa:dto ohorge to tho partIle 

Surely the roprosontatIon boro obteInod is equivalent34) to the 

fIrst one, as 1#" . Yskifli nvover In oorta1n °ages the uso et thio 

representertion nay len coro diroctly to the noedod result. Thle Is tho case, 

for Instante. when // appeere In the interaction 1n the combInatIons 

- LII)  • e s c y-; 	(III -99) 

for instanoe, In the Intoraotlen hamIltoulanof the acidar thooryt 

(x) - g Ft  5vi, sVro.  C t17,,  ) h.°4  

these typos et' theorywIll bo cano() ?Innen thoories 1A Part IV. 
Zt 

Xas/We make tho oxpens1on (111-96.9T)s 

Y 	te+ 
	r.)/ :I • ais ° 	#17!.. ) 
	

(III-100) 

(natio° the assymetry in the signa) 

24). The difforepos between thte ropresontatIon and the first one le more 
olear In oonfiguratIob space. In tho can (1) we use the same one partici. 
Ivan funot1on '11(xl Zn) to descrito° a posit4N in tho state ofmomentum 

and spin s as the one used for a negaton in the seno state. In the Osso 

(2) the reforred poslton Is &narina by the wavo functiont 	t (X; ETIS) 
5 

(all that° wave functions are of positivo enorgy). 
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we find thatt 

a) For firet ordor tranaltions tho laca of tymmetry (In the signo) 

of 1r, and,PV is of no imporlanoo booause termo In f. and in 9).(p,  do not 

combine. However, se the Schriidingor-Casimir projeotion operators for thate 

ficado have difforont signa In the mus toro there will Iro a oanoollatIon of 

tho oontributions of those termo ',ming from the tro typoo oS processo with 

emlasIon of ;estiole or of contrapartiole (as already obsorvod by ). 

chis renains true for the alaga dopending toros comiog from the real emisslon 

of neutrinos In processas of any arder. 

b) Por secoud order pr000suea of the type of double /2 dooay(with no 
neutrInos) the only oontributlon is the ene comIng from the mane toro of 

the achrOdinger projoctlon operator for tho noutrino. la othor worda, there 

In no doubie 
/3 dooay (vIth no neutrino onátted) In Pireman's nUL,:ed theory 

If the rasa of the neutrIno veelehoe. This le obvious In the present repre-

sentatIOn beoaude aa 4'(x) espoara in the interactIon In the oombination 

,(x) 	f''' and 71174(x) as 9/ 4(X) _vir (x) aná because Lho refecred 
procese arianos from tho creesed torso of the type; 

(̀TP 1PN `111 Yd ) (7-317P WS %V Ir y ) 

thon the oontrlbution to the matriz olament arising from tronsItIons where the 

intentediate neutrino /a a oontrapartiole juat °aturei tho ano arising trem 

Intermediate partido statec. If the masa is not soro then the mace term of 

the projoetIon oporator aurviven as it hes dilferent ain Por partias, and contra- 

partida. This oontributIan is houever noglielblo In relatlon to that for the 

doosy with tvo neutrinoo 3n vier of the smallnose of the neutrino moas. The 

regem for the dl:farei* rotule obbainod by Pireman la to be Sound in the faot 

that, although for flret ordor tremaltIons ho conaidered the contributions from 

the too types of partioles, Cor s000nd crdor he only consldered thoso from the 

neutrino half Ileld. 
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to 

3) ispahoIon teto Ç.  V fluido (ne,,..nne reside). 

mure, for conveniente cr hotatton tu espanei the total field 141(X) 

In toros of U and V defina(' by' 

	

U. 	( 11,  4  C iiir) . c  lt 	(11I-101) 

(9W- C 	) 	C V 	 (III -102) 

inatead of lã terem of the two Perry projoctione given In soo. C, *questiona 

(!II-20) (rabies the ohangea by raptora yr ora I). 

Thus, talins rio Schrlidinge" projections, we find for the relation batotem 

	

the U, V bale 	and partlelo, antiparticie half Melde2434 

(r) 	 ff (x) • 	) 	"J;(x) 	(r) 	3 (Ixi-1o3) 
* 

1P,T. (x) 	(1/(x) +5vi(a) ) 	v.(x) • -2— (9)  (x) yr— . 

Aluo wa find the oomnutation rolationst 

(4) I UnCx). 1174(0)i •  ilr.:JX)é V4400) I 	rs4/3 (x-a:+) (I1/4405) 

all the Other antioonautatore toing toros In particular' 

IV. 

 
v'+ y -  2+ 2,  V+ 	- O 	 (III+106) 

thos tho expansion cf Do(x) and Y,(x) In termas aí' U(' ) and V(1 ) respeotitely, 

acoording to (Ill-37) loads te tho comeutetion relationst 

U7(( +)1 - V( / 	V( / 1)11 	fu-10 (Iar.1o7) 

al.', t1a othar anticounutatore boles zero. Pheac are the same antlooatmutation 

roletioce efttleflod by the half flolds91(/ ) and tit"(1). 

Thus the algebra generated by U(/.  ), V( ) Se laccorphle oh that 

ganersted bytr( 5 ). 9,t( ), 

Alou we find for the =mbar of partIclos of U and V typo, respeetivelys 

RU  " 	d/ U(t)V  OU) 	 (III -108) 

'Se 	fdf V(?)V  ti()) 
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and ror tho onertm alchenten vootort 

P e If c4 k 	L 	1)".  U(I ) 	V( ) )4.  V()), (1IIv110) 

(compare with (11145,24). Horover, ir the field is ohargod, wo find for 

the total ohargot 

Q 
	

of a; tu( )f V(/ ) + v( )* u(1 ) 	(n2-111) 

Thus no soa that an cannot diagonelise simultanmously f and 

In °tilar words, te eannot attribute a deflnite chergo to a U and V partidas, 

Por titia reocon It Is not converdent to use thie representativa for charged 

particione In the application. wo wIll uso in venerai for the uherged partici.' 

and neutros the firet type or ropreeentetlon, reserving the other possibilitiee 

fur the noutrIno. 

rho footorleation ar 	tunti9 Rei 

runs In the general Unes as berere, through the Introductlen of the 

Independent floldsfu() ) ant ()u( ) acting respectively on 9 u  

The adoentara o!' the uno ot this representetIon le ales: in the 

caso when the operatcr 11(x) &optare In tho interaction in the oombinatIon 

9/(z) • C frit) v 	u(x) . as In thia caso tho field V lo frosen, only 

tranoltIone involving the U quantkties poourring. In particular, thls 

representation nill be used tater to prove that ouch A thuory (Perry'''. 

projootion theory) Is leoworphic to Majorenals theory. 

la order te make olear the rolation between thle repreeentation and 

the partiolevantipartiole reprepentatIon (1) it ia oonvezúent to write the 

expresslons (III -103) and (111-104) In roa/intua-6pin aptos and take dto 

herwitlan oonjugate; we Cindi 

0,flu  219u. 	(I II-112) 



ad 

j)? - 	1 	)? • v( ).? I 3 f"( f 	- 	lig/ )t- v( 
ka— 	 kr 

U( )t 	-L 	i(1)t +1,1(1)th 	V() )t - 	1'1  [( 1)1.  -Lf t( )1(131-114))1(i-114) ir 	 scr 

how the :favo functiona for ora particle or one antipartiolo with a momontum-

solo coordinate f aro elven, ;,espootIvely, by: 

) • (fi(.' )1'12 0 	; tr( I ) 	pç( f ).:110  .(111'416  ) 

0.1t1 h ;N:W.,:la O. 	V partis:do aro &Ivan by, 

ru( ) 	uffiti-lo; t(i ) 	v(? )t_n, 	(111•116) 

Nua. in vise of (1:1-113) the ~Kl funotton of a partiolo or en antipertiele 

aro, in the V-V representatIon given by, 

tir(,) -Fir—fruc ) • nr,,c1 	Te. ) 	pf;,(?) --er,coj (I11.-117; 

Situa wo soo thot In the U-V repreaentatlen both the nogaton and positon abates 

(for instante) aro a nixturo of U and V particle statee. 

4) ExpansiOn luto U, V" fielda. 

do shall not go into tho onalysis of the rosulting ropresentation 

as it Is unintureating for our purposes. 

5; 5xpahsion in Y, Z Molda (cnly if m O). 

As sevo In soc. C, If the mesa of the field 'r(x) vanishos, 

thon the followIng ouantltios: 

Y(x) • a._ or (x) y's  C prK) ) 	(II]-118) 
z(x) - 1  ( (x) -à/5  c•iF(x) ) 	(111439) 

vx 

satiefy tho 5e=0 Direto equation as ‘Id(x). Thua wo oan talco for our holt 

field* the positive energy parte of Y(x) and Z(x), os they have the appro-

priate coacutatIon reletions. Expanding the in torne of Y(I ) and Z (I ), 

rescsotIvely, by 2) wo fina the nooessary commutation relatione for the 
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appliontion 	tho teiceral Inctorisation treateents 

y( ), 	y( ) ') i } 	Z() ), Z( F')15 la 4-124(111-120) 

ali the other antleormutators vonisbir.?„.. Thus Introauoing the indopandent 

half (*Salda as.
Y 
 ()) and 

9 	

Z (?) ore rvrt tho faotorlsatIons 
1 

117 s/73r  X, z  er  
The azpression of tho nunbor of Y and Z partioles„ as the total onergy mostentwo 

vector have tho elmtler tom to thoee of the previcus cens, In terna of 

7( ) and Z(1 ) 

It is interesting to observe here that. In opposition to the 
have 

behaviour of the %V fields whiebiESo connutetion rolationst 

(x)g iç(x1) 	• tIlec(x)A % (x')1 - -s 	(x-x') (111-1224 

l
o04 (x), u4(x11 - -I ti  (x), 	(x?)5 	scir (x 	ca 	-I25:15) 

? uõt  )• vgx 	- 1 	, !3(x ') - 0 	 (II1-122o) 

the sionsautablon relatiens of the Y,t fitada aro: 

i. 
te (x), 11/3 (x,)1 12„..(x), 11(x.), c 4- 801(x-xf) (u-o) (III -123a) 

00, Yo(x,  )3 c 	), 	)1 . rx,(x Tri  NI)} - o (111.123b) 

	

{ 14(x), ti3  (x• )i - 	(£(x-x,)1(5  Clefa  (m-3) , (111-123c) 

The oormutation rotations ((I11-83) aro interesting as thoy shor 

the funda-montai resson why 2Iromanra thoory does not lead to doublefi decay 

with no noutrinos (If m O). ails is booause such a theory, whero the 

intersotion is of the typos 

X • g 71, /111; 	Y,+ h.c., 	 (111-124) 

Y telng dofinad by (II1-1111), Is isonorphlo to the usual typo ar InteraotIon 
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Cl& *. 6  FP 	W6 91) 4 h." 
	 (xII-les) 

w?deh do not lead to suo); typo of doublep decay. this isoterphlen resulta 

from the Caot that the antionnvutatere ot tho quantitlee 7 jj  (m) end -1:0(x) 

appaering in (111-124) are the same ones as for /1(x) and ra(m)whloh anelar y/(x) 

in (II1-126) (compare (Y11-/23 a,b). 

6) Expaneion in Y (partieles)and 	(antipartieles). 

Thle ouso Is again uninbaresting and thus will not be analyaed• 

E) Buxcary et resulte. 

The main subject et thie part is the analysis of the undorlying 

Rilbert gruo of wavo funations Sor a pirite or a Uajorona field. 

is o. prelimInary step, atter somo general considoratione In teu. Ao, 

na analyse in ses. B the possitle relativistic invariant deoompoeition of a 

Dirá° field into two porte. 	Cind that thero are two sue& types of decom- 

pcsition, say, thoee whloh are nade with the well-krown Bohridingor pro-

intim) oporatoro and ll'urry projeotica oporatore, reepeetively. ln the case 

of sere meteu a thlrd type of invariant d000rapoeition le poesible, whioh does 

not oorrospond to a projeotlen operation. howevers 

In soa. C we use theso typee of deoompositIon in ordor 	oxpross 

the total field ti(x) In termo of two antleorstuting bali" Molde (positivo 

onera tinida). !ere, there are three casos in whiah ths ha ir field& aro the 

positive onergy perta of teepootivelyer 

1) tit(x) and 94 (x) 	C y(x) 

3) Q(x) 4 (9)(z) • c frx)3, c(ac).41r(2)-cp(x)) 
n  5) 	.)•- fl. 	Y5  C TN)] ; Z(x) 	itikaj• 	C :I"; (X).1 • 

the lest ano teing poseible only in the esse of zero asse. The numbera 1), E), 
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5) by whioh aro dos/ Jata those dOtoripositIons corrospcnd to the ordor In whioh 

te oonsIder them in that analya/s, The other thrco posaIbilitIes, deo/p//teci 

by 2), 4) and 6), are obtolned frua I), 3) and 6) when we uso for tho socond 

holt' field tho positivo enerpy part of the quantIttes 	y V and 
4 2, rospootivoly. 

In soo. 0,, tho onalysis of the struoturo of the undoriying Milbert 

spaco Is sedo ty factorisIng it es direot products of savorol aubspacoe, eaoh 

one assoofated to oro of the helf Molda appearing In the thoory. Thou, sub-

spacOS aro itomorphio to oneh other. Severa]. representatIons of the theory aro 

obtaIned eapordIng to whloh typo of decomposItIon we uso for every Dlrao 

That, represento/Sons ara all equIvelent as they are reloted by unitary trona-

formatIons. Somo of them, say thoae aaapoiated with. the decomposItiona 2), 

4) and 6), aro equivelent to Lhos° obteinod fron the decomposItIono 1), 3) 

and 5), reepeotIvely, eowever, thay naybo useful fOr p/-cotios]. computations 

in soma cases. As tu, example tho rooult that a theory of the typo usod by 

FIreman loads to no doublo /3 deoay Cor saro noutrino mesa, is oroved. Also 

Vireman'a roault that the terno proportIonol to the mais of the noutrino In 

the fransition probability for proas:espoa In whioh neutrinos aro absorbed or 

omittod Is proved with the use of ono of Cheta roprosontations. 

In tho case wtan one or the partIoles dosara/ti by tho theory is a 

Majorana partIolowe show that only oro subspaoe (instead of two as la the case 

of Direto flelds) le to bo essoc/ated with thia field in tho factorisatIon of 

the tfilhert opaco. This corrosponds to tho Net that there are no ant1-

ptrt/o1oe for Daàorana flelds. 
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THWEIE2 UI; TUTU!. PldaIOLIS San SPIN 

FERMI INTIRACTIONE. 

J1.) Neutral particlaa and aelf chare,e conjucation. 

Bofara galas Sabe the analyoSa of the possibbe theoriee et the 

noutrInc it is convim:eu% to nulo soas conaideratIons about ths condi:W.0nd 

that could be iaposed on a giVeleb field ir it deaoriboo noutral particles. 

Ecos resulta alroady discussed are reproduood for the sake of olarity, the 

notation being the sane as bafore. 

In the caso of a Usou charged field (considor 	sob zero, for 

sitplicity) the obro, ccajusato of the nave aparatar 4(x) Se just Sts 

harodtian canjugateá 

A'(x) A1(x) 	 (1T-1) 

The current dansity aparatar ia then &men by. 

f 

	

I) A 	' At ) 	fie f u( x) . is Ae 	- — 	D 	= 	 b21 
{IP-º) 

u 	 roxo  - 

In order to avoid dIfficultiaa with me:ative energias tio put. as usual, 

A(x) 	+ 	A+(x) a (A:(x) 
	

(IV-3a) 

A'(x) = A!..(x) 	rti(x) 	At(x) e (A.(X) 
	

(IV-3b) 

orherre the Indicas + and = Indlasts tha positive and !motive energy parto 

af tio oporator2); the voou= apure rum:Monno  ia deflnod by, 

A.(x)11,0 	A:(x) no  = O 	 (IV-9) 

in the assa of a Ferlai0A the ahafge oonjugation is eqairslont to 

Conzitlan conjugationonly ia Ilajorana's reprasentation26) 	biraa aquation. 

Io tx general representation the charco oenjugated field VI ia sisos by, 

w' {a) e c tinx) 	 (IY-5) 
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The ourrout donaity aperator Se in thia Gases 

3"(x) • -ri* I tri(x)riew -9)(x)CF(x) 

Z°
r  Ti  is 

r 	y y - (, 	,  (Iv-e) 

In this esse there are twc vsye cf avoiding the diffloulties with negativo 

enorty atracai 

a) Using ths ~C that a Pormion abava Peuli's exelusion irtineiple 

we intime the ~nua os the state in whieh ali negativo energy etates are 

oocupied and the positivo encrey onos un000upled, say, if we ~espose tbe 

Dirae field y int° lie penitivo and negativo energy parta. 

fcx, 	cr,G1) 	te_(z) 
	

(iv-1) 

wo ímpetos 

Ne.txxvi., s yn(x)fit, 	o 	 (1v-8) 

This nothod Si, sonewhat ~oremo as the desoription of the etatee in oone 

fignration signa becos" oomplicated, espoially when there are partielea 

ofdIffenint ohnrgo. liereevor it soemo inusatiefactory to aake uee of the 

exoluelon principie in this caca when the 'similar diffioulties were galrem/ 

Iva more step!, pr000duro in the esse o( a &mon field. 

b) elallarly to the casa Gr Boson fielda se expeliu 	in-(IV—f") 

in toras of the oharp oonjugate of the field 's 

I-(x) • C PrIÁ 	 (1v-e ) 

Then it resulte eco (11/.45)$ 

Y"(n) "fl(x) *Nr1(x) "n(x) + 0:P4x) " C T(x) 
	

(11"-10) 

In thle case the venosa wave tonetiens are eharaoterised bys 

`rA, - o 
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Now a Ter), rossonable cendition ror a wave operator to represem 

a neutral partido In thnt It ia e ne 	óharge oonáussitof 

A' - lIt - d 	 (1V-.12a) 

(IV-12b) 

as tben the current dernity (IV-2) and (IV-6) would vanIsh identicallyf Thle 

would bo vory tatIsfootory os In this caso it would be Inpossible for the.. 

Piela to Interact with tho elootromasnotio potentIal In the way oorresponding 

to tho seis:tono° of e chino ThIe aeaumption ia the ore usually adopted 

ln the coce of neutral rasos. Chilas (of intato:c. spin). in thIa case it is 

alto U3118-4 to Inpotie that thers are no antIpartIoles, or that instead of 

(IV-4a) os havef 

fo A. • A_ • A4  • A4t - 41 	 (rir^is) 

the equivalent et this for Formione is bajorana's ootdition26). 27), 

11  - 114 • 	- 9/4 • 	11.* 	41. 	(11?-14) 

Nevsrtholoss we cannot escume (IV-14) as univereally valid for 

neutral partialas of le spin toosuso wo would taco then a twofold diffIculty 

in tho enes of neutronsf 

First, suoh a neutral particie oould aot have an anonaloue magnotio 

sonont as the quantity: 

át ì  	- 7k " evt 

would vanish as e nonsequenoo (ir (IV-14). titio ia In efontradiotion to the 

faot that the neutron hes a nagnotio ~fent. 

Seciond, 	would thon incluas both crestou and annIhIlation 

oporators for tho sano partIole, in fida of (IV-14) and thua, both tho FonS 

Anteraction and the n negam interaotion would load to an instabilIty of the 

oonplex nuolei. 
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Of noorse there fe Wf4 possibility that the neutron should be e 

*capioa pertIo1e torreai. £or 	by a partiol 1o o£ epin bound to 

a partíeis Ge integer spin and irmesito asno; in trais caso we would 

impo schdlticis (27e1:5) and (lfw14) cnly for the elenentary neutral 

partieles. nowever thoro Se UO indioatton that a theory et the neutron with 

this flertare oan be uurked out in a satlefantory wey. 

We shall %bua mantida the usual assamption that tho noutron 1c an 

e:embater/ partici* cid then, as nas the canditione (17.15) and (17-141) 

canuot be acymoro universal, thoro le no reeson why they should be leposed 

for othor neutral partir:les. In othor words, we aro Free .1E1~ to ~cie 

those *cif °torgo conjugation contitione or to assume that they do not hold 

but we have to oxcludo Sor neutral partiolos Interactions with tho clecetro-

neva-tio poffetLel of the forms 

Aµ(x) i1(̀.%) 

ThIs adia lesd, .for partidos of opin 
1 to sevarei. poseIble ~rime whist 

we abati ~lora. in, soe. B. liou it ás convessient to mak* a rapid analyeis 

of the comi of Tosou fie:de in arder to eco if in the case when (17-16) is 

not impcsed (A is nut hormitian) we oap be lsi to e. theory eseentially 

differont from the usually considered for 5oson neutral falda (In particular 

for the usual nunca theorlos). 

acad.  Nur amador a osso in whidh it would malte a difluamos to 

assomo thet the hermitleity condItIon (11,-12) did not holds 

In ardor to oone&der a Espevito case let ua assume that r 	g 

mestre, as mal as the neutral partido (go  matou) om1tted ia the 1.-1s decay 

have spin zero, as Lt ia cormetent with the experimental resulte up to now.$5)  

The leiterection ~oh would leal to tho obeerved depay. 

11 	........> * 
Iso 

(117-16) 

    

$5). J. Tirano, nye. Rev. 76, 886, 1949. 
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la 3f the forms 

A At  A 	At s. A 
n g go 	Po P 

(IV-47a) 

C2P7-DE-77ild 

If A 	£d hormitiano othevalso it would boi 
Po  

A A, A 	+Jo
4 
 h 

t 
 A 

o g Po 	- go  1£ 
(IV-17b) 

tho dIffercnce betwosn those coamos is that In caso (117,17a) we 

have only ono tyTo o/ go  meson (psrt.tole e antlgaortiolo, se wo imposto aluo 

oondition (IV-18) for thls field), and together with (IV-16) we would have 

aldc the poselble dadora, procoeso 

110 
	 (1v-18) 

In case (1V..11Vb) there would ex£ot two types of p mpeons: partidos go  

(oortespcmdIng to the hal: field A„) and antipartlolos g/o  (oorresponding 

to the half field A: ), and thus, although (1V-10) still holdo wo have, 

Snatoad of (:V-16) 

is 4  gi  O 
(n-19) 

Doe, a1though no ditforenco would avia for tho probabllitiee of 

first order prtcosseo as caldu1nted In both theorIea, difterent resulta 

would to roaohód. for Lidder order ?voavam (oirilar to thows botava* gira* 

and Majorana typos or ~trino, as In what rafara to double 	-docay). 

Mther slválor ettuations are providod by the InteraotIony whlob 

load to tho proc.:lodoso 

P 	 go 	 (Ia-20 

g 	c. • U • go j 	 (1V-21) 

assumias agaitl spin zero for g and go  mosons. More again it would emke a 

ditteronoo for somo s000nd ordor processos to Irpodo or cot oondition (IV-12) 

for the neutral moson wave aparatar. govortheleas bore as In the first example, 
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In v:.eit of 	tbe ~unes Q.J.. hho Utteiloctions, 2) the Peat that n and i 

neatne ara unstnble partlobsa and 3) the relattvely hIgh nese ar the st E081911 

(In relatIon to nuclear hinding energias) it ecoei inpoesíble to finei a type 

of process, a kind of oeunterpart of the double ig docay, whIch would allaw 

a derlsien anon& tlw too pontilho types or theory. Aryway thie type of oon-

eideration ha* ia puroly spocaletlsm as ve do not know ff the epin of g and 

go  nosone Is atro or if it to , the neutral partici* (which se ealled e0) 

beine ovontually sem:trino, 

The intention ot the procoding oonsideratloas ma to point out that 

In 40M0 entes wo vill te led to diftorect thoorlos for neutral Boson field* 

Ir tho acndltIon .f solt abarco oonjugation Is not Imposed, although the 

WS-era:too, v411 appoar only 1n highor order prooescos and nay Do diffloult 

to dateot exporIsontally. 

Bev vis eoneldsr the nuoloar lateraotIon of neutral n assoas (110  

=em), In thie esse, ve indinated by the exporlwental evidente, the neutral 

aos** field A(k) appenrs linearly In the iateraation hamiltonIan, coupled 

with bIllness expreesIon of the type 1+1, glp  or 	lis  Misch is Iverndtian. 
Thus, as the intoractIon thwiltonian hes to be hernitian itself it is amos that 

St vill laaludo lInaorly ths hernStlan fields 

°A e At - ft 	 (I042) 

Now In a vay onelotoue to the 009 whIeh as have analysad ia detaIl in the 

1 case of r  agu partia/ma the A fleld cum be analysod unhar in terna of 

partIole and mut:partiu/e neles' 	and A: or In termo of 134, and e, fields, 

belng deflned by (IY-22) and G bys 

G e yd (4. kt) 	et 	 (iv-ta) 

and the two nethode ehould lead to the como resulte as we have no phyoloal 

meses ofdIetinzulehing between ~titio and antlpertiole, or betwoon B and 

C fields for neutral partSelesj as a oonseguence the theory wIll be Isonarrnio 

to the usual type of neutral meson theory In whIch tho field is self charra 
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conjusata ene expandod to in (IV-Is, 

B) Theories of tho noutrino and /3 -deoay. 

In thia euction ase shall analyse the possiblo thaories of the 

neutrino, in what concerne to the ncturo of the noutrino field and the way 

in mtich it appears In tine intoraation. sie wo have espocially in mibd the 

application et thase resulta to the cnalysia of the doublo /3 -deoay we ehall 

consIcrer only tho Forni tyto o: Intoraction. The exteneion of the analysis to 

othor typos otlnteractiont, any with colma is ienediate. 

Also, In eles* o( thg fact that wo 'sere unablo to find non-local 

thoorisa riu the rootrloted senso emalysed ia Bort I), te aboli restrict 

oursolves te Ices) field thoories. For tono:miemo, we conslder the thoory 

as rornalated In interaction repreeentation. 

Ao aboli coneider ali the hal( spin partioles but tho neutrino as 

doscribod by Vime Moldo, and classify the possIble theoriee aoeordlna te 

tho behaviour ar the neutrino field luta: 

I. "Two nsutrInc thtoriee, ir the noutrino is a Olmo partido and 

no projoction wporetor !sopeara In the interaction hendltonlan. 

II, "Projootion thoeries" if tha neutrino is a Dlrac partido but 

anly a projootion of the neutrino field aparatar appoara In the interaction. 

III. "Reducod or one-neutrino thoorieo" if the neutrino field is 

a reducod field. no ehsll alvo oell this type ar theory "Majorana" thoory 

te the only type of local reducad fleld is tho kajorana field. In this osso 

ou havot tive enly one typo of neutrino partIale. 

It wIll result from the rollowing analysis the% tho only type of 

(loael) projeotion thoorioo are thone iwomarphlo to the Majorana thoory. 

Be «bali rostriot the prosent onalyeie to the cace of Forni inter.. 

actIon (rv1th no derloativee). tis shall siso ageUeo that in every case 
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the aleites for the Irproper (orenta trent:tern:diens of.  the sororal field; 

and In special of the noutrino field aro &nese° contletently with the typt 

of intomation mesa, In the senee ar the ene/vale In Part 11, 	ot. D. 

/, Toa noutrino thoorioa. 

71b consider first the passlhic typm ot aimple thoories, Sn Olioh 

the heavy partioles Cnuolsona) and light partIole (electron, neutrine) flerd 

aparatem aro separa' 	0012W.mad In a quantity of Intua:ia ~teme. Alto 

In tut CABO 11; atm si should tot appear in the tome term. De thus 

olatalfy the ponsible Internet:o= into fbur patego:1es, eocording to the 

hehaeiour of the reutrien field and In each ente we contido:- the sw 

typea ot InterectIons 

a) intoraction of the types 

4j0 

whore tha pacifico energy part of the operatore 	 We and 1111,) 

Ire obsorption °pretora respoctively for preton (+), neutron, eleotren (-) 

and noutrIno eitlelsg. The negativo onorgy parta oorroapond to eadeolon 

of tho oorresponding entipartIolee. 

Web bate that the vali -knomn fico typee of sImple intemettom-J, 

Ift) Soalart 

)2a) Vector: 

111a) tensorl 

IYa) Peoudwrootort 

Vw) Peeudoaordars 

"f; vla • Tle 
	• h.a• 

tg  • Te  VA  'es + ha. 

FP et Alin Tie 4 À fio + ha.  

FP 4 n  ti res is 	Ti, • ha  • 

" s 11)17e e 5 (410 • ha' 

where 	" 	em  à' - 	Ma 
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tuia typo of Forni Interaction, proposed by Konopluaki 0.114 Uhlenbeck59) 

ia espeoially onnveutont in tha typ. a of formulation of the theory in which 

the neutrino and elcotron are trootod as too different statoo of laotoplo 

apto of the agimo partici°, In the game way as the noutron and proton. 

In this typs of Intoraotivn em antíneutrino le emitted In the decay 

of a neutro:, togethor with an electren and a noutrino is emitted (or absorbod) 

togethor with a positon Cor elemtron). Thus.lf we oonsidor the proton ('e), 

noutrons, electrons (-) and noutrIno as "partIolea" we oan tay that there ia 

"conserva:Jen of particles" 1f we count the numbor of antIpartioles se negativo. 

For simpliolty of nomenclature Nye pneralite thio concept and we ehall can 

"thecries with ocnservution of partioloo" to the theories with the following 
charaoteristics 

"If a rpon proas:as agoura In this thoory in which a 

civen partida ia emitted (or absorbod) thon tbs anti- 

partiole cannot te emitted (or eboorbod), inotead of 

the partioln, in the sana procelas." 

Suruly enouch, the only type of thcories without consorvation of portiolee 

eonsiatent with the experimenta/ multe (nuclear stability and conservation 

of chamo) are the ones In which a noutrino, or entineutrino. can bo emitted, 

or staorbod, ind:fferently, in a Elven prometa. 

b) Interaotions of the typos 

q/P. 91N % 	̀d° 	a  47:, gin  16  (pi 
fere the flue typos of interactiona aras 

lba 	Sealart 

Uh) Vector, 

IIIb) Temor. 

‘113  / R '79 C  4-7., 	h•o• 

47F. ai" 1p ÇÇ 7iµ C t7/0 	+ h.o. 

Ais c 	+ h.o. IPr ‘VE '4 /As ria 

80. E. V. Konopinski and G. R. Ublenbook, Phys. Rov. 49, 7, 1996. 
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IVb) Psaudwauntort 	
ff Y5 g ç/K % / ig 	To • h"" 

Vb) 	Psoudosonlar: 	
gry ‘b 	1,1 (li  Is C  9",/ • h.t" 

Boro a Doutrino is onitted tozother with an oloctron and ao ontinoutrInt; 

tonother with a positcn. In trás typo of theory, as woll as In all tho 

ativar o: "simple interactIen thcrs Is eanservation of partíeis. In the subas 

reforred to abava. 

o) 2nteractions of the typex 

1112; rtie b'  5 	ré: 	cf'  N 

Tini atavie iuteractions are hora; 

Ia) 	&Alar 
	

Gr'ive es C kg., 	• h.0 • 
lu) vector, 	 9/M1 Tde  es his 	kri, • h.o. 

Mo) Ventar; 	-PP e .)-N 	g5 eis J.' 71;,, 4. h.c. 

rio) Facudovoctars 'fp 4/5 biP Vim t \em 	C  " 	h.c. 

Vc) 	Pseuaosealar 	‘rp W 5  .11.1 	Te C 911 
	'h.c. 

As In tesos b) a nsutrIno (or antinoutrIno) Ia omitted Cozinhar with an eleotron 

(or positon). One abaula observe that tho vector Interaotion /1o) is the 

one usod by Porei in the orIGInal formulatIon ar tho A .4bseay theory37). 

d) Interaotions of tho typo: 

P .1" tee  is tbi 	- NTÇ (r}, rue 	. 

37) E. Ferais  Zeits. f. Phys., 88, 181. 1934. 
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with tbs flue simpJa Interactionst 

Id) 

1]d) 

Md) 

ria) 

Yd) 

&miar* FP V), 

'Motor% 	147,Creffziiim  

Tensor t 
Ai/". Tr;CA 

Peeudovectors r i, e 	eis 54),, 

fundoscalar, 	ne15  (PH  

+h•o• 

àtbt 	• }"" 

Va 	h.°  

4 tp, 4 h.o. 

h.o. 

?heso thoorlos have the SOMO behaviour as those of eoup a) in what refere 

to the type of neutrinc (partíeis cr antlperbiele) emittod or abzorbed 

together wIth eleetron and pos/ton. 

It should be obterved that ouço a sonvonlent oholee is Fede • O 

the abaete facrtors for tho transforzation of the sororal fielde under the 

Inpropor lorentt troup then only theorIec of one of the followIng braoketed 

(roupa of theories are possábles 	(a, b), (a, o), (d, b) or (cl, o). 

For instanoe, if a alicies Is cede auoh thet the expreseIona ltstod in group 

a) are invarlants then only those of (,roup b) or o) wIll bo Inverient secording 

to whioh of C .k.g or• els  C ut , :ne•petively, transforme as 	(see 
r . 

Part II. soo. 7). 

Bafore pasoir.g to tho oonsideratIon of the aúna theories e few 

observations should be Jade on the behaviour of sitple theories of the mune 

nane (soalar, vector, ato.) belonying to different categorias. 

I) CorrespondIng theoriee of group a) end b) are isoworphios 

also oorresponclIng theoriee of group a) and d) are isonorphic. 

rhie proporty Is ueually asprossed by eaying thet there is a 

syseetry between neutrIno and antineutrIno(er, in general, between partIele 

and entipartiole). 
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It resulte from tho Cbllowln: ',sete already annlysed In Part III. 

o4) That'e thsories so irto oaoh other by tho transfonastions 

(1V-24) 

/5) Tho gradiotions of a Given theory are the same If the fautor).- 

satIon or the underlyinc 011bert optou 9 and or the algebre, corres-

1:cindia& to the neutrino field, Is done reapeotively asa 

g - 5P ri aP 
,4 mit x fl 	(IV.25) 

", a Xip• ,A fia X  fipf (1V-26) 

In visse o: the temorphim of‘; a on 	or of,t9ia 
011 I • Now if we 

4) 
use the fectorisation (17-25) for cone of tho caces (say a) and (/V..28) 

for the other (say b). then the transfornation (1V-24) will bring one finto 

the other. 

Õ .) Both ‘r(xJ and 'l'§(x) sat1sfy the sete Vira° equatlon and 

thus when eumning over the too epin poosIbillties the sare SohrEdIngor -

Defluir projeotion operator will aproar In both cases. 

2) dorreepondIng %boort°a of the groups a) and o) or of b) and d) 

oro Isemorphio If the mau of trás Doutrino sunishos 	O). 1f m pi 0 

the metria elements for any proaesa with real omission of neutrinoe, as 

obtalned from the esc thwories to be compared, afifar by tho sign Gr the toras 

In mo  (comias from the SehrOdingor-faelmir protootion operatore oorraspondins 

to tho severa' real enisolohs or ebeorptIone of Doutrinas): 

a3) 	 w 
	 (1V-ff) 

Ihie affirnation is nade obvious by the followinc obsoreatIonse 

0() The theories roferred to will go finto 'sok other by the 



el??-ni-et.;13 

104 

traneformetiont 

9ft) a—aa' rf:) 	5 C 1/4711  

)9 ) ror tho factorization of the undorlylng lillbert space and 

.../4the elsobra of cporatore 	we haver 

w iP Xá& 3 , -A p X  fta 
	(1V-Es) 

In cego x)or b)and 

(P xja =ik" 7.2 x790 (IV-30) 

In oase o) or d). 

the isomorphIsm of 

Cal  and of/a ont 24821~8 45  43 	 O 
on, and ofif oy9- 

the Icomorphisa of 

A4r1(x) 	d5  C 7,7(.) satIsflos a Inrac equation tlth the 

opposlte elgn of the coso tern In reletion to that for 4' (x). Thue in 

sumovitIch over the two spin direotions of tho noutrino acates a SchrOáinser-

Oaalmir prejontIon operator will sppear (for evory real omItelon or asar-

ptIon) whloh hne dIfforent &len in the two theorles bei/is oompared. thus 

there will be no differenoe If m e O. Tho contributIons from virtual 

tronaiU.0ns are idcnttoal oven If m f O as no profjootion operator will 

appear in oleio of tho sumvatIon ovor both posituve and nopetive onersy acatas 

for the intermedlato neutrino considorod. 

te an oscule wo observe that tho angular correlation factor for 

atonia /5 -decay, whloh I e glosa in the escalar thoory byt 

C 4 Pe 
- 1 	 (1V-31) 

E E 	 Fl k. e 
In pasce a) b), is given byt 

—11. 
P • P C 	so si c.V P C  

PI - 1 e 	 
E4.•  E e 	E E ice 

In the casos of theories o), d). 

(IV-32) 
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An experimental determinatiou of tho sim of the lett tome in the 

angular correlation factor would be of help for a dooision anone tho cases 

of thearies of the typos a), b), or 3), d). lhe proeent experimental resulte 

are, howover, insufflolent for this differontiation in obrei of the smallnose 

of the neutrino nus. 

As a final obstarration no notice that tho analysod isomorphism between 

a eivon thcory and the coe obtnined from it by the tronsformationf 

141  ---) C tim 	 (1V-24) 

does ;int lead to tho result thet a thoory obtained from anyono of thoee referred 

to in this sootion by a eubetitutiont 

w 	1 	( 

14. •X 
%There A ts a oonotant1  is isomerphlo to the original one. This is modo olear 

by tho fact that,a?though .i•+(x)  w G qe(x) lias the sane anticammutation 

rolations as til(;), the quantity 11(1)(x) has differont anticommutation relations, 

aNyt 

hf (1)(x) .e(1)( 
j
1 1 À (1  . A )z( S (x-z+) C ) 	oy.34) 

	

N 	. 
( .c 	• A 	 d /3 

:t
04
o.)(,) 

i 	
y (1)(x,)1 .., k. 	1 + 

+ 

I

À  )4 

	
5
oca

.x (xl) 	(IV-35) 
4 	 /5 	 ( 1  

The faet that the firat antloormutator (IV -34) does not vanieh for finito /\ 

will lead to the possibility of doublef3 -deoay in tho rem theory, although 

this was not possible Ui the ald one. 

si.owevor, /A the Osso where m e O, tho substitution, 

qi ____) (i/(2) 	 ( 	Li's 	) (1v-se) 
vrnjá. 

adll lead to a thoory isocorphic to the original one as we have then for the 

,k4(2) 

	

coreutation relaciona of 1- 	(a) 

c Tio  ) 	(1V-33) 
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tnx). 
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(1v.s7)  

s
dry 

(x-x') 	(1Y-se) —Ht. 2)(x)} 
r's 

This rezult is a generalisation of the one rosnai baforo, any that 

Firesen'a theory (whieh eorrosponde to tate - 1) Is isemerphdo to a theory 

with coneervetion of participe. Itero, as in Fireman's theory, the vanishine 

of the antiooccutator (:1,-37) loada to tho result that no doublep-deoay 

with no neutrino 000ura38). 

Mixed theoriess 

We ~11 olassIfy tiro rdzed theorics intc two groupo, ocoordlos to 

Si' there is or there ta not ooneervntion of partidas. 

1) Thoorioe with conservntIon of portinhas. 

We oould obarooterleo theme theoriee in a onerai Jay by sayine 

that the lateraatIon kaalltanIon Is lavai-tent 'Ander e phaam trensformation 

%/(r) _moi y(r) 	 PI S - 1 

f betng an arbitrary ohne fautor, tha sara for all participe or. et mon, 

the oomplox oonjuemte for the neutrino fieldi 

(1.2; 	ta 	• • 

38). Be Toushek, deite. f. Phyo. 128, 108, 1948. In this papor the theory 
indiosted by (1) is a mixod theory of the type (/*V-88). with an interaotion, 

say in the Saalar casa of the foram 

tk 	t)1 rije  ( 14.. eAtre 0 (7,/ 
) • h.o. 

In order to reduce Toushok's expr.:13610n (I) In pago Ido to the forni abone 

we should put F w. IS (anelar theory) and T - Yis  CAT. the Reá eubatitution 

resuIting from the taci that in the Dirao's repreeentatinn, ueed byfoushok, 

QCy e C; Totmhok Sound by direat eomputation that euch a theory do not load 

to doubleiS -deoey with no noutrinoe. 
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In precticel torra, a thecry of this type can be obtaIned by 

linear comblnatIon of sitpie Interootionc bolonging to the seco caterory 

(a), b), c) or d) ). 

The rocem why titio typo c( thoory should be nonsidered for the 

nuelearpodecay comes from the Toot that no ora &e the simplo theorios 

considerod baforo rivo correot prodIctions for ai? the knosen forbidden speotra, 

altbough ali of thom lera to the sano result (if the mate of the neutrino 

vanishes) for sllowod epeotra, result ahieh is In good agreement with the 

experience. 

Fiera30) hos shown that the most general Intercalou et' this typo 

is obtaIned by a linear oombinetion, wlth arbitrary ooefflolents, of the 

tive airplo intcractlons of any of the Cour groups (e). b), c) or d) ) 

provlously considerado Preotically ali of these combinatSons, but some vory 

special ones whIch will net na considerod kers, lead to the same allowed 

speotrum se tho simple thearloc. 

One should observe bore that the theories obteined from group 

a) ar o) aro equivalent, respectively, to Choca obteined trem group tO 

or d). Aleo, if the nans of the neutrino vaniehes (as it neerly does) thon 

ali the Puir typos oftised theorles ara enuivelent. 

In this type of thoory no doublo/9 -doou without neutrinoe oeour. 

Wigner -Critohfield theorys 

there is an special thoory of this group, which although baing 

definito mixturo of the acelero  psoudovoctor and pseudooceler (wlth weights, 

respeotively, 1. 	and 1) ohich oen bo ospreseed Sn a vory elmple tom 

and should perhaps be Includod emeng the simple thoories as enly ano erbitrery 

~atento  is ucod In it. This 1$ the totally antisymmetrio intereotion pro- 

39). I. flerto  &cites. f. Phys., 104, 533, 1937. 



108 

posed by Ãlgoor and Critehtásio 	whioh le In qualitative agrecmont with 

the experimental resulta on elmplop 

The Internet/0n hamiltonlem for this theory can be exprocced in 

the forms 
.” 

6m,4/2cr  id p, 4'n  14/ , lep 4 h.c. 	(1V-39) 

whoro the indicie P', X, e' and I/ reler respeotively to antlproton, nentron, 

antiolectron (poslton) and neutrino, the peeltive onerri part of the 91", 

benne abscrptIon oporator for thcse partIolow. 1./4,41,ny  la the well-]moer 

entisymmetr10 toneor. 

This interaotion has the following remar:tale proportys 

lt Is InvarloM ander a reordorIng of the sevoral ainda appearing 

on It (if different apinor ficado do anticomnuto na wo havo fbund convenient 

In arder that wo should be able to caso from intoraction representetion to 

Reicemberg reprosentation). 

This proporty is eseccially interesting ee it maltes the Interaotion 

(IV-33) the oaly ano appropriate for e Pormulation ora general theory of 

Ferrai IntertutIon cmong ali the spin 1 partiolos (assuminr that the n-meson 

hes spin 4  ), on whioh ali the opinar fields aro dealt with in the asno footing. 

This type of universal interaotion, suggosted by tho fact that the ornai:dias 

aonstent of e Pernil interactIon which would load to the obaervod n-decay and 

of that loading to the g-capture have the same order of magnitude, haa been 

analysed by Ming and Plomno22). The predIctions of a theory with a Wigner-

2rItchfleld lntoraotion leadIng to p-deoey hos been analysed by Michel41) 

In what ooncern the energy speotrum of the amitted electron. It la in quali-

tative agreement with the experimental resulte42)p although the experimental 

errors are still largo to pormit a deoislon, espeolally In the hlgh energy end. 

40). O. L. 3ritehfleld and E. P. Wigmer, Phys. Rev. 60, 412, 19411 

C. L. Critehfield, Phys. Rev. 63, 417, 1943. 
41) L. Michel. Proe.lendon Phyu. Soo., 634614,1960 
42) R.B. leighton, 0.0.Andereon and A.A. Seriff, Phye. Rev. 75, 1432, 1949. 
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2) NeorIes sithout "curcervation or partidos". 

In this group se iodude thcso thecrles ira which either a 

neutriro or an antIneutrino can be emItted (or absorbod) ira a elven process. 

The Imnediate consequence of this Net Is the poseIbIlity cor a double 

-dcoey wlthout emlssion or noutrAnos. 

The InteractIon for a theory or tida type is, In the most 

general caso, girem by a linear combInation, with ton arbitrary constante, 

ore 

ed ) InteractIona of groupe a) and b) ur c r: transforme under 

the Impropor Lorents group as ', J. 

latoractionc ot Groupe a) and C) (Sr e5C 	tronstonos as 5125). 

N ) InteractIons of eroups d) and b) (Ir ár4 2 7, transforme 

te sjj 
) lntsractions ot „roupa d) and c) (ir c 	transforme AG 9IL;')k 

lis chall denote the thoorioe oorresponding to the oasos a), b), 

c) and d) respootIvely by (a,b), (a,c), (I,b) and (d,o). 

Ir m r O tho every theory or tilo type (d,b) or (o,d) is leo-

morphIo respaotively, to a theory or tho typo (a,c) or (a,b). This ia a 

consequonce or the Peat thst they go luto ~h othor by the trenerormetIons 

-'tu„  " 91  5 (11/-40) 

and by the tact that 4,0"I satisrIes the case Ulmo egyetIon as (.1:5 Ir the 

mesa of the neutrino vsnishee. 

Ir o /O there sIll be Urrarmos.° In the prodictions or the theorles 

beIng compered, comine trem the rcct that the vasa tem In the Vira° ~Uca, 

(and thus In the SchrOW.Inger-Ceelmir projootion oposators) ror `Ì¡, and 

11• ,re have oppoeIto signo. 
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For °yr purposo it is a good approximation to assume m - O 

and thus wo aboli ~der only thesrlos of tho type (a,b) and (aso). 

The slnplost typo cf suoh thsortos are those whioh ore obtained 

from the interoctions of group a) by the subatitution, 

20) 
"tdo  —a Via  • 	711, 	((a,b) theory ) 	(IV-41) 

or, by tho substitutiont 

in) 
4A 1 S  c —,-R; ((e..0) theory) 	{IV-42) 

IThera À is ao arbitrar, oonstent. 

14 the special case ahon 	is 1 the substitution (11,-41).leade 

te a Furry projoction theory whist will bo conaldered In the group of pro-

jeotIon thnorles (section B) and the substitution (IVe42) lendo to a Firenan 

thoory. 

Computatioo of tho double A omdoolon will bo nade in Part V for 

the thaories obtained by eubstitutions (IV-41). 'fie thoorles reou1tIng from 

tho substitution (IV•42) In any of ths interactlons of the group a) do not 

lead to double )3-decay with no emIsslon of neutrinos as we have shown 

Ultra. It should be polntod out that thla dooe not moan that no thoory 

of typo (a,c) loads to double /I edeogy. For Instaneo in a thoory with an 

ínteraotIon whioh is a mixture of a acatar Interaetion Ia) with a pseudo-

soalar intereation Vo) there w111 be suoh a double /1 -desay38). ao shall 

not, hoaelar, oonaldor tino casos In the prosem analysle In the eco nty 

as wo aboli forgot about the general case of en (a,b) theory, although there 

Is no ressoo, in princIple, to avelude them. 

II. Projeotion 

If we conelder any kind of two-noutrinoe theory and make a subs 

etitution, 
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where P ie a projeotion operator oe obtalo a "projeotion theory". 

Voo, ae seco In Part III, wo have only tro klnds of rolatIvistle 

Invorlant projeotion operstors which altos us to split the field (Pinto 

tio proáeoted flolds 412 and Sk2: 

'4)1 	P s-e 	 (1Y .44a) 

tr 2 - tt)- 	ify 
	

(IV-44b) 

:there P and P. satlefy the condltiont 

P2 c P J  PI
2. c P' t  PP' c PP - 0 	(IV-45) 

Thoue are the Purry projeotIon operatort 

( f • C W ) 	 (IV-46) 

and the Sohrodinzer projsotIon oporatort 

P. 9J  c V. 	 (117-47) 

Thus to have only two types of projeotion tOorlest 

a) Furry projeotion thoorles- 

b) Sehrodln&or projeotion theorlos. 

It is olear that 1f In the case of e Purry projeotion theory ws 

use a F.:presentation In which the operatore for the nuther of parti:nes of 

thoUandVflolds (seo part (III) aro diagonal (for every valo* of the 

norentun and apin) then only tranaltIons Involvloc the O partIoloe 

ocour as the V flolds do not appear In tha IntoractIons Slollarly If te 

uso, In the caso of a SehrOdIngor projeotion theory the usual "partia'. - 

aotlpertlole" reprosentatáen only traositIona involving "pertIolea" will 

pomo: nue, althooch a projeotion thoory Involvee a twocneutrIno field, 

only one of the two partidos will Do involved is actual tranaltione (Ifwo 

use another reprosentstIon thon the "natural" ouse referrod to abole ww have 
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to ooneieor both typms of p•rtelo:,ost This Se the caso, for lnutance, for 

the rurry projsction theory ir ne use the wparticlo-antipartiole" repre-

sentation as will be doca in Part V. 

The craimutetion reletiona ror the U fielder 

9 	e ase 	(9'a  4. c 71.77 

'c  

) 

1 

(IV-48) 

(Ir-49a) 

(xv-49b) 

are the ratlowing mese 

-‘roc(a), 	111(5') S' 

i liai (x), 	.ffth (2  ' ) 

(XIC.  ) CO "1"--  ta 
1 
1 	5atiy Nes') 

which vanish ror x-a,  apacanim. 

Thus any Furry projection theory ia a "local theory", 

This Is not, howsvor, the caso 	any Schrtnlinger projootion 

theory, in apoiai for those obtained frau any wslmplem  theoryk  aa P4.(x) 

and yr.1.(tT) do not have a vanishing antionwmutator for r-x' spaceelike, 

fie have to <amiudei euch oases, as the rosulting tbeories (whacho'. sore able 

to rommlate only in the 5-matriz Soro in Part 1) aro not relativistio in 

~Sant. Tlw cave is true for the SohrOdinger projection theory obteitod 

from rironan's taxei' theory - and this eliminates the hope that one could 

justiry Firecon'c reeults, which cana rron bis neglect of the antIneutrino 

intermediate etatee. 

In ordor that a Schiadinger projeotion theory should to rolativistically 

invarlant (and aliso a local theory) it is ncoeseary that C‘P,44  eheuld apçoer 

in the interoction combined to othar neutrino quantity In such a way that 

thia combination hei vanishing commotatlon rolwhions at pointe oonneoted 

by spacellke notares The only such a type of invariant corbinotlon ias 

3 
	 (IV.40) W 
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wbioh hos the sorriutation relationss 

11,c  (x), 

vi44  (x). %Ni)) 

." S 	GO )0 
,cép,  • 	• 053 

st13 	•••2 g  ) 
4 •Cp 

(IIT-51a) 

(19•5 lb) 

Now, as the field W (x) haa the same oonmutation relatIone ao U(x), it Se 

olear that Chis SchrWilingor projeotlon theorywill be ieonorphio on a Furry 

projeotloa thsory. Aotually both thle type of Sohrddinger projeotion and 

the Furryprojection thsory wi11 be shcwn in the noxt sectlon to Do leo-

morpble to a tajorana theory. 

I1I. Boduotd or one-ueutrino thsorlea (Majorana). 

Aa St was already seon the onlytype of rediwed local thoory is a 

aNejorana theory, Si; whiob the neutrino field ti-(x) witlefles the sele charco 

oonjugatIon condiUna, 

(w) '• C 1E (x) 	 (I7-62) 

ThIc oendition, it ame nele bafore, is the oquImalent of the horwitiolty 

oanditlen ueually sesumed for neutral Boson flelds. Indeed In Majorana's 

represenVation of DIrao equation it tenni the forms 

12(x) '• 141.(x) 	 (19-53) 

Majoranale notIvatIon for the suggestIon et thia typo of theory26)  

wan that St *bomba be assume as • general prlaolple that a neutral elenentary 

partíeis abould be desoribed by a eelf ouro conjunto riem, for whloh the 

antisynnetrised expreselon for the libero current denalty automatioally 

vanishos. This principie, hewever, oanoat be acoepted as general lf one 

emanes, as usual, that the neutron Is an elenentary partiolo, as it nas 

discasses(' in the bogloning of thls Farte 
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the commutetion relata ore for o Majorana field are: 

(IV-54a) 

(IV-54b) 

The underlying Hiltert opaco for a Majorara field was soeu in 

Mart Ill to be tocworphlo on )(j  (rubel:ou: oorrospondinz to U portleles) 

and (3 ("pwrtioled  subepaeo). 

(2" This faet, together with the faot that the ommutation relations 

(1Y-54) for k(flold are identioal to (IV-49) and 1V-51) Cor U and II flelds, 

respeotively, chore that a Furry projeetion thoory with the InteractIon 

expressod In terma of U -field and a Sohriidingor projeotion thoory of the 

type eonelderod above (local) with tho intercalem expressed In termo of 

the Ti field aro Soe: iscsorphlo to a Majorana theory whioh is obtained from 

thomby tho substItution 

U(x) 	//(r) 

or 
U(x) 	(x), 

respeotIvely. 

This result wàll Do vorifíod, Sor Furry projoction theory, ia the 

speoial case of doàlep-docay by actual somputation of the tranoition 

gobabillty in the "partlele-antipartiole repreeeptation. 

It ahould bo obeorved, as an areement favorable to Majoranate 

theory (tesidee Lajoranase own argumont) that thie is the simplest of the 

thoorles whlch load to doublet, -dooay with no noutrino, ao the met general 

Majorana intereetion involves only five arbitrary constante Instead of teu 

Sor a "tio-neutrino theory". 

)1- 
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APPISCATIONS TO D7DULEA -DMCAY AND ANALYSIA 

O? 	RiffRIMINTAL RESULTS 

A. OonerolltUx. 

We call, for ahort, "doublep-docay" a process Sn which a given 

nuelous emite tmo elowcrons and ao nautrInoe, with a change of two neutrons luto 

protons. As already roserked In part IV suoh a process can occur, for Inter - 

actions of the weirplen  type, only inLajorana Thoory and In a mIxed theory of 

the type (a,b). For the usual thoorles with eoneervation of noutrinos and for 

mixed theorios of typo (e.c) with a simple luteraetlon (fIreranle theory) only 

tho doublopdeeny with trio noutrinos is poasible. Nowever, If we mix a thoory 

of type a)(esy, malar) with a ditterent theory of typo o), (esty, vector) doublo 

(jdeoay may beco= pousible. Ne 101911 exolude, for sImplloity, this case. 

Also we will cana:der only the case when the Initial atam eannot atinar sinale 

/5 -docay booause it has a emalar moas than the atem with ono lesa neutron 

and opa moro proton. The poseibIlity of doublep alocay will artes if the atas 

with tso neutrons lett and twc protons more is lighter than the Unitial one. 

ln the folio...fine sectione we aboli oonaider first the ouso et' 

Majorana thoories and thon that of adoced (a,b) thoorles. lt is oonvonlent to 

recapItulate hera the ossential Notares of Uma theories and verlfy their 

normallaatIon for tho einpla /N -decay. 

1. Majorana theory: 

In this type of theory, as soem before, the noutrino is 

charenterized by a Majorana opinar !UM 14 (x) whioh satlaflos the sele 
a. 

alargo conjucation conditIont 

Cnr(x) 	- 1/. (x) 	 (V -1) 
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If t41.(W) is the positiva suara part of LU:), then the total 

field will be expreased byt 

)2(A) 24.(n) • o 27.(w) 	 (v-z) 

Rele*:en (V-2) Corresponde to the usual expression of an intoaor 

apta field dascrIbing neutral portinha aso 

A(x) e A4(n) * 	t (V-Z ) 

.hera A+(x) ia the positive enerty part of A(x). 

In the nese of a acatar thoory we will have the interootton 

heniltenian, 

jea? Ch 	7p(x)  4))1(x) • We  (W) 1-1(x) 
	+ 0.C. 	(v-s ) 

where 'fp, 91 w  and t e, ara the usual field opere:et& for proton, noutros and 
oleetron (noseton), resPoohlviaiN 

The antinammutation reletions for /LM) are, 

al ta,» 	4- 8c.(2 (x..r) 	(V-5) 

there 5(4.)(x -x 1) is the positive anota part off, 

5 (x*x1) - 21" 	D(x-x') 	 (V-5a) 
ttwm 

(we take the nese ot the neutrine equal to gero). Field operatora corre6pondIng 

to difforeat partioles antiecnnute. 

The antioonsutatora ot the total nantrine field will be, thust 

kc(x) UfiN ) - 

.1 e), .71-5(xt)J 

- 	S.(4,(x-so) Co 
s  (x.oca ) 

lb should be obsarved that these anticomeutators havo twfoo the 

salas ot *ase used by TAIoranaw) and Furry
27) As o conseçuenoo tho etpression 
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for the kinetdo onergy operctor, for Lortanoc, wi11 tia 

Ho  - r 	çx) ( oe. 	(x) d3 	 ro-7)  

lie proter Chie formulatdon se it bringo a oloeer elndlarity with the 

pese or irteger agiu neutral parttcles where the expreseion for the energy oporetor 

dIffere algo by a factor 1/2 from thoeo for the correepondLug charged partioles. 

Another advantage Se thmt tho rOoult for a einglop -ideoay prooese in Najorans 

theory wII1 be tiWo earo as for the corrospondIng =tal (Permi-typo) theory, with 

tho game velos of g, no normalization fautor bodos rooded, as is can to verify. 

2. Hired theordee of the type (a.b)c 

It is ~vendi/ft to nornaltee the interaction hera in sutil a 

wey that tho total tranoitdon protabdiity for siegleA -decay (both with endoolon 

ot neutrino or of antineutrino) be the sane se for the oorreeponding usual 

theory with the sano g. This reeult will be obtaboad If we write the dnteractIon 

handltondan, eay for the ander case, aos 

(x).  
,E77.0 

It  te erough to ooeelder hera the cose 
À / 

9£ otherwiee te would inalado A In g and Nave insteed of 

7.7 2:1).)0 • la 	which toada to a theoryiecnorphic to the ene 
tO Aum^ 

whore 	*pinara in the comblnetion y'+ A'0 Lfro  Sere 

1 G 1. 

3. Uoublep-deoay with emiesSon ot two neutrInce. 

This prooees hae ticum camputed by E. Goopeert-Uayer43)  for tho 

cato of usual (Dormi-type) thoories in which cate the halS-1109 t le given. Cor 

43) h. Goopport :ayer. Phys. Pov., 48, 512. 1522. 

la 	 61  
y(x) .7(x) (,;"(x) C(x) 	+h.o. (7.8) 

À ' À 



for allowed transitivas, by 

1 
t  x 

0.69 z aln8da252 	
( 1̂12  " )48  24 129°8  F(6-8) (v-g) 

7 x 151r042s)1 2 	7‘ 	h 

there: 
1 I 1 	I 8 - 1 - 4/-er 14  k Km} * x2(1. -ra.  2-  7 22 4.  75. 5 + Ware4)  (vens) 

for all the Eizple theorieo. It le oonvoniont to reter hora to the enerey 

epootrm et the enittod elootrons, for further comperison with the caso of 

doublefrdecaywithout noutrince. This anorgy epeatren ie of the forni 

(for the oaae o( double 	dooay with too asutrinos).  

P(Its)*C h: [ (t-he)8  - f I • 	(v-io) 

In (V-p)  and V.,10) 1,  to the nuolear redime, hei  end e, the elootron enerny and 

:motor ohnny of onorgy, reepootively, in units ia o2. 

Uf eourso, in the Osni of hajorane theory and of enzed theoriee of 

type (a,b) acro doublef3 -dooty with OMIGULOA of noutrinos will 000ur in 

oompetition with the double /5-douay, with a probability elven by orpressien 

(isa), whioh will be, howovor, very emoli in rolation to that Por double 

-deosywithoat Doutrines. For this reatem *o will nogleot theso contri-

boticas in what follvas. 

2. Domblej3 -docs.)! without noutrinos. 

Baforo we e  iate the eetnal eomputation of the probability for 

double/3 -deany lt is couveniont to ooneider the celeotion roles which 
aiy 

poecibly apply in variou caces. In ali the possible cabos of double /3 - 

-decay both the irdtlel and the final nualeue are eveni-oveu amolei and that 

both will iu the ground %tato have, ory probably, epin O. ao% fron the 

ehell modal we ehould expeot thet tbey will have the Bana parity. Thne, 

	

in general, em chovia have to deal with a ossos 0. 	(no). Therefore 
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we are not neousearl1ylustíficl lu ~cotins a ter= whieh loolm tormelly 

smaller then itnother, agi the seocad ore may vanlab ia virtue et tho aelee-

tion rumes. On the other hend, this csuond tara oould eive a sizablo oca - 

tributIon for transitions to slishtly excited states. 

1) lajoreoa theorien. 

Tb oonaider flret the ouso of Laçarei* theoriee (and we shall 

restrIct oursolves, as said baforo, to the case; of simple interaetione). 

The faot that the Lejorane theory would lend to double les  wdemiy with a 

much lerser probabllity then that for double /3 -docey with bwo neutrinos 

(whioh is the only possibility for the usual type of theories) was first 

shown by Purry44)  in a fundamental papar whose notationwe tone* as for 

as poeeible. 2owevor, nove that a compensou with experiment Is poseible, 

we think that as approximetion ao dreetio as the ene he acedi vis, assumias 

that orai,  em nuclear intorcediate state eives a largo contribution to the 

trensition probebílity, should be /moldada bsins a differont approximation, 

which secam muoh more reasonable, we shall obtain a result sieniticently 

different from furry's. 

a) Scalar thoorys 

The application of the usual perturbation treatnent to.  the seoond 

orlar preces! ia question loads to the lollowing probability per unit tico 

of a double/3 -decey In whieb ano elsotron le emitted with mo onera Sn the 

intim691X to Re 
+ dli (and the other eleetron with the enersyw-- t g EL 

- Os, whoro Eu  and Eu  aro, respootively, the energias et the 1:titia' and. 

finei imolei). 

5 mel — 
W4 'n 	1410.11 I SI-11(E ) m 

r(R )21-is 	2e 	:E::: 	.8.1c4 

troo the amplitude a 15 glosa byt 

44) 11. E. Purry, khys. Rov. 56, 1184, 1959. 

(v-11) 
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ala' ) 

FÉ f- a  

2 
mo 

2 
L 1 isk Z.--i 

-1 e 	( 
,j;(X)(3)g; eiletát(x)dx ,Jr,:ocl)(31  

J 
-s, 4 

•getsxkyrovs.r 
rí (2fi 14 	sol 

r  (e(,  ),31,0..»,,,,(k..).(..g,,)  mo, ?; watt »et  olte?c telg)igt, á 	 á  ti  
L 
	

Ri 	Ra - Rk 	 EL 2‘ Sic 

i

. • 	t 4:.11 	 ,„ 	,,, ,t a, 
_ gr *(x) A Q e 	-Nr(X) d.% • V(CI)/8 'g' etkai-p.  (se ) al . 

1 5: 	ri 	1., 	i 41 	lt 

if-(1/e1P )(A. )1; R4; 2 )) 6? » (  -17, s  )0 'ft:til))  _ (It(St1;10bi ziPts))fril(Àtgis)Oeltz71 3) 
1  

L 	E " EL " Et " Ek 	 EU - F/ - go"- gic 

(v.12) 

In expression (V-12), Mk  urtko Is the Onera of the neutrino 

endttod In the first trenteltiona na), fel. e • 1,2, are the too posi-

tive enerfy solutions of the one-partiole Diria equationt 

It 2(ts) • 2 	 (v-13) 

whioh empar In the expanslon of the aça:trino field In plinto wDVOSI 

(51:6c "- L44(1) 	roxi, 	 (y-2a) 

(;) 	 jid, k to-it4r‘fass) Y(tts) 	(V-14) 
'7  4/at 	(2n)" sal 	at 

whoro 't(m) sandice the usual anticomautatIon rolatione3 
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t t(b•B) • 5f(klà955)1; ' 	 (YelBa) 

jfr  (k. 6 ) .94(0 .5 ), a  `ias, 	OC ••• k 	(1/.4.5b) 

as n000ssary Sn ordor that (V-d) and ((-$) De satisflod. 

n' t". &mi 
	lo (i-12) are the nucloar wavo funotions of. 

respeotively/tho initial, intormediato and ona of the final states
45)

p 

3C. roprosOnting ali the nuolear coordinetus and 	thnt of the I
th nuoleoa. 

The operator Q1  le auch that whoa opplied to Tohanges tho ith  partici, 

loto a proton if tt is a neutro)) and eives a soro rosult otherwlso 	- 

,fix)(x,) 
te a Couleab wavo funotion of an alcatroa In the field of tho 

aborte ZG)of the final nucas", oorreepondlng to the positivo onergy Re. 

The upper Indox (X) oorresponds to the severa/ possibilitios for the quentura 

nuntere 5,l and m. These W31/8 funotions chould be proporly normailced, 

as will be diacussed later. 

The fbur difforent typee of termo in tho expresslon (T-I2) have 

ths following origine. 

ol ) The first two correspond to the exIscion of e neutrino with 

momontum ã k by tho deooying 1th neutron, togothor with an olectron of 

enorgy Re  (or Rt), and the oubsequent reabaorption of the noutrino by the 

jth deoaying noutron, togother with fim emásaion ot an elootron ot energy 

Rt(or 

/3) 
 The last two torne correepond to the amlsolon of a Doutrino 

with menontun - h rc by the jth  peutron togothor with the ealecton of the 

elootron with onergy Ht(orils) and subsequant reabsorption of the neutrino 

by the Ith decaying neutron, with ~siou of the electrok ot enorgy 
RB  

45). In general there may be esmerai statea of tho final atam witn 
oner 

sinal:ar than that of the initial ano. 
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(or t
)0 Thsse two torne ~oh ware omittod by Furry aro °qual to tho 

first too as can be scan by abanei% I into j and V into -17 j the 

third and fourth terce become °qual, respeotivoly, to the second and first. 

Tida adila a factor 2 to Furry'o formule, corrospondinc to our V-12). 

it is convonlent to rafar hera to the Coulomb wave functions te(K) 

for the eloctrona which ocour in U-12). As both alcatroas have small 

onergles we restrlot as usual tho eummation ovor 2,61  in (V-12), to »me 

for whiph the avo tunction is eicnificant at r - f, the nuclear radiva. 

These are the fanar wave funations IPj l,m  with j - 1/2, two of which ,  

corrospoad to f- O and m - Z 1/2 and tho othor two to e. 1, m = 2 1/2 

In Dirac'e represantation of the nutrias 	, /3 thoy are"). 
-4 

A eine o-31  

Ao 0060 

o 

 

 

- Ao coa 

a(r,E) 	

O 

- o  sinta si/  

ao 

o 

c K(r,K) I 	BI  

14 

 Al ging e1
-

Al  aos G 

c X(r,R) 

a 

ol  

-A1  cos 

-A1  eine et/  

  

tece -11,2,0,2/2 

(5) (P ti12,1,4/2  

 

(v-16b) 

 

(V-16o) 

,(4) (1,  
4̀  11/2,14/2 

 

(v-161) 

   

i(1)  - 451/2.0,-0 
X(r,H) (V-16a) 

46) H.R.Rulmc, Prac.Roy.Soc. 1334512,1925. 

M.E. Roso, Ehys.Rov. 1 464, 1937. 
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libero) 

AP  • 
	

(g+i)k) 	- o.o. 

Bt 	(e . iA).£122 

(11/mo2  7 1 )1/2  

(B/no7  = 1 )1/7  

chore the upper sigas oorrespond to e w O and the lower signo to t vi 1 
and 

i Á. I Aipo ; cl.. a e2/Be 	 (V-18) 

211A 	1 = 1.‹z moh e Q.- 	  • p •• IB2 - ah* 4, 	(11-19) e . i A 
Again the upper sIgn corresponde to e - 0 and the lower to e . 1. rinally 

fel 	;41/2  e-2aigir (Y 'AL I/ I 
z(r,u) — 	1 t  . =o ) -5/2 ( 

	

-- 	Ermo ) ( 14--, ) 	 Pu  

Turif 	'h 	ti 	 f' (2 at • z) 

(v-2o) 
In the expresclon of li(r,11) the folloning approximationa ware nade 

elpe/W 	1 

lo(a,b; 2Ipr/k) 27.: 1 , 

Ir(e,blx) boles the hypergearetrio oonfluont series. The nornalicatIon of 

these wave tunctions Is suoh that the number of *tatos In an interna of 

energy dn le elven by 751  

lie non nabo the turthor usual approximetion of takiog the *alue of 

these wan NnotiOns at r • j> and alto of neglecting the.  teime Aí, In 

relatlon to <toso Sn B e 	Thie is a good approxination for medir heavy 

nuolei, say ter pc 2  Z2  Te, 1/10. 

. (1 -.‘22)1/2  
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Se a result of thoso sImplIfioationa the toar avivo tuncotIons 

Wnioh volll bo ueod in (E-12) boate» funotiono only eP f and Ho Nua 

tho expreasIort (E-12) oan no written sai 

ii51°319r11 /3j4i° 	á-ri:1471N 9.1° lisx) -yr 622  

	

2 	 4 
/ 	* 	t noa 

	

(2)* 	 (r)* 
11)t  cp) 	cf, 	9)(490 (1.24) R54:(9p.) 

EK - EL - Ra •-• tiko 	 11/4  2,.11b 	k o 

TC.  
- wwww.

k 

when) viu have uacid tho propertys 

2 
2: (-P(Za) 9 	o 0202 %  42 	( 1 *22  ri) y 

ac 

(Y-22) 

Novo tho nurooratora oS tho buo torw.s in (Y-21) arn aguei Mace Voe oporator 

/3 (i +et n ) C 

Ia aweretrIoalt 

0(1  *01 4.72 ) O 
	e /3 (1 4 45) C. 	 (v423) 

Thus the expressiva In the aguam braoloat In (V.-21) o012 bo writton asa 

`C).(p)(:, -17:v3 c f (sr).(?) •  Rt - , (E-24 ) 

CUM - 	" h k °)2  

ubero 118  and Et floro aaslooted in roIatIon to E k o as moa oC tiro contrl-

bufloa tu tr., lateral over k wIll core troe .acho k's. 

Ror, In order to bo able to make tho ausrataon over ".no 

abotoa I, in (V-21) by °lona*, ato maks a ranhar approzsmation atese, lu • a 

CIO 

4022  
a (Ra) 
Ne-2 

With 

(7-21) 
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=st uncetielnetory of thoec tade In the present work. This will be to 

naeleot E1, - EL  in rolation to 15-2 c in the expression (V-24) Cor the 

brackot In (Y-21). 

«k c - (Er  - EL) ti ti k c 	 (V-25) 

chis apicioxication can to scrushat juetiried in the ?elimine way. 

Ir wo aux:1d Ue0 a Ferrd ges model for the nuoleus then only the single 

decayIng neutron involved would surrar a rec011 In the etiselon of the neutrino. 

its chame of energy should to, however, muoh malhe thsn151c o In to.. 

of Sts largo Mails. Ir tho nuclecn te tIghtly bounded to the other nueloons, 

hosmor, ae It actually is, then pari sie Its rocoil wSll to transmitted to 

the other nuoloons. The atractivo nam of tho nuoloon ia thorefore Inoremed, 

sino° there w1/1 b 	tondoncy for it to carry along ito neighboring partioles, 

and thorefore the enorgy glven to the nuoloue nay be expectod to be reducod 

ovem rurthor than for the caso Dr a Ferrrai gaa modol (the trananission of tbo 

mccil o." the docaylng neutron to the other pertioles Se doemlbod rcemally 

by the use of appropriate nuelearwave funotions). te should koop thie 

aPProxlratIon in mind when twO termo in (V-21) mimei °AM other as a 

consequente of it. fora accurately, the cancellatIon lo not perfeet. ln 

this caso (acalca thoory) the torno In ouestion ara thate ooming from the 

.4 
tC. .4, tora of the neutrino projeotion uni:trator, when we acender tho contrl 

butlons from Q: I and g Qt.  0 

Thus makine the approxlmetion (V-25) and summing over the intermediato 

states by closure we obtain for (V-21) tho oxprossiona 

sij.(i;:51) 
" 

2  
a (lis) s 2 S (II )(f9 (» 1" 	f 6".) 	latr 	Q*  111-11 	2 2 s t "h o 	 k ;347.5. 	4  à 

(Y-26 
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In the lett step the torno iA Qit 	andQj Orwhioh appeared with the 1 

IEt(illairi) and e-lk(tr2j)  oxponentInl Neter e 	 reepectively, vero added 

up, atter ohaning ret into z for the second one. In d.:~ Ude the termo 

(1,j) and (;,i) which includod the trotar 1 from the neutrino projectIon 

opereta? Locamo ova. .47)  and Misse which included tho faotorwm•n--•  oancelled 

eaeh othor. Now, as mas pointed out previously Sn oonnection with tha 

approximation ot neglecting Em  - CL  in presence of f c c, thia onnoollation 

is not complete. Wcwovor, tho oorroot rosult 	surely bo much ~flor 

thnn the ono we would got bylooping only tho term (1,j) and-forgetting (j,1). 

This Ias% result, it is oney to soe, would bo ot the sare ordor o? nagnitudo 

as (V.26). ~ver, the oolootion roles of the nuolear matriz element would 

bo in this cem thore of a pelar vector, say Ai - 0, :1 but no 0-5,0, 

with chaNio of parity. 	As the trens/tico between the grcund state* 

will bo of the tipo O --m0 this tora will glva no oontrdbution te tho 

traneitlon probabllity to the cround state. Ryan Se thore wero a alightly 

excited state of the final nuoleus with spin 1 and app~iate perity the 

aontribution o!' this tem will boi emoli Lo rolation to that 'st' (V-26). Ire 

think, thus that wo are jutified in neglecting this term. 

If ire now cerny out the irtogrationover  In(V-26) we obtaine 

1(A 	12 _ 	4 irpie
r) , 

),1 20,1N12 Ng I (v-27) 
 

2 

I 	

w  

Ne-M 	17;4  g 

li 

 t

)2 

 &

( ) „ 
st

gel t P 	 • 'n n, 

wheror.=x1  - x2  
rx 

In (V-27) it was assumo() thet tho final ncoloun enflore from the 

initial oro by tho docay of the pair (1,2) ot noutro/is iate ?mime. 

41  
IG ardor to avaluate 	

,w 

i
,J.  C (-* 	1 

in cesiv4et 
X,X, 1  t 	t.  

44).7his brings about another taotor 2, ',caldos this *no reterrod to bom:oro, 

which eles omittod in turry's conputatlon. 
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St is convonient to Introducio the matrix rorr.cid with the note funotione 

(fa.:(," 
(K, 	1,2,3,4): 

Y(i> 

. N( 	:N) 

(1) 

0.) 
f2  

(1) 
4 

° 

O 

(: O 
Ho  Oco 

f (22) 

f,2) 

(f(2 ) 

O 

o 

30(n) 

o 

91(" 
,f (3) 

(f3(3) 

y?.  (3) 

O 

n
1 
 (n) 

o 

o 

(1114)  
c

2 	
e(4) 
2 

3
(4) 

if4(4 ) 

81(H) 

o 

o 

o 

CPI 

(V•28) 

(oempare (V-18)). In (Y-28) the enviar dependins term. In P(K)  ware 

nesleoted, a. elready justiried• 

Aos we define a new matriz Nt 

(P

- IA ti 
	

(Ve39) 

lt Is olear frete (Y-29) that, ae the matriz element St et ?A is 'qual to 
U)

AN  

(with A g e 1,2,3,4), the :atriz elements cif I( are 3 

4 	 4  in(^)*  /)(1) 
N 	ti ti ax  

1 Ag 11' Ae1 " 

Thue we soe that N is a kind ar projeotIon oporator. Its uso will aitplify 

the oomputationa, specially In the other typee or thoory (vector, ror imitante). 

find for Et 	2 

N (1),11) 	(N-30) 

4911 2 

(whloh is truo In DIrao's repreeentatIon), 

P30] 
N( 51 .3) "2 IC2 	, 	 B ol 

2 

i 81(
2 
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g(fr2) 	
12 

(Pra) I (14p )1 Boi 2  + (1"4. ) 121)2 	- 

e 4. E2 (r.3) ( a 	b:0024) 	 (/41) 

a- 2(1 •,,y):t: 4 i D 2( 1+ e- .G2 zz ) 
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(v-32) 

11( 810 o,  2 2(2  ( f ,tr) ( 	mozp ) • 	 (v-33) 

Uelnr, the =atriz an can partem the eurenation over K and Kl In (V-27), 

4 I ( 
r-- Itft

II»  
(P), 65()(f)tr)i 

2,50-1 

epvaffl C N(r s148) CfIN(f 

14 22(f),310) 22(j9,lit) DIA 122o4i) 	(v-34) 

Loa taking (v-20), (V-27) and (1-24) intc 	fInd for the 

total probebIllty ef double 	deoay per un.it tine s 

121 	

2 ot2,2 
is  /1  fl(2a.+1) ) 4( gjis)4(2(-1)  • (+ )

4 
 ( 1÷c)6 itraL 41)(£ 2̂) • 

- 262 	• 

4 161/32 Li2 

	
(11-35) 

there. 	"i 1 

Y°(e -2) -) 	ho(t. a.) (E -2h6)
2

/ 12o(t, -ha ) - 	ct ha (1(-56) 

1 

In (1-36) the quantitles G end 115  are elven bys 

E -E 
h - 	p E = 	lá R 

mal 	 cio 2 
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In (4-35) the approvinatIon ases madca2): 

e 	Pa  /N/- 10(.2 ...) I 2  -• 2 are— E  _ 	 .4 (48) 
182  

which Is very socd for atm2 and tnaocurats only by 20 Vo for 

0 	. 171..02  lf c( 2 red0.3, Liso the following approxlmetIon was medos 

V31/32 I 	ly; /?

Nl 	

1.1

13.

2 Irm  c4x 	) 
( ri? 	 12 	 tal 

0  h/32 5 	, (V-3º) 

by subatItutIns 1 
	

In the intogrand by ito néon valva over the nuclear 
r.0  

volume. 1% ohouldshe mentionod bore that,.had vre substituto& bofore 

=kin; the Intosration over k, si 	by its avaras, over the nuclear 

volume, as done by Furry, wo winilin have ohtalned the cama reault (11-258). 

lho funotior Távflned by (V-36) is the followinnri  

2 	3 

x 	( 1  * 1 4ZY2 	) 

Na., Is ordor to have the expresalon (V-35) flnally In an approprlate 

foro for the numerloal evelustIon of the holt lira for the doidas, -decay, 

whlch is elven byt 

t 
	0.69 	 (V—%1) 

it is ootvor.ent to consider the ceder *C marpltvde of gis and of the nuclear 

matriz elemento. 

PIrst, as the nuolecno are heavy partioles and the transitIone 

&evolve non -rolativIstio enerGles, wo should make tio usual simplitloatIonsa2)s 

48). 8. A. Bethe and R. r. Bachor, Rev.I.od Phys.8,811,1936. 

(7-40) 
3 



C???-08-331ile 

1;2 

"4  

/3—? 1  es  —p ÷). 1  Ocr--3. x 173/50(.--) 	cf (V-41) 

when'491e 
— 2 	1 ( 

)adc 	1000 
(v-41a) 

Noa, the valva of g, whioh osso be determined from the/3 cleosy et 

light nuolei by tetking 	1 	1 is, 

6 	4 x 10 4̀9  org on5 	 (2-42) 

This value corresponde to a holt llfe 02 about 15 minutes for the neutron!°)  

For tiw medi= hoavy clementes 

gere  - g • ; 1 	4  x 10-a° erg 	 (V.42) 
s 

detormlned in Formi's original papar, oro 

112 
te. 1/100 	 (V-4$) 

The quantity tory whose valuo la given 
Dy (V-42) is froquently called 

the oonplint eonetant for heavy nuolei (in mtioh 00E0 tho matriz elscent 

)1 5 ia tales as ,qual to 1 ). 

49). The avence value 02 g-appearing in (V-41) ia troquently taken as 't 

(compare ret. 48). A more Ippropriate evaluation is Is falimos. The 
ovai 

of the matriz i° corresponda to the quantity 	,Dose average vota 

in 	
nuolona is about 1720. The squere of the matrix y 5 

 is, howover, 

of tho ordor of wnãm_ booause *11 austrix elemento which are non distendi 

can he expeoted trço nasalar than the oorresponding averkges2(8.litnor, 
	2 

prtvato oommunioation). Thue for Owavy nuolei no takeRe51 
	 1 • 

50). A. 8nell, Science 108, 167, 1948. 

~MI 
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In ou.- case the matrlx elo-rent I; 1 e MN  Is botwoon two etatos 

dIfforing by tho transformotico of two noutrons, instoed of une, lato 

protons. ibwevcr, exprossion (V-43) should stIll eive a roasonahlo ordor 

of magnitudo of the aguar* of tho nuoloar matriz olemont for mediam hoavy 

nuolel. Thus um shall uso for r, the abluo 4 x 10-49  erg cm3  and for tho 

squaro of the nutris elemonts (the faotore 	oxcluded) the value 1400. 

1t wi11 bo soon lator that using these numorloal valuoa In emproo/4ton 

(V-36), atoes solootion rufos aro ti a O with no ohengo of garito: (appro- 

priato for a O 	0 (no) transitSon), mill leoa to u half Ilfh for 

60Sn
124 of the ardor of tho ono found osporinentally ty Firmem. This 

Is to bo contrasted w&th furry's resulte
44) ai-doble/Quid load to a half 

103 tirei; largor thsn tho experimental velas. 

The origln of thlo discropency is the IbllomIng. First, a factor 4 

Is mimei/se In Furry's motriz elemento (end then a fautor 16 In the trensitlon 

probabillty) becouso sono termo ware, neglooted by hIm, as alroady rotorrod to. 

Second, In vlow of hie ono Intorndlets state approximatlon he obtains 

In bis oquation oorvooponding to (V-36), 

/3 	ta, IP 21 124 2  Z' 104  

instoad of the tones 

liai /2 	)
2 	

noi., 10
-2 

b) Psoudososlar theory. 

A goro inseudosoaler theory is know, to be unsatlefootory for 

single/2 -docoy. Howovor, wo rafar here to tho resulte of thIm theory for 

the sebo of complotenoso. 

In thleocee the tronsItion probabIlity wIll be ;leen by (V-85) 
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5 	S / 

uith 1 f31 
 is: 2  4 	°banze d isto (/ (3 i  ¥. 11'32  i 2)

} 
	(wmon haz the 

; ug 	 NN 
luxo selectiva roles as r?1,221 ). 

Now for a ao pseudocoaler theory 4 vaIuo of the coupling censtant 

largar than that for t.te *calar thoory (sa) is nooded in ardor that the 

theoretical half lifo for sInglejfi decay be of the same order of tho 

experimental one. In ottor toros in cor-patine the resulto of the ~ler 

and psnudosoaler tiwww-Ies nu should tatues 

gps0011 t." les z' )1 (V-44) 

  

In conseguem° of (Y-44) the vélue of g:5  wIll De 103  tísica 49)  largar than 

2 	 , 
thet of g5. 	fiowever, the (5

I 
 s appoaring in the matriz elements of tho 

peaudosoolar theory nearly campeonato Calo largar valva of.s. Thus, In 

opposition to the oaao o? sInglep deoay, the analysie of the doubleo-docay 

In the pseudoscaler thoory dosa nct lend to an argument againot thie theory. 

o) 2soudoveetor theory. 

Thlo is oonolderod the test sImple thaory for the deeorlptIon of 

ainglepdeoay. 

lt is oonveniont boro to introduce a fautor
1  in the ex- 

pression of the pscudovastor intoractIon; 

g 7r-per; f4cris rs- 
(V-45) 

when 

gra 
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in arder that the value ar g oomputed troa the/t deway of the mutreta 

and or the light mictai Da tho sere as the ono ueed In the actuar theory 

(compare V-42). 

Now, praceeding anilarly to the aaaler osso, we obtain an 

oxpression for 
	XXI 	similar to (1/-21), Miare the quantitys 

R t— 

Ai  ft, 	p (1 	
,,, dr 

is aubstitvted by 
4 -4 

&í,  Pr, I rd• "ti Crv  e¡  r 	r 6, 4. 	t e•- 

ti orca 

	

o' ss  - 	f ,•-• 
Now, Ir we oxpand the exprecsion (V-46). wo finda 

( V- 46) 

T 	a+A 	 (V-47) 

whara 6 Ia ayireatrical In the exohango of the state% a,t and A is anti- 

symmatri cala 

5 5 -4 44 	5 5 	 5 -+ -.8° 	6 	-fr 
R D -  Y *G 	ed (I1  (*4 et) - (ri  tri  +01 ei  ). (É +se ) r s 1 3 1 	I 

-a 	-y 
4( - 	) +

.4 
 A (rACS)"`tri A (12

_o 
 A rii) 	"lia T Sõt 

I 

141,-v 
2' I ep 

v '1 /4/ 3.   
+1

-+ -t 
Sr Da +Cr A(nAt 

j 	1 rcir,v4: •4 c "te: 
(V-48) 

"5 j 	1—°3.-atiefiTtlit 
1  (Pite 	)e. 0"./1<0.6  r5 12f 1 cif A 	apsA'à 	( 

"" I á 

(V-49) 
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5 
In (V-40) terna ".i7Z neglootel whIch, In vlow of the presente of 21,1  

os 5 , ware emelt in rolation to °there In the tarso oxproasion with 

the seno seleetion rales, and acaso parity in relatien to tho exchanee et 

1 and j and change of ri Int° L. For Inala 	
5 m° 	g 5  and 
I j 

(dil  dj ". 	Y
5
i)• 

-5 -o 
(scolars) mos neglocted In relation to cr. cr • 

5 -12 -+ 
On the othor hend, we did not neglect 	

1i
_ á3  ai 	o 

(2L) 	" e ) AI? ;" In relation to -eitt-ji• 	whloh has the 
o 	J 

data seleotIon ralo because this last tern, changine eisn when 1.~, 3 

n 	n$  win be °enconco' in the roliço/na computation. 

It should be Observed that S is also synnotrio in the Indicas 1,3 

and A is antleyametric ia 1,je 

Now, in the amue way as In the sealar thecry (for which only symme- 

trioal toras emicted), when av add tho two termo In (V-21) oorroeponding 

to the °achanes o£ e and t, we will eet a flector 

Es  - 5t  

(Em  - DL  - n k o)2 

as in (V-ES), for the symmetric ienes. 

For the antieywnotric tones, however, we get e Notar, 

2 (V-50) 

 

Em  - EL  -Itko 

Thus, as met of the contributions to the integral over k «111 cana troe, 

Largo leoa, the antisymmetricol temi will be formslly 'error thsn the 

syametrioal enes. Aotually thoir contrlbutions to the total probability 

will be, tormally, about 103  timesthe oontribution of the symmetrloel torne. 
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Rowever, they smy vanIsh In virtue of the solootion ruim In which case the 

main termo will 	tho ojmmetrio papa. This is aetually the case when the 

only atatc of the tina' atam with sn ener¡y smallor than that et tho Initiol 

ato& is tho cround eta.e. In thás caso (as both the lordel and final melei 

have soro spin and sarro parity) the teme with a solootion rule ditferont 

of ti w O (no) will wanieh. 

If we roa naka the upproximetIon 

I EL - EU 	k j 

 

li k o 	 (V-25) 

 

the terno not contoining n (oniy IJI7 á • 	thareforo)will ~vivo. —4 	32, 

From tho antiereatrical terna (alio antisymmotricel ia 1,j) only the termo 

oonteinint á will survive • C ( 	 )S15  6:A-G and (e. 	.e.5) j.  j - 
  

In the oase. 

Itero az.kain, wo should remontar that thia canoollation ol :orne (1.j) 

with (J$1) should only be partial as we mede tho appróximation (V.:.. Howover, 

we should not worry about thia as tho eancelleJ f..en ((rinCá  4(2) hei the 

soleotion relu: 	: 1.0 but not O 	O, 	). This ia the esmo as 

for tho tora ( er;  est 	m-2 6,. 	which was retalood. Vo do not think 

that tho cancollation 	tho tona G5 1.1:1.154 wae ao imporfeot that it oould 

gingo a coatrIbutIon to P largor that' that of the retained term with the same 

aolootion rolo. 

Promooding now with the competetion in the same way as for the soolar 

thoory we find Cor tho transition probability P for double /3 decayi 

P a PI 
P
2, • P

2 	 (V-51) 

-* 	---> 
and som by olosure, ohonging k into - k for tho teres j.i. as bafore. wo 

find that from the mmotrloaI termo (which aro also symnetrioal In 1.2) only 
o 
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In (V-51) 152  Is 2,dven by (V-35) with1(3., (32  j 	substItuted by 

4{(71-'.°--2-.  5 tal 
(both of whIch heve the

/ 
 same eeleotion ralo, aay si + O (no)). 

P2, Pz ere gIven by, 

: : 	2 
P 	r 2_2“ es-z) 	tt &12  -61Y5234 

C12) 
 1 I 

11-72 

1-x2 
Ft  2 - f 	&2)  isr3j1̂ 7.2 

1 -2 

(V -52a) 

(Y-62b) 

ubere: 

f 	
9 	

.4 1 ,., 
r(2e41).] 	giat.)4(1(-1( g v i 	

°CM ‘4, mo,4 nac2  

	

8115 	 h 	 r 

Tho eslectIon reles for the terras P2 and Ps2  ares 

od) For 152s 

(II 	1 or O, but not 0 	0 (no) 

(3} For 11, 	
0 (yes) 

In (V.52) 	 1 

 - 
faotor 	

I 	

mas eubstItuted by Its man valsai 
;2  12 

over tho nuclear volumes 47-  91.)7. 	The functIonsit44)  end./Y.5  aros 

-1. 

	

7(e ..2)
i 

 . 	hau:Ay[111,(5.%)-1] d he 	(V-63) 

1 

E 1 	
• 

	

(e
.: +2 ) eu 	 he (a ".hi)Lrhis(e -h3) + 1, d ha 	(V.54) 

1 

ar: 2 3 
7,(s) - ,c2  ( 1 a fX • 34 + kr) 

	

	 (v.53a) 

5 
2( 	 - - :() 	s. 2x sx2  . A x5 	4

4 
 • $5.- 2 	

(17-54a) 
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7.end/2e,  are of tho sane ardor oe amgaitudo. 

In ordor te compare the predietions of the ',suadela-ator theory with 

that of the acatar thecry %o observe that: 

af) Por the tronsition to the ;:round state the two theories lead to 

the same rocult ac thon (trsexition O --"0. (no)) only PI  in (V-61) eurvlvea. 

New tho tora P1  In (V-51) differs from the correeponlIngtransItIon probabillty 

In tho soder caso only by the substitutlone 

IP1 P 2Ji 2  

 

tm---• 	) 
jtvi: -2 3

12 

 

Now the eholl modal prod1ots a eInglot-einglet transition for the involvod 

nuoleon4 in this ouso ora haver 

I 1/2, Ji  • UI; 	- 	3 • 	) 	3 101132 I f 

thus the twO theorlee load to the atoe result for tho tronsItloae to the ground 

cateto (O 	(no)). 

irl) If there was a alightly exalted state of the final raleiem. with 

spin zero and op;oalte parity to thet of the ground state Can the tem Pi in 

(V.51) would leed to a transition to ~h state na its seleotIon rale lai 

	

61 w O 	(1121)* 

In this oese, Ifwa aesumv 

xl  - x2  j 2  

(compare with (V-43)) then ice finde  for a valuo g ~5, thet PA Is about 103  

Umes largar thaa PI 	Nus =et (>1' tho double 	ducal', lb auoh caso, would 

oorrospond to traneltIons to thie exaSted state and the holt 11So would bo of 

about 1012  yecre. nowovor, ao ZIall gira In seu. C an erganent ageinst auch 

1.-• 	10-2 

)it -7c)  1 2 

poasibillty. 
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If there is a elisht:ty exoIted state of the final nuoleua With 

apia 1 	and some parity as the rround state then P2  will gila a eontri- 

bution to the troneltion probabillty. 1f we evaluote the matriz e1enent in 

102 aos 

tesi 5  ral 	6••••  )1\ 	ez—) • 1014  "••• 2.0"5  t I 	2 	2 1 	i-s 	 o j arma  
• 19 

se find that, for E,-1  51 

P2  v ri  

15() Vector theorys 

Here, nukIns the similar d000mposition of the s,t matriz element, 

os bofem', Suis tha symmetrloal and antleymetrioal parta, S and A, we obtains 

S - 4feri( 1 4.0-271) cp T 	 (V-66) 

• 
(70 	(o7.4: 	%.2 	-#3 a  y• r6  j (v..50) -*  

where, d4 batera, isvme wove neslavted In relatlen to largar enes with thc 

saxe eeleation rules and ~A parity in rolai= to the traneformatIon; 

1 e-e. 3. 

Here the rosult altear, from that of the pseudoveotor theory by 

04) The matrix appearing in P, is (ll m5  

IS) Tho matriz element appearing in P5, giwenby (V-52e), las 
5 
(d

i  _072) )  	/X. 	• (r) * 13-1  
ll 	 it1-112/ 

The faotor 5 hera appearing ~me from the 'net thot In the paeudeveeter pese 

st introduced a normalizetion fator ss (compare (Y-45) ).1, 
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5{0é11,d-2)* 
"I 	2 

j
3  • (;)• 101 

i! X2 

Tho order ct magnituds or PI  and P2  is horo Lho amam') Rd in tho psoudo - 

vector osso (P2 ie aetuall:• •egar that ia the pseudovontor caso by a footor 9), 

but 21 will b000ae sta11. that 21  in viva st tho reator ( 	Uno should 

siso obsorso thet the f respondint toras or tho vector and psoudwootor 

theorles have the 	solection rufos. 

reser theorys 

dere vm and gsr 8 and á; 

8 ,. 1  pip 	 .-C1111 	(CA 	)...?; A (+14A1721.S-e, CA2  ft  (V-87) 

á • -1131133(9,3*{Er12/031  :Er: Agi  • 1 Ï 5  ••01851•158 5i)g•e ei) 61.• -69.)C (t'58) 

;r: (7-1f; 	 viva (Y.43) and (2-49) we soo that tho tensor thoory 

1!t to tht wm.t. ecoult as the proudoveotor theory. 

0 Angular correlation. 
Por the atalysis oS the angular eorrelation betumen tho two 

emitted electreto AG use, aus usual, plane wave tunotione for thom. 

In vlow of the enviou* analyals there aro only throe oaseo to 

tu consIdered 

de) 

Is)  

It the saloctlon ruiu ias 

AI ;o (no) 

Ir the delection rui* isg 

61 - 0 (yes) 
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àfs) If the soleotion rale is: 

ti e O, - 1 but ame 0 y 0 (to) 

In osso ase ), for whIeh, as St wet soca bafore, all theories vive the same 

rasult Pi(Hs) for the energy spootrum , this exproesion, bofara aumning over 

the olootron etates, 15 proportional tas 

2 	 a 2  
• da) 	 (v s9) 

cif:44 1 (9*(1%w  19) C,P
T 	 ) 
 ̀ '6*(S.  

the sumnatlon boing only over positive ocorgy &tatos. 

Thou wa tind for (V-59), by the usual spur methods 
ee 

Ps  •  pt  o2 	• 	=
2o4 
	

(vedo) 
tis Et 
	 H" 

Thus the angular dIstribution in all tho thoorios, for the tortas of typeee.,) 

is the Ora gIvon by (V-60, thus favouring the omtssion of the two olootrone 

in the asma direotion. This typo of angular diatribution is the ora thet 

shouid be oxpeetod for trancitIons of tho types 

O --m, O (ao) 	 (v ,1) 

whioh is the one predloted by the eball model 1f the unly aohoessIblo final 

state is the ground state. 

In osso /3), whist ooeur only for psoudovoctor and tender theorlee, 

me have Instood of (j-OO) 

2 

ir(is. do) e p/, 9' *g. 	/0] 2 
Its 

and instood of (1-00) me find an angular correlation of the typo: 

Ps 4  Pt o2 	
m2(14 

1 • 	 • (V-az) 
na  HL 	 ao At 
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whioh afiai Pasmo the waleolon ar the too elootrono In the sano direotion, 

eitheugh not ao str<mgly se in tho firat nese in riem of the Doo/tive sign 

of the naco term. 

Nevortheless ao eall Ovo Inpart C an arcument in favour of the 

vonishIng et Pi , by tho seleotion rolas for the actual pcssibilities of 

double /3 deony, 

finaliy th coso 	?Mich corresponde tc the tern P2  appearIng 

only In the vector, tensor and pseudoveofOr theories, ia flnd an angular 

dletrIbutIon of the tynet 
-s -e 
PO • Pt 	 2  

1 - 	 o2 	m o (v-83) 
Ho Hf 	 lislit 

Thus in this case tho einIssion of the too elootrons In opposito dIrectionáis 

faToured. 

2) banal theorios. 

A. referred In Part IV tho only mixed thoorios 	lood to 

double /I docaywith no neutrinoo ara thoao of tho typoe (a,b), (a,o), (b,d) 

and e,d). the latt two roduce to the firat otos if tho Doutrino mesa yanighas. 

Ho oonsider, thon, only Unise of tho first two typos. Also, In those casos, 

we restrlct ou:noives to those finarias obteined from a usual !amplo Periná 

interaotion by una o? tho substitutiones 

a) --4 Wu to,A escy'""; 
	

(Toushok Theorle8
88)) 

b) tpv 	C 7.0 
	(Recah IheorIes2°)) 

the prediatione of these the-orles for dotado /1 doou without 

noutrinos aro ae followss 

a) foushek thoorLes (type (a,o)) 

double ¡j dootty without noutrInoe occurs Sn suoh theoriee551 
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for any valias of the oonstent 	Caos rart IV). 

For f, • 1 these C...00rioa :aduo° to Pirem:s thoorios. Now as 

*o found in the analysla of Jim-ariano° andor time invorelon only the Feriai 

interactIon of the typo oonsiderod by Flreman would be invarlant 1f tho 

Doutrino field transforma undsr time inverslon aceording to the typea of 

trensformation III oz. IV (which aro possiblo only for fiolds of zero mese). 

The experimental resulte of Flrenan which indlcate tho oxlebtMoo of doublo 

/3 docay 1.71:41 no ncutrimos load us to the exclusben of thoao two typos of 

tronsformstion undor time invaroIon (III end IV) for the neutrino field. 

b) Itacah thoorics (type (a,b)). 

1f me procoed to the conputatIon of the probabi lity for doublo 

/3 -deoay ir: a mixad Uwery cf the type (a,b) (oay for ela soalar ono with the 

intOraction gIven by (V-43)), taking Int° aceount both the cacos when the 

Intormsdiato noutrimo is a partíeis or au antlportIcle; ao find the asma 

result 46 for the correspording 1ajorana theory. but for a factort 

41m 2
2  

(1•1Al 2) 

(soo formula (V-8)), which Is Ir. general smaller thau the unity 

the. caso when À h. 1 (Furry projeotion theery) when It beco:mos 

(Thus we soe, onve axaám, that Furry projection thoory lesada to 

result as aajorans thoory). 

. except 10 

anual to 1. 

the esmo 

3) Summar» 

ia kgma found in the prováous acotians the followlhg resulte Oh 

tho &subi° 	docayl 

a) A thoory of the typo (aso) Ia whioh tho neutrino field 
skj, 
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(Pirac field) appeare in the conbInatIon Ç, *anise 3r a  eay In the 

acabar coam 

g Fp% 	siivvir") • h.c.. 

do not lead to doublep docanywIthont noutrinos28) 

b) A theory ol tho %fp. (a,b) In whioh 	(7Irao field) appoara 

In the combination 5.5, +AUL.. 	eay In the anelar casam 
7D 

x g 	— 

CAI-ff  5VF *ll  P.  ( ç) A  C 7.11  

h.o. 

lotado to doubleft docny without neutrInom Tho probabIlIty for tida 

process Is relatou to the value predloted by tho correspondIns Meorana 

thoory (substituto ql e 	G 	by tho Majorana field I° Dy the ~noticia 
'y 

factor:  
2 

4LÀ  

(I +par) 

Ir - 1 (Furry prOjectIon thoory) auoh a thoory (ia u}4oh the neutrino is a 

Clamo partIolo) glveu the sano result aa the corresponding Majorana theory• 

o) Yejorana thoorioa. 

Here we conelder the Eive aimple typea of Internet/ou. 

Soalar: 	g "g 91m çç 2/(. h'c' 

Vector a 	C ripe rti Wei r,su ha" 

Tomors 	—L— e F )s 14°Y1 ire 4» k . h.c. 	(e :: èrfk,75•.)) 

Faeudomotort --r2—*  WP à'S  Yµ  Viti 7. È{Sàµ k . h.o. 
J15-  

gPS 1/47111Ç5  rit 9 0) U  + ha" Peoudoscalars 
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Itere 	
g 0x, 4 • 10449  erg oa3  

as obtaired frua the 	dooay of the light melei and of tho neutro]; 

(Ootiee tha factor 	In the psoudorsoter and tensor ornes). In 
(-ff 

the pare poeudosealer thaoryr 

e., 105 gg 
`PS 

lis fínd that 

04 ) For the transitions to the gretam' state of tho nata nooleue 

all theorloa prodiet the sane result for the probability of double 	desp. 

2 

Is. 	X  f 

ober, 

Fslis 	t` 
Ias 	s 	

) 
10  

	

( ar—) (V) 6 	5L--2-2 .2  (g_f---fft 
 r )9tr-i 

(ampare (V-36). (I I  is tiver  In Cã sareral theorictsr  bys 

demitir s 	
/3736?1,4a 	

eu.. 	/ 

Vector r 	 I }„ 	 O 
_ • 

1'3, 1;3 P4Z} mt g 	
1 

 
1 	 "ai  Timacrys 

1 	
1 ;7; ' E92 3. 	

......... 	, o  
Fseudoveotort r 	 .", 

neudoscalar s 	(10)S  • í .:( 1 ?(52  3 :•'.6 10-1  
I% 

lbe ordor of nageltude of PI  is tho sarna for ell assoo 

p "o  •-• 1 . 10-15  yearea  
I 

	

	
for e....5 a 

The seleatien rale ia aliso the senas 
hl 0,  0 (no) 



R-c72  :rx- 1-x2! • 121 
-. 	2 

Vector 0..4 9. 10
-5  

Tensor* 
	

1 	/.2r -/32 hf Cal  

Paeudoveotor s 	1(2(' Ora2, 	) A 

çrZ) --f"• li ••; 
á gct,- 

--
rti 

-1C.  

! o 
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The shapo of the enerv apetrun is given by. 

h(t-5) (ré. •,2h) 1-2h (€.•h)-4 3 

where h is the enorgy of one of the eleotrons In unidos m J. The speetrum 

In oragstrioal in relation to h l• é and ?anichoa for tida valos of h. 

Plnally the angular correlation ot the emittod eleotrons Is alto the 

sara for all theorless 
--P 
Pe.  Pt. 02 

liadt 

Thus the esciaaion or tho too eleotrons In the same direetion ia favoreci. 

/3) Only Por the vootor, paeudoveotor and tensor theorlea tho 

transition to a final state with sign 1 and opposIte parIty to that o£ the 

ground state. ore alloned• lha protabllity of auch transitiona is &men by 

P2  •• 4_ ic je( til  -2)11'14 
(compare (V-5211))•1121 2 ie given by. 

The order ot rugnituCe ar P2  is the sano In the tensor and peoudovector ti:series/ 

P2  ',‘„' 	1015  years -1( for á 5) 

and nino tiras largar in the vector theory. 
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The se/teflon ruis Por P2  Sn ali three thoories les 

Izzt net O 	O / (no). 

The chapo pg the ecorgy epeatrUM Se giVen Dy: 

Me -h) L.M& -h) _13 

the asma in all three casca. We soe that it Se eymmetrital in relation to 

h e Aí- and have n maximum at Chie peint. 

Also the anular correlation is the sarda In theso throe theoriees 

te4 	1 
	Pe 6* 	

o 	a Pt 	2 	2o  4 

	

Net 	 kcal 

Thue, le opposition to the torm Pi, thie torm leade to preferencial ~intim 

ar the twa electrons in ~sito diret.:tient. 

g) lho tensor and paeudovoctor interections lead elso to trent/tient 

with the seleefion rubis 

a -O belo. 

uhl oh sheuid net bs «cpected, bimotor, to Occur In the actual times et' double 

decay, es it wIll bo verirled In the rollowing acotiam. 

The probabiltty et euch traneltionm ie gIven tyt 

2 

	

2 .• .
X 249  (P°11-2.) 	2 \ 

Tonsoks 

Peeudovectort 

(tempere (V-62b). 1̀ 114 i 

).Í0 . 2  

"Er-lAp 

2 	is 

2-j2 

4  a;r2  

glven I%  _. 
xlicc2 104 

-2 

• 

a:1 -22 

1;11-721 

) 1.4 :221 

The ardor ofragnitude or PA (ir auch e toro mera allowed Sn actual 

oaste)let 
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PI2 	10
1
2  years-4 	(fortA/5) 

Tilo shape of the spsotn' is givon by 

R, (í-r&)[Â (£ -e) 
It is preatioally the sane ao for the toros Pa. 

The angular oorrelation is hena 

	

Po 92t 	m0
4 

" 1  • 	• C 4.  a  

	

ha  Ht 	"et 

lt revoure the amiesion of the two elootrona In the sena dirsotion, but not 

as etrongly as ia Pl. 

C. Analysls of tho experimental resulta. 

Tilo experimental date on double /3 decay ie still vory acares and not 
completoly satiatactory. the only dotormination of the half lira for a 

doublo 	dcoay whloh soems conclueive and does cot Foley on somdempirloal 

ovaluation of tas *venetas energy is flraman's51)one, for the decay of 

5O
8n124  Int° 52ra124 

This brillinnt esporim:int derinitely olimInetos the potsibility of 

the noutrino toinr a Dirae partiae with the usual type of Intereetion, ae the 

flue obteinod ror the heir liro, a the ordor of 1016 pare, is too emall to 
51) 

	

egroo with the velue 1024  yeers 	obtainud from formula (V.9). Evon If vos 

would take tho unroaeonablo 123X1.23.021valuo 1 for the nuclear matriz elemont 

tile taamorotioal rosult, 102°  voara, would toe. atill. mooh lersor time, the 

experimentei ano. 

Mowevor, ir se compute the half-life for dOub14/5 doomy tu Majorana 

theory, for a O 	O (no) trensition.(as both the inítial and the final 

nuclous are of the even.even typeI se find a hal! lira (unias formula (V-35))3 

t1 	3 x 10/5  yeara 	
(V-85) 

31). E. Pireman, nye,. Rev. 74. 1238. 19483 1 323, 1949. 
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for 2 - 52, p  - 8 x 10-15  om, E 4. 5 Cor for 1.65 kba kinetital energy of 

the emitted eleotoons). This resulte  na woll se the nnergy speotrum and 

angular correlation (elven in (1-6O) and (9-56), respeetivoly), whioh is the 

same Cor ali types of sinple interection, is in gooa agreament With firenen's 

capei-Imantai valuesi) 

On the other hand, if 5220124  hsd also zero spin but apposite parity 

to that of 52Te122(whieh Is prectIcally excluded) the pscudoveotor and tenor 

theories would prediet e 

2 	

hal? -lite; 

- 2 x 1012  ysars 	 (7-66) 

muoh amalIer than the obseraed one (~5•1015y ). Álthough thie possibility 

Is exoluded by thecrotical rensone (le ImpoesIble In the shell modal) one 

nIght worry about the possibility thut one of the low exolted flatos of the 

final nuoleus would have zero nein and oppcsite parity to that of tho rround 

state. This is not the cace for 52Te
124  as, besideC othor reasona, no 

Isomorfo state of this =nous Faz beca observed in thls region. In general, 

no icomerIo state hes boa observed for evenroven nuolel ( Uattauchls rui* 52)), 

with exception of 82fb254  and 320o72g tho first case not very cortam and 

the second very probably not of Deposite parity to that of tho ground state, 

although its spin may be also 055). 

This is an unhappy situation frac the experimental poInt of vlew as 

it exoludes the possibility ofhavIng ia 50g30 cases quito snall life flavo 

for doubleig-deoay via the tara (Y-53) for the pseudovector and tensor theorles 

(sete (V-65) )4. 

Hcmover, there are gond refugos to expoot, espeolally in firemente 

62). J. Uattnueb. 2elts.f.Physlk, 117. 246, 1941. 

55). E.Segr• (and A.C. }tainhota, Revaied.Phye. 21, 271,1949. 



:2FF-DE-70:;:f 

149 

caso that a spootrun of the typ 22(fle) (soo intogrand of (V-55)) but of the 

order 011 magnitude af PI  would te suporimposed to the speotrum 	(whloh 

corrosponde to the doosy to the ffound state) ir somo of the lote o:401MM state. 

of 52To
124  have opin 1 and same parity 88 the groucd state55) This would 

happon for the termo: 

1) 0-1nvii• cr , Cor tia fseudovoctor and Tensor theorlos 

(soo (11-49) and (1'-58)) whoso total conoellation in the previous computatlon 

Is Impaired by the appraximation (4-50). 

2) P2  (c).7ch by (Y42) for the psoudoveotcr, tonoor and vector theorles 

(with the oorrosponding matrix olenonts givon in soo. A). lu the cace of tho 

doublo Adeony of Se124 ir the first exclted lovol of Te124(0.6 MeV above 

the ground state) hes opir 1 and sara perity ac the ground state ( as is 

probably tho case 55; then wo would have,' 

1 	-15 	-1 E2  - 	• 10 
0.69 

(v-ela) 

in the pseudovectur and tensor thcorlos and a value nine tiros largar In the 

vector theery. This fact that tho vector theory would lead, in auoh case, to 

a bali' llfe 9 timos amaller then the exper./montai one should not be taxon, 

howevor, as an ar-garra açainet this thOury because our evaluation Of tho 

nitris elomont Is suroly a rouú: aopronimatIon. 

finally somo of the fortidden termo whloh ware not considered mlght 

produto a similar orreot. 

lhes° argynonts polnt cut to the neoossity o( the experimental 

determinatIon of tho energy spectrum for the dcublepol -deoey 02 525n124, 

as well as to the nood of a theoretical analysis of the forbidden spectra in 
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the mineral theorles. 

Although, as was poInted out bafore, no dlsorlednation ecoo; the 

somei thecrlee Is possiblo Ir there le only ano tranaltIon to the ground 

state (of the type 0 	O (no)), as will bo probably the caso for 34Se8°  
63) 

5r5° 	, lt Is possIble thst tida analyals for the cama of 506n188  would 256  

leed to a further information about the type of Intoraction involved. 

In what refere to the admed thoorieo of tho type (a,b), (or bottor 

of 2ozah's typo), tho bele llfe Por whIch Is Inerente(' by the factor 
2 

.MI 2) (dee (V.84)G 
	

that 	simula have 1/\133 ao the malta1  leade 

already %o an Inoroese by a factos 16 et the hal(' lite (V-62), 

Flnally, in what concerne the more reoent Inveetlgatione on °that 

casas of double jej -decay64) Is should be observed that the oxporlmental holt 

llfeo are, In all troco otses, much amller than those prediotod by Y. 

Qoepport Vayer's foraula (V -O) for the usuaL typo of theorloe, Thts should be 

oonsidored as a new argumont agalnet those thoorieo. On the othor sido the 

fact that theeo halt Ilfee are algo much largar than the value predioted by 

(v-36) With gore  qa 	iLY .X.4.  4 x 10-50  org tuas  should not be conaldered 

as en argument agaInst tIva Vajorona theory as we know that algo for simple 

/5-deoay, in many casos when the speotram is oloarly of the anoiteci Mame, 

the rabos of gare  ia ~oh noaller than 4 x 10-80  org aros, which elmply 

indicates thet the nuclear wuvo function of the landa' and final states are 

etroegly dissimilar. Also that*, experimente aro not as conoluslve as VIromanos 

54). 	 and I.H. Heynolde, Phya.Rev.76;  1065,1949; 	. 

C. A. Levine, A. Obiorso and G,T,Seeborg, Phys,Rov,77,296,1950, 
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D. Conoluelonal 

From the preceding analyeie we conclue, that Dajorana theory, with 

any tirai of elmple interaction 	 , leade to • reeult 

for the double /3 deoay In reasonable auceMont with experimente  In oontrast 

to tho usual thoories with consorvation of partidos, whiah predict toa largo 

a value Cor the binem,. This doge not neoessarily moeu that the neutrino ie 

a fajorans partida (or, as have been aomethres improporly sald, that the 

anti-neutrino is aguai to tho noutriao), boca:uso a Dirao typo of neutrino in a 

mixed theory of the type (a,b) would lead to the same result, for a not too 

amell (AI 

Thle aaalymis points to tho necessIty of Inside; a more eystamstio 

etudy of ali possible ases of doub]e .deoay, Locauso the magnitude o!' 

gier  o g 	!mi t alay bo In elirCe cases largar than 4 • 10-613  erg cai  (as 

happons In =any caces of eisple is "looNy). 1f Net  ia thls largo, wo might 

obtain an experimontally signifioant gala in the probability of the proeems. 

Also the analysis of the onergy speotrum should bo oarrlod out, when 

posslblo, as it mlght giro more information on the notara of the interaetton. 

This snalysic would, probebly, bring a now strong argumont againat the usual 

typo of thoory for which the *nora spectrum (elven by (V-10)) is ocaplotely 

different from that prodlcAed by Vajorana thoory. The verifloation o! the 

conetenoy of the mim of the energias of the two olsotrons would ale° amolado 

definitively the usual type o! tboorios. Finally. it would be interesting to 

oheok the angular correlation given by (V-60), (V-65), as any tendonoy to leo. 

tropy will ltalloate the presence of a raptor, tensor or paeudovector intoraction. 

it should be observed that. ia principie, the experlmeotel analyais or the 

angular correlation in doubleficleoay ia simplor than In single 	decay as, 

Imre, the two ematted eleotrona may be, both, deteeted. Also, as Pi  corresponda 
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to transitiona to the cround state and P2  to ou exoited state, thoso termo 

can be, In principie, soparatod as the SM O/ the onerGles of the Vai> eleotrons 

Is dIfferent for thoce two termo. 

On the thoorotical sido, the forbidden trenoltIousshould bo onalysed 

espeolaily for 22fa126, as tome of the antisymmetric termo may eivo a coa—

tribution of the ordor of the alicwed (symmetrie) transition to the fround state. 
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